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Abstract

We examine the price elasticity of demand for the aggregate stock market in a general equi-
librium framework that incorporates rich investor heterogeneity, passive demand, and financial
constraints. Using global perturbation techniques, we analytically characterize market elastic-
ity and find that it critically depends on investors’ cross-price elasticity—that is, the sensitivity
of demand for risky assets to changes in the interest rate. When cross-elasticity is nonzero,
the market remains infinitely elastic if passive investors hold the efficient share of risky assets,
regardless of how price-inelastic individual investors are. In contrast, portfolio inflows have a
positive price impact when risk is misallocated in the economy.
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1 Introduction

Why is the stock market so volatile? This question has long been the subject of extensive research
and debate. Existing explanations often invoke the so-called “dark matter of asset pricing,” where
unobserved factors account for the majority of price fluctuations.! More recent demand-based
evidence highlights the role of asset price movements in response to portfolio flows as a potential
explanation for the origins of the excess market volatility. Given the relatively small magnitude of
these flows in the data, as shown in the left panel of Figure 1, this hypothesis requires markets to
be highly inelastic on average, meaning that even small changes in quantities lead to large price
responses (Gabaix and Koijen, 2020). Moreover, as illustrated in the right panel of Figure 1,
the volatility multiplie—defined as the ratio of return volatility to flows—is time-varying and
countercyclical, spiking during crisis periods.

This new evidence naturally raises several important questions: Why is the aggregate stock
market so inelastic? Can standard frictionless asset pricing models generate such low levels of
market elasticity? If not, what frictions are necessary to quantitatively explain the impact of portfolio
flows on asset prices and match the observed dynamics of the volatility multiplier? Addressing
these questions is key to understanding and disentangling the forces driving inelastic markets and,
consequently, high market volatility.

This paper develops a general equilibrium model with investor heterogeneity and portfolio
frictions to address the questions outlined above. The general equilibrium (GE) perspective is
essential, as the key object for studying the price impact of flows is the macro (aggregate) elasticity—
the change in the aggregate stock market value in response to a $1 flow from bonds into stocks.?
When deriving the expression for aggregate elasticity, we account for market-wide adjustments
in investors’ portfolio holdings across stocks and risk-free bonds, emphasizing the simultaneous

response of both the interest rate and the risk premium to flows.?> Understanding these general

'For work on excess volatility tests, see, e.g., LeRoy and Porter (1981), Shiller (1981, 1992), and Cochrane (1992).
See Chen, Dou, and Kogan (2024) for the discussion of “dark matter" in asset pricing.

2Throughout the paper, we use the terms “aggregate elasticity” and “macro elasticity” interchangeably.

3This contrasts with micro elasticity, which focuses on flows between individual stocks, where changes in the
money market play a smaller role.
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Figure 1. Quarterly flows and return volatility.
The left panel plots quarterly flows (in blue) and return volatility (in red). The right panel plots the “volatility
multiplier,” defined as the ratio of return volatility to flows. Source: Flow of Funds and CRSP.

equilibrium effects—particularly the impact of flows on the risk-free rate and risk premium—is
crucial for characterizing the macro elasticity.

Allowing the interest rate to endogenously respond to portfolio-flow shocks plays a crucial
role in determining the aggregate market elasticity.# If investors’ cross-price elasticity is zero—
meaning that demand for the risky asset is independent of the interest rate—then aggregate market
elasticity is simply an average of individual investors’ price elasticities, consistent with Gabaix and
Koijen (2020). In this case, the market remains inelastic as long as investor demand is relatively
unresponsive to price changes. Importantly, the behavioral element of their general equilibrium
model leads to a constant interest rate. In contrast, we show that if cross-elasticity is nonzero,
and interest rates are allowed to move, the market can become infinitely elastic, regardless of how
price-inelastic individual investors are.>

The disconnect between individual and market elasticities arises from a general equilibrium
effect. In partial equilibrium, when passive investors shift funds from the risky asset to the riskless
asset, the price of the risky asset tends to decline, increasing the risk premium and incentivizing
active investors to raise their exposure. However, in general equilibrium, the interest rate must

adjust to clear the bond market in response to the higher demand for the riskless asset. The decline

4A portfolio-flow shock corresponds to an asymmetric shock to the demand of risky assets, affecting only a subset
of investors and leading to a portfolio reallocation in equilibrium.

5Johnson (2006) studies equilibrium price changes in response to shifts in risky asset supply. While his definition
of liquidity differs from ours, it also allows for interest rate adjustments when stock prices change.
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in interest rates counteracts the effect of the risk premium on the price of the risky asset. We show
that if passive investors initially hold an efficient share of the risky asset, the drop in interest rates
fully counteracts the change in the risk premium, resulting in no impact on the price of the risky
asset following a portfolio flow shock.

This result highlights that individual investors being price-inelastic, as the evidence suggests,
is not sufficient to generate inelastic markets. This raises the question of what drives low aggregate
market elasticity in general equilibrium. We find that the initial allocation of risk in the econ-
omy plays a crucial role. A shock to the portfolio of passive investors effectively redistributes
risk between active and passive investors. If risk is initially allocated efficiently, small portfo-
lio adjustments have no impact on aggregate savings behavior, which ultimately determines the
price-dividend ratio. In equilibrium, the interest rate fully offsets the change in the risk premium.
However, if risk is initially misallocated, portfolio reallocation directly impacts aggregate savings
behavior, preventing the interest rate from fully offsetting changes in the risk premium. Through
the lens of the model, inelastic markets serve as an indicator of inefficiencies in risk allocation.

We first derive these results within a simple two-period model and then demonstrate that the
same intuition extends to a fully dynamic framework. Unlike much of the existing macro-finance
literature, we go beyond a two-agent setting and incorporate rich investor heterogeneity. By
considering a broader set of investors, we capture the effects of asset reallocations across different
sectors, such as mutual funds, households, broker-dealers, and foreign investors.

Several factors can contribute to market inelasticity, including passive demand, institutional
investment mandates, and limits to arbitrage.® We introduce two key frictions: passive investment
and margin constraints. Households are assumed to follow a passive investment strategy rather
than actively trading in financial markets, consistent with empirical evidence (e.g., Brunnermeier
and Nagel, 2008). The economy also includes active investors who face margin constraints, which

are widely recognized in the literature as crucial for market outcomes and the behavior of financial

6See Gabaix and Koijen (2020) for more details.



intermediaries.”

We show that, in addition to the wealth distribution among agents, market volatility is influenced
by both passive flow shocks and aggregate market elasticity. To explain excess market volatility, both
factors are necessary. In highly inelastic markets, flow shocks are required to generate additional
volatility; without them, inelasticity alone does not increase volatility. Likewise, if markets are
infinitely elastic, even large flow shocks do not create excess volatility.

Studying market elasticity in economies with frictions is challenging, as closed-form solutions
are typically unavailable. To address this, we apply global perturbation techniques to derive
closed-form expressions for market elasticity. Our analysis reveals that aggregate elasticity is both
state-dependent and time-varying, influenced not only by the wealth distribution between active
and passive investors but also by how wealth is allocated among active agents. In the absence of
frictions, the market is infinitely elastic. However, the introduction of passive investors increases the
price impact of flows relative to frictionless markets. Preference heterogeneity makes the aggregate
market more elastic due to risk misallocation, as more risk-averse passive investors require a higher
risk premium to absorb additional risky asset supply. Finally, binding leverage constraints amplify
the price impact of flows. Our findings highlight the crucial role of general equilibrium effects and
investor heterogeneity in driving market inelasticity.

We then decompose the aggregate elasticity into components driven by the impact of passive
flows on the risk premium, the risk-free rate, and the drift of the risky asset price. This decom-
position highlights the general equilibrium effects of passive flows, as the risk-free rate and risk
premium influence aggregate elasticity in opposing directions.

Lastly, we conduct a quantitative assessment of the model, which involves solving and estimating
a high-dimensional asset pricing framework. A key contribution of our work is demonstrating how
to computationally manage this complexity. We then evaluate the role of various frictions in

explaining excess market volatility.

7See, e.g., Brunnermeier and Pedersen (2009), Garleanu and Pedersen (2011), Chabakauri (2013), and Adrian and
Shin (2014).



Related literature

Our work relates to the literature on macro demand elasticity that studies the impact of asset
flows on the aggregate stock market price. The papers closest to ours are Johnson (2006) and Gabaix
and Koijen (2020). In a representative agent model, Johnson (2006) conducts a different exercise
than ours by perturbing the risky asset supply and finds finite elasticity even in the frictionless
Lucas economy. Gabaix and Koijen (2020) present a model with a behavioral element that leads
to constant interest rates to achieve a large price impact in a setting with representative households
who can invest in funds subject to mandates. We present a general equilibrium model with rich
investor heterogeneity and financial constraints and show that both GE effects and frictions are
essential for obtaining inelastic markets.?

The macro elasticity literature contrasts with the much larger one on micro elasticity, which
examines the change in the relative price of two stocks if one buys $1 of one and sells $1 of the
other (e.g., Shleifer, 1986; Harris and Gurel, 1986; Chang, Hong, and Liskovich, 2015; Pavlova
and Sikorskaya, 2023; Schmickler, 2020). The evidence in the literature suggests that the micro
elasticity is much larger than the aggregate elasticity, which is the object of interest in our paper,
given that different stocks are closer substitutes than the stock and bond market indices.

Finally, our paper is related to the theoretical microstructure literature (e.g., Kyle, 1985).
However, unlike this literature, in our setting, asset flows affect the macro elasticity through their
impact on the risk premium and risk-free rate. Campbell and Kyle (1993) look at the interaction
of noise traders and smart money, analogous to our discussion of the interaction between passive
and active investors. However, they consider a model with CARA preferences and constant interest

rates, thus, abstracting from the role of wealth distribution and the GE effects we emphasize.

8For more on macro elasticity, see Johnson (2008, 2009), Deuskar and Johnson (2011), Li, Pearson, and Zhang
(2020), Hartzmark and Solomon (2021), and other.



2 A simple model of the aggregate market elasticity

In this section, we study the determination of the aggregate market elasticity in a simple general
equilibrium demand-based asset pricing model. To keep the discussion as simple as possible, we
directly specify investors’ demands, without deriving them from utility functions. In Section 3, we

provide a micro-founded version of investors’ demands in a dynamic heterogeneous-agents model.

2.1 A 2x2x2 asset pricing model

Consider a two-period economy with two assets, a risky asset and a riskless asset, and two
agents, a passive investor (p) and an active investor (a). A fraction w; of investors is of type

J € {a, p}. The risky asset pays a random dividend Y’ in the second period. The price of the risky

-1
f.

Investors’ budget constraints in the two periods are given by PQ; + R}IB ;+C; = W; and

C ; =Y'Q; + B}, where Q; denotes the number of shares of the risky asset held by investor j, B; is

asset is denoted by P, and the price of the riskless asset is denoted by R

the number of riskless bonds, C; denotes initial consumption, and C;. denotes consumption in the
second period. Initial wealth is givenby W; = (P +Y)Q; _1 > 0.

Let a; = % denote the portfolio share of the risky asset for investor j. For the passive
investor, the portfolio share is exogeneously given, that is, a, = @), where @, > 0 is a fixed
parameter. For the active investor, the portfolio share is a function of the risk premium: @, = g, (),
where 7 = log R%_E[Y?f] represents the log risk premium and g/, (-) > 0.

Investor j’s consumption is given by C; = c¢;(r, m)W;, where r = log R is the log risk-free rate.
The consumption-wealth ratio ¢; depends on both the interest rate and risk premium. If ¢;(r, 7)
decreased (increased) with r, then the investor saves more (less) when the interest rate is high,

reflecting a standard substitution (income) effect. Note that, as an initial benchmark, we assume

that ¢ (-, -) does not depend directly on passive portfolio share @,.



The market clearing conditions are given by
Z a)jCj:Y, Z LL)J'QJ'ZI, Z CL)J'B]':O,
jeip.a} Jeip.a} Jjeip.a}

and the initial endowment of the risky asset satisfies 3 jc(p ) @;Q;.-1 = 1.

Market for risky assets. Let p = log $ denote the log dividend-price ratio and u = log % the

log dividend growth. From the definition of the risk premium, we obtain the pricing condition
T p—p-r (1)

Thus, given p and r, we can solve for the risk premium.
The demand for the risky asset for investor j is given by Q; = a;[1 — ¢;(r, ﬂ)]%. Using
Equation (1), we can express the demand for the risky asset as a function of p, r, and @):

Q;j=F;(p,r,@,). We can write the market clearing condition for the risky asset as follows:

weFa(p,r,ap) =1-w,F,(p,r,a,). 2)

active demand net supply

The market for the risky asset reaches equilibrium when demand from active investors equals the
net supply available to them—that is, the total supply minus the amount held by passive investors.
Notably, active demand is independent of @), meaning that changes in @), lead to shifts of the net

supply curve.

Market for goods. The sensitivity of the consumption-wealth ratio to changes in the interest rate
and the risk premium plays an important role in the analysis. In our dynamic model in Section 3,
the average consumption-wealth ratio depends on r + 7, meaning that sensitivity to interest rates is
equal to sensitivity to the risk premium. Assumption 1 below ensures that the consumption-wealth

ratio in our simple model remains consistent with standard micro-founded models.



Assumption 1. The average consumption-wealth ratio is a function of the expected return in the

risky asset v+, that is, 3. je(p a} XjC;(r, 7) = ¢(r + 1), where x; = m is the wealth share.

Intuitively, since bonds are in zero net supply, the average return on investors’ portfolios

corresponds to the return on the risky asset. The market-clearing condition for goods is given by:

c(u-p)= 3)

1+epP’

Assumption 1 implies that the system determining p and r satisfies an important recursivity

property: condition (3) depends only on p, while condition (2) depends on both p and r.

2.2 The general equilibrium implications of portfolio flows

We are interested in examining how the price of the risky asset p and the return on the riskless
asset r respond to a portfolio flow toward the risky asset and away from the riskless bond. Let 5;‘,
denote the portfolio share of passive investors in an initial equilibrium, with corresponding prices

—

(p*,r*). For a small deviation of the passive portfolio, @, = ape&l’, we linearized the demand

around the initial equilibrium to obtain ¢; = log Q;/Q":

q;j=-¢ (p=-p) =] r =)+ fj, )

g _ _OlogF; . . . . . g _ _Ologk; .
where gj,p = ——,— represents investor j’s price elasticity, and { ir =TT denotes investor

J’s cross-elasticity, which measures the sensitivity of demand for the risky asset to changes in the

dlog F;

price of the riskless asset. The term f; = TTogT
p

@, represents a flow shock, capturing an exogenous
flow from bonds to stocks. Since active demand is independent of @, we have f, = 0, meaning
only passive investors’ demand is affected by the flow shock. Moreover, because a), is independent
of the risk premium, the cross-elasticity for the passive investor is zero.

The right panel in Figure 2 illustrates the equilibrium in the market for the risky asset. The solid

downward-sloping curve represents active demand. An increase in p, given r, reduces asset demand



Market for goods Market for risky asset

Figure 2. Equilibrium in the goods and risky asset markets

by active investors, as it corresponds to a decline in the risk premium. The net supply of risky
assets is depicted as the solid upward-sloping curve. The net supply curve will be upward-sloping
provided that ¢, (r* + p*) is negative or sufficiently small.®

The market-clearing condition for the goods market can be written as

5

&(p=-p")=- (p-r",

e
(1+er7)?
where £, = —¢’(u — p*). The left-panel of Figure 2 shows the equilibrium in the goods market.

The inelastic markets hypothesis. First, consider a partial equilibrium version of this model,
where we set r = r* and drop the market clearing condition for goods. Alternatively, we could take
the limit as x, — 1, in which case the cross-elasticity equals zero, ¢ 7 = 0.1 Under this setup, the

price of the risky asset satisfies:

1
p-p'= - x [ ®)
gp S~——
~—— flow shock
inverse market
elasticity

where £ = ¥ e(apy ¥4, and f = X, fp.

°Notice that the net supply would be vertical if we assumed that Q,, was exogenously given instead of «),.
el

Trer)? = 0, making the interest indeterminate.

'°For this limit to be well-defined, we require {j; +

9



Equation (5) shows that the price-dividend ratio responds to portfolio flows, with the price
impact given by the inverse of market elasticity. This elasticity depends on the average price
elasticity across all investors. This result is consistent with the inelastic market hypothesis of
Gabaix and Koijen (2020), who estimate the price impact of flows into the stock market and find a
large price response, suggesting that investors are relatively inelastic.

Figure 2 illustrates the intuition behind this result. When passive investors reallocate funds
from the risky asset to the riskless asset, the net supply curve effectively shifts to the right, as
shown by the upward-sloping dashed line in the right panel. To incentivize active investors to hold
more of the risky asset, its expected return must increase—meaning the price-dividend ratio must
decline. If both passive and active investors are relatively inelastic, then even a small flow shock

can lead to a substantial price drop.

The crucial role of the cross-elasticity. The partial equilibrium analysis abstracts from the role of
cross-elasticity. The proposition below shows that the aggregate market elasticity is fundamentally

different in the general equilibrium model where r and p are allowed to adjust.

Proposition 1 (Infinite market elasticity). Suppose ;! = 3 jefap)* ][;.’r # 0. Then, a portfolio flow
shock has no price impact, p — p* = 0. Moreover, the portfolio flow shock has opposite effects on

the risk premium and the interest rate: r —r* = & f and © — n* = -2 f.

r

Give a non-zero cross-elasticity, Z; # 0, the market is infinitely elastic, regardless of how
price-inelastic individual investors are. Even if investors are extremely price-inelastic ({g ~ 0),
the market elasticity remains infinite. Moreover, the result holds for any non-zero value of the
cross-elasticity. Markets would be infinitely elastic even with a small cross-elasticity (¢, = 0).

The disconnect between individual price elasticity and market elasticity arises from a general
equilibrium effect. Figure 2 illustrates this mechanism.

In the goods market, the price-dividend ratio is determined by consumption behavior. This
is clearly the case in models with unit elasticity of intertemporal substitution (EIS), where the

price-dividend ratio is pinned down by the investor’s discount rate. Our formulation generalizes
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this approach. To restore equilibrium in the market for the risky asset, the interest rate must adjust
until the demand from active investors meets the net supply at the initial price. This adjustment
is represented in the right panel by the dashed downward-sloping curve, which shifts upward until
it intersects the new net supply curve at the original price. Since the interest rate fully offsets
movements in the risk premium, the price-dividend ratio remains unaffected by the flow shock.
Intuitively, as funds shift towards riskless bonds, the increased supply of bonds pushes interest
rates down. Similarly, the reduction in the demand for risky assets (or the increase in net supply)
raises the risk premium. In this economy, these two effects exactly offset each other, regardless
of how price-inelastic individual investors are. If the decline in » were smaller than the increase
in risk premium, it would create excess demand for goods or, equivalently, an excess supply of
bonds. Thus, in this economy, achieving simultaneous equilibrium in the markets for both risky

and riskless assets requires an infinite market elasticity.

The need for a micro-founded demand system. The analysis above highlights the importance
of the cross-price elasticity. In particular, it provides an example where the market can be infinitely
elastic, regardless of how price-inelastic investors are. It is essential for this result that the average
consumption-wealth ratio is independent of the portfolio flow shock f. If a portfolio flow shock
were to simultaneously shift the net supply curve and the average consumption-wealth ratio, then
the price impact would not be zero, and the market elasticity would be finite.

Therefore, to understand the determinants of the aggregate market elasticity, we need a theory
of how portfolio reallocation shocks affect not only the demand for risky assets, but also the demand
for safe bonds, which is ultimately driven by investors’ savings behavior. To obtain a micro-founded
demand system, we next consider a dynamic asset pricing model with heterogeneous agents and

introduce a new methodology to derive investor demand in this setting.

1Similar logic applies to the effects of an increase in uncertainty. Higher uncertainty has no impact on the price
when the EIS is equal to one, given a constant consumption-wealth ratio. A high EIS is necessary for higher uncertainty
to reduce the price, as it reduces the consumption-wealth ratio in this case (see, e.g., Bansal and Yaron 2004).

11



3 A dynamic asset pricing model with passive investors

In this section, we consider a general equilibrium continuous-time economy with rich investor
heterogeneity. Investors differ in their risk aversion and the extent to which they participate in
financial markets, where they can be either active or passive. Active investors are also subject to a
state-dependent leverage constraint. This occasionally binding constraint limits the maximum risk
exposure of active investors. The presence of passive investors allows us to study the price impact
of (passive) portfolio flows from one asset class into another. Investor heterogeneity and financial

frictions are essential in assessing (active) market participants’ responses to portfolio flow shocks.

3.1 Environment
3.1.1 Endowment and financial markets

The aggregate endowment, Y;, follows a geometric Brownian motion:

dy,
7’ = udt + ocdZ,, (6)

t

where u € R and the 1 xd vector o € R are constants, and the d x 1 vector Z = {Z, eRYF t > 0}
is a standard Brownian motion defined in a probability space (L, P, ) equipped with a filtration
F = {#;,t > 0} with the usual conditions. Z is multi-dimensional, enabling us to capture an
arbitrary correlation between endowment shocks and portfolio-flow shocks, which we describe
below.

Investors can trade a risky asset in unit-supply which is a claim to the aggregate endowment Y;.

The (cumulative) return on the risky asset R, satisfies:

_ dP;+Ydt

dR;
P,

= ug dt+or,dZ;, (7)

where P; is the price of the risky claim, ug, is the expected return on the risky asset, and the 1 X d

vector og,; represents its exposure to the different shocks, all to be determined in equilibrium. The

12



instantaneous return volatility is given by ||og /|-

Investors have also access to a instantaneous risk-free asset paying interest rate r,. In equilibrium,
asset prices are a function of the aggregate state variable X; € RY, which allow us to write e.g.,
re = r(Xy), ups = up(Xy), and og; = ogr(X;), with some abuse of notation. The aggregate state
variable evolves according to

dX; = uxdt + oy, dZ;, ®)

where ux, € RY is the vector of drifts, and Ox: € RN*d is the matrix of exposures, both determined

in equilibrium.

3.1.2 Investors and financial constraints

The economy is populated by (J + 1) types of investors, indexed by j =0, 1, ..., J. The mass of
type j investors is denoted by w;. Investors die with Poisson intensity « and a mass kw; of type j
agents are born every period, such that total population is constant and normalized to one. Newborn
agents inherit the wealth from their parents. The purpose of this overlapping generation structure is
to guarantee that a non-degenerate stationary distribution of wealth exists in our economy. Investors
have Duffie and Epstein (1992) recursive preferences, where investor j has risk aversion coefficient
¥, and all investors have a common EIS equal to ¢. Investors choose a process for consumption,
C; ., and the share of wealth invested in the risky asset, a; ;, subject to portfolio constraints. Given
the wealth of investor j, W; ;, the demand for the risky asset is given by Q;; = a;;W;;/P; and the

demand for the riskless assetis B;; = (1 —a; )W, .

Passive investors. Investors face different financial constraints. Agents of type j = 0 are passive
investors, that is their portfolio share is given by a; = @, for a given process @, . Outside a

boundary region, @, follows an exogenous square-root process (Cox, Ingersoll, and Ross, 1985):

dap,[ = Qp (5 - ap’t)dt + O-p ap’, dZt, (9)

13



where « is the long-run mean and 6,, is the mean-reversion parameter that controls the speed which
passive investors rebalance their portfolios. We refer to the innovations to @, as portfolio flow
shocks, capturing fluctuations in the amount that passive investors allocate to the risky asset.!?
These movements in portfolio positions may happen in response to aggregate shocks, potentially
amplifying the effect of shocks to endowments. Alternatively, they could represent an independent
source of fluctuation. Our specification in Equation (9) accommodates both cases. For instance,
suppose d = 2, o = (071,0), and 0, = (0'1,1, 0',,2). In this case, the first element of the Brownian
motion dZ captures aggregate endowment shocks, while the second element of the Brownian
motion captures pure portfolio flow shocks.

The formulation above is meant to capture the various forms of passive investor behavior
documented in the literature. For instance, Ameriks and Zeldes (2004) and Brunnermeier and
Nagel (2008) document substantial inertia in households’ portfolios, with very limited or slow
rebalancing. This implies that portfolio shares would move with shocks to returns, consistent with
the exposure of @), to aggregate shocks in Equation (9). Additionally, Parker, Schoar, and Sun
(2023) show that the introduction of target-date funds (TDF) has led to a relatively stable portfolio
share. Gabaix and Koijen (2020) document similar behavior for the equity share of different
institutional investors, consistent with the idea that these investors do not actively adjust their
portfolio share as market conditions vary. Moreover, Parker, Schoar, Cole, and Simester (2022)
show that changes in regulation led to an sharp increase in the share of stocks held by households,
as TDFs became widely adopted, consistent with the idea that portfolio flows may be driven by

factors that are orthogonal to changes in fundamentals.

Behavior at the boundary region. For technical regions, we specify a different behavior for the
portfolio share as the wealth share of passive investors approaches one. If passive investors hold
nearly all the wealth, but a disproportionately smaller share of the risky assets, the average portfolio

share of active investors would increase without bound. This behavior can lead to equilibrium

12 Alternatively, one could allow for shocks in the mass of passive investors wq. Ultimately, it is the total amount of
risky assets held by passive investors that will be relevant in equilibrium.
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multiplicity, and even failures of no-arbitrage conditions (see, e.g., Hugonnier 2012). To avoid
these pathologies, we assume that passive investors increase their portfolio share when their wealth
share exceeds a threshold, so the active investors’ leverage remains bounded.®* This ensures that
the portfolio share of passive investors converges to one as their wealth also converges to one. In

our calibration, the economy spends nearly all its time away from this boundary region.

Active investors. We refer to investors of type j = 1,...,J as active investors. Active investors
continuously rebalance their portfolios subject to state-dependent leverage constraints. Following
the literature on leverage or margin constraints, we assume that the maximum portfolio share for
an active investor is decreasing in aggregate volatility: 4

oa

llorll’

aj; < (10)
where we assume o > ||o||.

Constraint (10) resembles a Value-at-Risk (VaR) constraint, which is common for banks and
other leveraged financial institutions. It captures the fact that either margin requirements or
financial intermediaries’ regulatory or risk-management constraints become tighter in periods of
high volatility. Allowing for leverage constraints plays a potential important role in determining

the aggregate market elasticity, as they may limit the ability of some active investors to provide an

elastic response to shocks during periods of high volatility.

Investors’ problem. The problem of an investor of type j =0, ..., J is given by
Vii= max E, / fi(Cjs Vi, S)ds] (11)
[C)a;]

B3This is analogous to the free-entry mechanism in Khorrami (2022), who shows that these pathologies are avoided
in models with entry.
4See e.g., Brunnermeier and Pedersen (2009), Garleanu and Pedersen (2011), and Adrian and Shin (2014).
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subject to the flow budget constraint,

de,t = [(rt + ﬂ'[aj,[)Wj’t - stl] dt + aj’le’to-R’tdZt, (12)
a non-negativity condition on wealth, W;, > 0, and the portfolio constraint a;, € Q;,, where
Qo = {ao:a=ap,} and Q;, = {a; : a; < ﬁ} for j = 1,...,J, where @, follows the
process (9), and nr; = ug, — r; denotes the risk premium. The aggregator for investor j, f;(C,V),

is given by

1-y~!
1-y)V
( 7]) C b (13)

fi(C,V)=p - —
1—(// 1 ((l_yj)v)l_yj

where the discount factor p = g + « incorporates not only the investors’ impatience g, but also the

death probability «.

3.1.3 Market clearing and equilibrium

We provide the definition of equilibrium below.

Definition 1. A competitive equilibrium is a set of stochastic processes adapted to the filtration
created by Z,: the aggregate endowment Y, the price of the claim on the aggregate endowment P,
and the risk-free rate r; and a set of stochastic processes for each investor j € {0, ...,J}: wealth

W;, consumption C;, and stock holdings a;, such that
(i) Aggregate endowment evolves according to (6), given Yy > 0.
(ii) Given the stochastic processes (Py, 1), choices (Cj, j) solve agent j’s problem in (11).

(iii) Markets for consumption goods, risky asset, and risk-free bonds clear

J J J
> wiCri =Y, > w05, =1, > wBj =0, (14)
j=0 j=0 j=0
where Q= a;;W;;/Prand Bj; = (1 —a; )W ;.
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3.2 Equilibrium characterization

In this section, we provide a characterization of the equilibrium conditions and define a Markov

equilibrium in terms of the wealth distribution and the portfolio share of passive investors.

Investors’ problem. Given the homotheticity of preferences, the value function for investor j

can be written as 1
~Yj

]_ .
Ci , v W ty_l
v, = (;) Dit
| pll’ 1 - Yi
where ¢ ; is a function of the aggregate state variable X, that is, ¢;, = ¢;(X;). The function ¢,

evolves according to
dcjs

= ,ch,tdf + 0, .dZy,
Cj,t

where p.; , and o, are given by Ito’s lemma. Given the process for ¢ ;, one can solve for investors’

policy functions. In particular, the function ¢ ; corresponds to agent j’s consumption-wealth ratio:
_ = Cj,l"
We can express the portfolio weight «; ; in terms of ¢ ; and asset prices:

. n o
@ = mMin {—tz + St —} , (15)
Yillor:ll llog.ll

—y-1 ’
1 Y; Ocjt0g,

g=1 log, |

investors is given by the usual myopic and hedging components. The myopic component depends

where ¢;; = is the hedging demand component. The risk exposure of unconstrained
on the investor’s risk tolerance 1/, the risk premium 7;, and return variance ||og ; ||>. The hedging
demand depends on the correlation of c¢;,, which affects the investor’s marginal utility of wealth,
and the risky asset. The leverage constraint limits the maximum risk exposure an investor can

achieve at any point in time.
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From the Hamilton-Jacobi-Bellman (HIB) equation, we obtain an expression for c; ;:

"y.
cia=yp+(1=y) |r+maj, - E’Hch,tnzai,] +&j1, (16)

—yi o, lI? ) )
where &;; = Meje+ (1-vy J‘)O'Cj,fo';e @+ % ’zt corresponds to a forward-looking shifter of

the consumption-wealth ratio, which depends on the drift and diffusion of c;.

The consumption-wealth ratio depends on current investment opportunities, captured by the
risk-adjusted return r; + 7 ;s — %a?’ Mok, ||?, as well as future investment opportunities, captured
by &;;. Note that, as usual, movements in returns have income and substitution effects and the net

response of the consumption-wealth ratio depends on the EIS.

Pricing condition. Let p, = P,/y; denote the price-dividend ratio for the risky asset. Since the

expected return is given by r; + 7, = i + up, the price-dividend ratio satisfies the condition

1 ,
;:rt+ﬂt—(ﬂ+ﬂp,t+0-0-p7t), (17)
t

B . B ,
where og; = 0+ 0p, (Ups, 0p,) s given by Ito’s lemma, and we used pp; = pu + p1p + ooy,

Aggregate state variable. Let x; be the wealth share of type-; investors:

_wiWji
Xjr =
Py
We define the aggregate state variable as X; = (x;, @), where x; = (xl,,,xz,,, e ,xj,,). The law

of motion of @, is given by (9). From Ito’s lemma, the law of motion of x; ; is given by

dxj,; , 2, Wi~ X
—— = FeA T =i == fps— 00, + (1 —a;)lor "+« . dt+ (aj, — 1) or,dZ;.
Jst Jot

Risk premium and interest rate. Let 7" C {1,2,...,J}and J° C {1,2,...,J} denote the set

of unconstrained and constrained active investors at time ¢, respectively. Define the wealth share
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of unconstrained investors as x,; = 2, jegu Xjts and the wealth share of constrained investors as

Xer = Xje g Xj,» From the market clearing for the risky asset, we obtain

Z Xjp@jr =1 =X0@ps = Xe ey, (18)
Jeg"
N . net supply
active unconstrained
demand
where @.; = m is the portfolio share of constrained agents. The expression above is the
N

analogous in our dynamic setting of Equation (2), as w;Q;; = x;;a;,. The net supply of risky
assets to unconstrained (or marginal) investors is given by 1 — xo,@p; — x¢ @, that is, the total
supply minus the demand from constrained (or infra-marginal) investors. When all active investors
are unconstrained, we recover the condition from Section 2, Equation (2), where the demand from
active investors must equal the total supply minus the amount held by passive investors.
Combining the expression above with the optimal portfolio of active investors, we obtain an

expression for the risk premium:

2
Yuullor,s a @
= ux— [1 = x0,@p s = Xes@es = Xussit] 5 (19)
u,t

Yo 1

-1
: : B Y
Tt 77 ] denotes the average risk aversion and ¢; = 3 ;¢ qu St the average

wherey,; = [Zjejtu
hedging demand of unconstrained investors.

Equation (19) captures the effect of heterogeneity, passive investment, and leverage constraints
on the risk premium. Keeping everything else constant, an increase in the average risk aversion of
unconstrained agents (higher y,;), a reduction in passive investors’ demand (lower @, ;), a reduction
in the risk bearing capacity of constrained investor (lower @, ), or a reduction in hedging demands

(lower ¢;) all tend to increase the risk premium.

We can write the market-clearing condition for goods as follows:

! 1
D xjeri=—, (20)
=0 4
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From the equation above and Equation (16), we obtain

J 2
_ _ Yi%i, _
rr=p+y lﬂP,z+(1—'// 1)ij,t ! ||0'R,z||2—7ft+l/’ lfz, (21)
=

‘ 2
where &; = Zj:o Xj &g
The first two terms of the right-hand side capture the effect of impatience and intertemporal
substitution, the next term capture the effect of uncertainty, while the last term captures the effect
of time-varying investment opportunities. Note that the risk-free interest rate depends on the
risk premium 7; and the distribution of risk across investors {a;}, which will be important when

considering the equilibrium impact of portfolio flows in Section 4.

Endogenous volatility. The exposure of returns to shocks has both an exogenous component and
an endogenous component, og; = 0 +0,;. The exogenous component corresponds to the volatility
of cash flows. The endogenous component corresponds to changes in the valuation ratio p;. As
dividend growth is iid, movements in the price-dividend ratio are entirely driven by movements in

expected returns. The term o, ; is given by Ito’s lemma:

_ px(Xt) pEP(Xt) -
Opr = m()'x,; + ch,lal,,t. (22)

The endogenous volatility then depends on two terms. First, the product of the sensitivity
of the price-dividend ratio to changes in the wealth distribution (given by x;, for j = 1,...,J)
and the response of the wealth distribution to shocks, o ;. Second, the product of the sensitivity
of the price-dividend ratio to changes in the passive portfolio and the response of the passive
portfolio to shocks. The first term is standard in heterogeneous-agent models (see e.g., Panageas

2020). The second term is only present in economies with exogenous portfolio-flow shocks, and

Pa, (Xi)
p(Xr)

is sufficiently large. Therefore, Equation (22) provides the link between the aggregate market

it is only quantitatively relevant in economies where the market is sufficiently inelastic, or

elasticity and return volatility ||o- + o /||
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Markov equilibrium. Equations (19) and (21) allow us to express ; and 7, as functions of ¢ ; and
p: and their derivatives, after expressing (pcj,,,,up,t) and (O'Cj’,, 0p,) as a function of (ux,, ox,)
and the derivatives of ¢, and p; using Ito’s lemma. Plugging the values of x; and r; into (16)
and (17), and using the expression for the law of motion of the state variables, we obtain a system
of J +2 PDEs involving c¢;(X;), for j =0,1,...,J, and p(X;). These functions depend on J + 1
state variables, corresponding to J wealth shares, x;, for j = 1,2, ..., J, and the portfolio share of

passive investors @, ;. We define the Markov equilibrium in state variable X; below.

Definition 2. A Markov equilibrium in state variable X; = (x,, Ep,t), where x; = (xl,,,xz,,, . ,xJ,t)
and law of motion for a,, is given in (9), is the set of functions: price-dividend ratio p(X), interest
rate r(X), consumption-wealth ratio c;(X), policy functions {C;(X), a;(X)}, for j € {0,...,J},

and laws of motion for the endogenous state variable ux(X) and ox(X), such that:

(i) The consumption-wealth ratio c; solves agent j’s HJB equation (16), and C; and «; are the

corresponding policy functions, taking p, r and laws of motion for X as given.

(ii) Markets for the consumption good, the risky asset, and the risk-free bond clear:

J J J
1
XjsCir = —, Xisajs =1, xj;(1—a;;)=0. (23)
E,tht D E Jrj.t E Jit Jit

J=0 ! Jj=0 Jj=0

4 The Determinants of the Aggregate Market Elasticity

In this section, we consider the effects of portfolio flows on asset prices. The response of the
price of the risky asset to passive portfolio flows is determined by the (inverse) aggregate market
elasticity. Computing this elasticity requires solving the system of PDEs given by (16) and (17),
which is not available in closed-form. To isolate the economic mechanisms by which different
frictions affect the aggregate market elasticity, we extend the perturbation method used in Silva

(2020) to obtain asymptotic closed-form expression for this elasticity.
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4.1 Perturbation method

We consider a family of economies indexed by the parameter € > 0. This parameter simultane-
ously controls the degree of preference heterogeneity, risky asset demand by passive investors, and
the tightness of the leverage constraint that active investors face. The coefficient of relative risk

aversion of investor j =0, ..., J is given by

yi =y +7 6), (24)

where
J

> w3 =0.

j=0
Parameter y captures the average risk aversion in the economy weighted by population shares, and
¥; controls the proportional deviation of investor j’s risk aversion from this weighted average.
When € = 0, we have an economy with homogeneous preferences, and when € = 1, we have our
economy of interest with heterogeneous investors.

Parameter € also affects the portfolio share of passive investors. For simplicity, we abstract

from time-variation in the portfolio of passive investors, that is, we assume throughout this section

that 8, = 0 and o}, = 0 in Equation (9). We then assume that Z; is uni-dimensional and write o

instead of ||o7||. The portfolio share of passive investors is given by
a, =1+de. (25)

Note that when € = 0, passive investors are fully invested in the risky asset. Parameter &, controls
the deviations from this benchmark.

To allow for a first-order role of the leverage constraints, we also assume that o in Equation (10)
is given by

O =0+0€. (26)
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This assumption guarantees that the tightness of the leverage constraint will be of the order O (¢€), the
same order as the demand for leverage in this economy. Finally, to focus on the role of heterogeneity,
passive demand, and leverage constraints, we abstract from the overlapping generations feature,
that is, we set k = 0.

By considering a family of economies, the values of endogenous variables depend not only on
the aggregate state variable X; but also on the parameter indexing the specific economy, i.e., €.
For instance, the price-dividend and the consumption-wealth ratios for investor j are now given by
p(X,€) and c; (X, €), respectively.

We are interested in a second-order expansion of the equilibrium objects on the parameter €:

p(X,€) = po(X) + p1(X)e + pa(X)e® + O(€), (27)

ci(X,e) =cjo(X)+c;1(X)e+ cj,z(X)e2 + 0(63), (28)

where the k-th order corrections pi(X) and ¢ (X), for k € {0, 1,2}, are functions of the state
variable X that we need to determine.

Notice that our method is different from the standard perturbation of dynamic stochastic general
equilibrium (DSGE) models in which the function p(X, €) is typically linearized in both X and e.
This standard approach makes the analysis local in both € and the distance of X to the non-stochastic
steady state. In contrast, we do not assume that the aggregate state is close to the steady state,
which requires us to solve for arbitrary functions of X instead of coefficients on a linear or quadratic
approximations in DSGE models.”> Given that our approach provides a global method with respect
to the states, we refer to this procedure as state-global perturbations.'®

We proceed by computing the functions (p K(X),cjn(X )), k =0,1,2, in three steps. First, we

consider the behavior in the benchmark economy, that is, € = 0. We then solve for the first-order

15The linearization of p gives p(X,€) = Py + P x (X —Y) +D1€+0 (||X - X|%, 62), where X is the non-
stochastic steady state, and the coefficients are independent of X. Parameter € typically controls the variance of
aggregate shocks in these applications. See Schmitt-Grohé and Uribe (2004) for a discussion of these methods.

16See Kargar, Passadore, and Silva (2020) for an application of the state-global perturbation method to an environ-
ment with endogenous transaction costs.
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and second-order corrections, p(X) and p,(X), respectively.

4.1.1 The benchmark economy

In the absence of preference heterogeneity, and with passive investors fully invested in the risky
asset, the economy effectively behaves as the frictionless Lucas economy with a representative

agent.

Lemma 1 (Benchmark economy). Suppose p > (1-y7!) (,u —~ %’2) 17" Then, for the € = 0

econony,

(i) Investors’ consumption-wealth ratio and risk exposure are given by:

1 70'2
croX) =p-(1-y7") (u—T), ajo(X)=1,  forj=0,1.....J.

(ii) Risk premium, risk-free rate, and price-dividend ratio are given by:

2
2 _ T 1) Y7 S

Proof. See Appendix C.1. [

Lemma | shows that there is no time variation in the expected returns in the benchmark economy
in the absence of frictions. In particular, the price-dividend ratio po(X) is constant in the benchmark

economy, so the risk premium and interest rate are given by the standard Lucas economy formulae.

4.2 The first-order demand system

We consider next the first-order approximation of the demand system. Investor j’s demand

for the risky asset is given by Q;(X;€) = o;(X; e)ZT’] Letg;; =1ogQ;:/Q;0(X;) denote the log

2
The condition p > (1 —y 1) ( - %) is standard in economies with growth and risk, guaranteeing that investors

achieve finite utility.
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deviation of investor j’s demand from her demand in the benchmark economy. Up to first order,
we can write g ; as follows:

qjs=a;1(X)e+0(), (29)

where a;1(X;) is the first-order correction for portfolio weight «;(X;€). Three observations are
important in computing «; ;. First, the endogenous volatility is equal to zero up to first order, as

Op, 18 given by

_ XD ey 2 [P0 e 20D Lol e oe o), 6oy

- p(Xy) po(Xy) po(Xy)

O_p,t

where p, 0(X;) = 0x,0(X;) = 0, as shown in Lemma 1. Second, the hedging demand is also second-
orderine, ¢j; = O(€?), as a similar argument shows that oe; (X)) = O(€?). Third, expanding the

pricing condition (17), we obtain the analogous of Equation (1):

1
Ry = —F — Eﬁ, +0(e?), (31)

where #; = n; — mo(X,), 7, = r; — ro(X;), and p; = p’;f*, using the fact that u,, = O(€?) and

p* = po(X). As in Section 2, we can use the pricing condition to write the risk premium in terms
of the price-dividend ratio and the interest rate.
Using the three observations above, we can compute the first-order expansion of the portfolio

share in Equation (15) to obtain investor j’s demand for an unconstrained investor :

qji ==L P = {1+ 0+ O(€), (32)
where
1 1 1
q = q = . = 4.
= piygr  Gir=opr JuEvie
A similar equation holds for a constrained investor, but in this case (;1 b= {qu =0and f;; = ”%”e.

The demand from passive investors also takes the form above, with {6’ b= e g . =0,and fo, = ape.
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The demand for the risky asset for unconstrained agents is analogous to the active demand
in Section 2. However, we can now relate the elasticities to the underlying parameters. The
price elasticity g“j’p is given by %, the ratio of the dividend yield and the risk premium in the
benchmark economy, while the cross price-elasticity ¢ ]‘.{r is given by the inverse of the risk premium.
Importantly, the cross price-elasticity is non-zero for unconstrained investors. As shown above,
the direct and cross price elasticities are equal to zero for a constrained investor. Finally, even
if 7, = 1, = 0, investors’ demand would deviate from the one in the benchmark economy due to
differences in risk aversion, the leverage limit, or the passive portfolio. These effects are captured
by the demand shifters f; ;.

We can proceed in an analogous way to compute the first-order expansion of the consumption-

wealth ratio in Equation (16):

_ Y0 2
Cia=Yp+(1=y)|r+m— 3 +0(€%), (33)

where we used the fact that & = O(e?). In line with Assumption 1, both the risk-free rate and
risk premium have a similar first-order impact on the consumption-wealth ratio. Using the pricing

condition, we can write ¢;; = ¢;; — ¢ 0(X;) in terms of p; and a shifter:
ja =05 P+ L6 (34)
CJ,l {]’ppl‘ ]’0’

where ¢ j‘."p = (¢ — 1)# and { ;',0 = (¢ — 1)%‘2)7 ;€. Notice that the consumption-wealth ratio does
not depend on r; given p;, as in Section 2. The consumption-wealth ratio can be either increasing or
decreasing in p;. The case depicted in Figure 2, where the consumption-wealth ratio is increasing
in p;, corresponds to ¢ > 1, a common assumption in macro-finance models (see e.g. Bansal and
Yaron 2004). Another important property is that the consumption-wealth ratio is independent of

@, ;, which has implications for the determination of the market elasticity.
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4.2.1 Aggregate market elasticity in frictionless economies

Given the demand system, we can solve for the equilibrium prices. The market clearing

conditions for the risky asset and for goods can be written as

J

J
2 %71 =0 > xiéis = e

Jj=0 Jj=0

Aggregating the demand for the risky asset and the consumption-wealth ratio, we obtain

& G| | A

c 1 A c ’
§p+F 0 Tt _é’()

Y/ =Y ~ -5/
where & = 3 x;¢] fork € {p,r}, {f = X5 x;{5 . fork € {p,0}, and f; = Xj_ox; f.
Solving the system above, we obtain asset prices in this economy:

& N .

DPr=——"T"T"""> ry =

G+ & len)

The aggregate market elasticity, €y, 1s defined as the inverse of the proportional change in the

price of the risky asset in response to a portfolio flow shock f;:

A\ -1
el = (8Pt)
M.t aft
As p; is independent of the portfolio flow shock f;, the inverse elasticity is equal to zero up to

first order:

ey, =0. (35)

This result echoes the findings in Section 2 which showed how the aggregate elasticity could be
infinite in the context of a two-period economy. We obtain the same result now in the context of

our dynamic economy using a first-order approximation.
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Interpretation: market elasticity in a frictionless economy. Why is the market infinitely elastic?
The fact that we are considering a first-order approximation is relevant. The elasticity we obtain
coincides with the one in an economy without preference heterogeneity or leverage constraints,
and passive investors are initially fully invested in the risky asset. Therefore, we can interpret €y
as capturing the effect of a small deviation from a Lucas economy. In this effectively frictionless
environment, portfolio flows have opposing effects on interest rates and risk premium, leaving the

price of the risky asset unchanged, as shown in the next proposition.
Proposition 2 (First-order impact of portfolio flows). Suppose p > (1 —y ) (,u - %‘2) Then,
(i) The price-dividend ratio is given by

2 J
A _ —1y,x Y9 S 2
pX) = ~(1=y~Hp = ;xmem(e).

(ii) The interest rate and the risk premium are given by

A o
. 2 Xj . @pXot oXc 2
#(X) =ya?| ) FP - | e+ 0(E),
jegutu X0 — X¢
. 2 - Xj. . QpXo+ cirxf -1 5 Vi 2
AF(X) =yo” |- Z —)/J~+—1 +(1 -y )Zx”? €+ 0(e),
jeguu X0~ Xe =0

where x,; = ), jegu Xjt and x.; = ), jege Xju are the wealth shares of unconstrained and
constrained active investors, respectively, and J" and J¢ denote, respectively, the set of

unconstrained and constrained active investors, defined in Section 3.2.

Proposition 2 shows that if passive investors reduce their position in the risky asset, this raises
the risk premium and reduces the interest rate by the same amount. The intuition is analogous to
the case shown in Figure 2. The risk premium increases to induce active investors to hold more of
the risky asset, while the interest rate adjusts to ensure the price-dividend ratio is consistent with

equilibrium in the goods market.
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4.3 The second-order demand system

Proposition 2 shows that the market is infinitely elastic up to first order. However, a first-order
approximation is unable to capture how different frictions interact. For this reason, we consider
next a second-order approximation of the demand system. To isolate the role of each friction,
we consider first the case without preference heterogeneity or leverage constraints, we then add

preference heterogeneity, and finally consider the case with heterogeneity and leverage constraints.

4.3.1 Inefficient passive demand

Suppose the risk aversion is the same for all investors and they are not subject to a leverage
constraint. We focus on how the initial portfolio of passive investors, @), affects the aggregate
market elasticity. In particular, whether the portfolio of passive investors deviates from its optimal

level plays an important role.

The role of risk misallocation. In the absence of heterogeneity and leverage constraints, the
demand for the risky asset under a second-order approximation takes the form in Equation (32), as

shown in the appendix. In contrast, the consumption-wealth ratio is now given by

2
yo
cii=yp+(1=y)|r+ma;,; - T“;z',r +0(€), (36)
where ap; = @) and a;; = l;f(;f" forj =1,...,J. Aggregating across investors, and using the
market clearing condition ijo xja;,; =1, we obtain
Yol N
cr=yp+(1-y) r,+7rt—Tija12.J +0(€). (37)

J=0

The average consumption-wealth ratio now depends on the distribution of the risky asset in the
economy. Under the optimal allocation, the portfolio share is equal to one, a;; = 1, for all investors,

SO Z;:o X jajz.’t = 1. Any deviation of the optimal allocation creates dispersion in portfolios, so
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Figure 3. Consumption-wealth ratio when risk is nearly perfectly allocated

J

2
2 . . . Yo J
=0 Xj T, > 1, which reduces the risk-adjusted expected return r; + 7, — - 37

Foxjait. Ify > 1,

the reduction in risk-adjusted returns weakens investors incentive to save, for any given level of
r; + ;. Therefore, the consumption-wealth ratio depends on how risk is allocated in the economy.

Figure 3 illustrates how an increase in risk misallocation affects the equilibrium in the goods
market. The left panel represents the risk-adjusted excess return, ma;; — %'zajz.’t, as a function
of the portfolio share ;. Suppose that the passive investor has initially a portfolio share that is
less than one and then decides to further reduce its holding of the risky asset, as represented by the
yellow dot in the figure. Even if the risk premium is constant, the risk-adjusted return is reduced,
as the investor moves away from the optimal holding of the risky asset. The portfolio share of the
active investors also moves away from the optimal, as represented by the brown dot in the figure, so
the risk-adjusted return is reduced for them as well. Therefore, both agents have a weaker incentive
to save, which leads to a shift in the average consumption-wealth ratio, as shown in the right panel.

The magnitude of the shift in the average consumption-wealth ratio depends on the initial

distribution of risk. This point can be seen more clearly by writing the average consumption-wealth

in terms of deviations from its value in the benchmark economy:
&= L8P+ & (38)

2
where § = (v — 1) 13- §=0 x;(ej, — 1)%. Notice that £§ is a function of @, and the derivative of
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¢ with respect to @), is given by

ALy ! da;
= = W= yo? ) xplag - D=
p

a, |-
Pla,=1 j=0 = -
p=

=0.

> )

(39)

If the passive investor initially holds the optimal portfolio, then a small change in @, has no

impact in the consumption-wealth ratio. This corresponds to the frictionless benchmark, which is

analogous to the result under the first-order approximation. However, if the initial allocation of risk

is not optimal, changes in @, affect the consumption-wealth ratio. Moreover, the effect is stronger

the further the initial allocation is from the optimal. This point is illustrated in Figure 4. The initial

allocation is now further away from the optimal relative to the case in Figure 3, which leads to a

larger decline in the risk-adjusted returns, as shown in the left panel. In this case, we see a larger

shift in the average consumption-wealth curve in the right panel.

The market elasticity with inefficient passive demand. The equilibrium value for asset prices

takes the same shape as in the case of the first-order approximation:

{—8 A—£+ {g

ry = e
1’ ! q
G+ i & ()

pr=- {8.
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Price Impact (passive demand)
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Figure 5. Price impact: inefficient passive demand.

As before, the price of the risky asset is independent of the (micro) price elasticity {lq,. However,
while the shifter 7 was independent of @, under a first-order approximation, this is not the case
now, as £ is a function of @,. The next proposition derives the aggregate market elasticity in this

case.

Proposition 3 (Aggregate elasticity: inefficient passive demand). Suppose p >
2
(1-y) (,u - %) If there is no preference heterogeneity and active investors do not face

leverage constraints, the inverse aggregate market elasticity, 1/&y,, is given by:

where x, = 1 — xo denotes the wealth share of active investors and yo(x) = 1/po(X).
Proof. See Appendix D.1. [

We highlight several points from Proposition 3. First, the price impact is equal to zero if @,
that is, the market is infinitely elastic when risk is initially optimally allocated. Second, the price
impact is also zero if the EIS is equal to one. In this case, the consumption-wealth ratio is constant

and {; = 0, so @, does not affect investors incentive to save. Third, the market elasticity is positive
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if y > 1 and @), < 1, so passive investors hold an inefficiently low share of the risky asset. This
result is consistent with the discussion in Section 2, which shows that we obtain a finite elasticity
when movements in the passive portfolio share shifts not only the net supply of risk to active
investors, but also the consumption-wealth ratio. As discussed above, risk misallocation provides a
mechanism linking changes in @, to shifts in the consumption-wealth ratio. Moreover, everything
else constant, the price impact is largest in the case of no market participation by passive investors
(ap, =0),asine.g. Basak and Cuoco (1998), given that this corresponds to the maximum level of
misallocation (given @), > 0). Fourth, the elasticity is state-dependent and the price impact is larger
when active investors are under-capitalized, that is, they hold a relatively small share of wealth.
Figure 5 illustrate these points. We can see that the price impact is equal to zero when @), = 1, it is
positive when @, < 1, it is decreasing in wealth share of active investors x,, and it is largest when

@, = 0 for any given level of x,.

4.4 Preference heterogeneity

We consider next the case where investors have heterogeneous preferences, but they are no

subject to leverage constraints. Proposition 4 derives the aggregate market elasticity for this case.
2
‘s ST . -1 Yo
Proposition 4 (Aggregate elasticity: preference heterogeneity). Suppose p > (1 —y 1) (,u — T)
If active investors have heterogeneous risk aversions but face no leverage constraints, the inverse

aggregate market elasticity, 1/eyy, is given by:

2 [1-a& ~E*[y;
eyt = (1-97) L2 [ p_n=E o (), @1)
yo(X) [ xq Y
where B"[y;] = X je qu %7’1'
Proof. See Appendix D.2. [

Several points are worth emphasizing. First, note that with heterogeneous active investors even
in the case in which @, = 1, the aggregate elasticity is finite. As we show later in the next section,

this effect is due to impact of flows on the risk-free rate.
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Second, assuming that the passive agents are more risk-averse than active investors, that is yy >
E“[y;], with ¢ > 1, introducing preference heterogeneity attenuates the price response to flows,
leading to more elastic markets relative to the economy without heterogeneity in Proposition 3.
This result is due to risk misallocation, as passive investors are effectively closer to their optimal
portfolio when o > E“[y,], for a given initial value @, < 1. To see this point, let’s compute the

optimal portfolio share that investor j = 0 would choose if she was an active investor:

‘ —E4[y;
aopnmal —1-x, [)’0 [)/]]] ’ (42)

P Y
If type j = O investors have high risk aversion, then it is optimal for them to invest less than 100%

in the risky asset. In this case, @, < 1 is not an indication of risk misallocation, but it reflects the

optimal risk sharing among investors. It turns out that the elasticity will be positive if ), < @} timal,
) aoptimal -a
_ _ g , p
8Ml:(1—l// 1) Yo pd +0(62). (43)
Yo (X ) Xa

This shows that risk misallocation is again the key ingredient necessary to obtain a finite elasticity.
Notice that a reduction in the wealth share of active investors raises the price impact by more in the
presence of heterogeneous preferences, everything else constant. The reason is that a reduction in
X, now raises the optimal portfolio share of passive investors. Optimal risk sharing implies they
should hold more of the risky asset when x, is low, which is typically after a negative aggregate
shock. For a given level of @, this implies that there is more risk misallocation when x, is low,
that is, @, is further away from the optimal.

Finally, from Equation (41), we see that the price impact of flows depends not only on the
wealth share of active investors x, as before, but also on the wealth distribution among active
investors through E“[y;]. This results reiterates the importance of heterogeneity among financial
intermediaries that active investors in our model represent (e.g., Veronesi, 2019; Kargar, 2021).

In Figure 6, we plot inverse aggregate elasticity for the case with one passive and two active

investors (J = 3) with y9 > y; > 2. In this economy, the two key state variables are the wealth
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Figure 6. Price impact: passive demand and preference heterogeneity.

share of active investors, x,, and the wealth share the most risk-tolerant active investor (agent 2)
among active investors, w:
X2

xq =1—xp, w:x—. (44)
a

From Figure 6, we see that as the active investors become less capitalized and x, declines, market
become more inelastic. Moreover, as less risk averse active investors become less capitalized and

w goes down, we see a larger price impact from passive flows.

4.5 Leverage constraints

We consider next the case where investors have heterogeneous preferences and they are subject to
leverage constraints. In Proposition 5, we derive the aggregate market elasticity when heterogeneous

active investors also face leverage constraints.

Proposition 5 (Aggregate elasticity: leverage constraints). Suppose p > (1 — w‘l) (,u - %’2)

When active investors have heterogeneous preferences and also face leverage constraints in (10),

the inverse aggregate market elasticity, 1/&y;, is given by:

yor [ =x)(1-ap) y-Elyl x(E-1) +0(2)

Yo (X) xu y - “3)

6;,11 = (1 - ¢_1)
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Figure 7. Price impact: leverage constraints.

Proof. See Appendix D.3. 0

We highlight several points from Proposition 5. First, note than when all active agents are
unconstrained, i.e., x, = 0, we get the price impact from Proposition 4. Similar to the case with
heterogeneous investors, the aggregate elasticity is finite when ), = 1.

As in the previous two cases, risk misallocation plays an important role. The optimal portfolio
share of type j = 0 investors, i.e. the portfolio they would choose if they were active, is given by
zoptimal _ 4 xu  vo—E"[y)] xC(ﬁ -1)

- - . 46
pit 1 —x, vy 1 —x, (46)

Plugging the formula for the optimal portfolio share in the expression for the aggregate market

elasticity, we obtain

—optimal —

As before, the market elasticity is finite and positive when @), is below its optimal level. The
optimal portfolio now depends on the average risk aversion of unconstrained agents, the leverage
constraint, and the entire distribution among active investors. Figure 8 illustrates the behavior of

the market elasticity in the presence of leverage constraints. The left panel shows the price impact
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for different values of w = x;/x,, that is, the share of wealth of the low risk aversion investor among
active investors. The right panel shows the inverse elasticity as a function of the wealth share of

active investors.

S5 Quantitative Implications

In this section, we consider the quantitative implications of the model described in Section 3.

5.1 Calibration strategy

Sectors. We process raw flow of funds (FOF) data to arrive at J/ = 6 major sectors: household
mutual fund holdings, households non-mutual fund holdings, hedge funds, broker-dealers (L130),
rest of the world (L133), and hedge funds.

To visualize the size of these ultimate sectors, Figure 9 plots the fraction of the U.S. stock
market held by each sector from 2012 when hedge fund holdings became available. Figure 9’s
legend reports the average fraction held by each sector. The largest holder is the household sector
which holds 17.3% via mutual funds and 43.3% through other means. The net largest sectors
are foreign investors (“rest of the world”) and pension/insurance sectors which hold 17.5% and

17.3%, respectively. Hedge funds and broker-dealers are relatively small and hold 5.8% and 0.5%,
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Figure 9. Fraction of stock market holding by sectors from 2012 to 2022. The average fraction held is
reported in the legend. Source: Flow of Funds.

respectively, consistent with Figure 1 in Koijen, Richmond, and Yogo (2024).

We first drop sectors that have no or minimal investments in the stock market. This includes
nonfinancial business (L102), general government (L105), monetary authority (L109), Private
depository institutions (L110), money market funds (LL121), Government-sponsored enterprises
(L125), Agency-and GSE-backed mortgage pools (LL126), and Issuers of asset-backed securities
(L127), Finance companies (L128), Real estate investment trusts (L129), Holding companies
(L131), and Other financial business (L132). We then aggregate sectors that invest in the stock
market but are pass-throughs onto the end users’ balance sheets.

Mutual funds (L.122), Closed-end funds (L.123), and Exchange-traded funds (L124): we aggre-
gate L.123 and L124 onto the household (L.101) balance sheet. For mutual fund holdings (L122),
FOF provides a detailed breakdown of end investors. We aggregate the non-household holdings
onto the respective end investor balance sheets but separately consider the household holdings as a
separate sector. We aggregate all defined contribution pensions (Tables L118c, L119c¢, and L.120c)
onto household balance sheet.

We then separate out the hedge fund sector. Both the household (L.101) and foreign (L.133)

sectors contain hedge funds. Because hedge funds likely behave differently from other sectors, we
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separate them out. We use Table B.101.f to capture domestic hedge funds and use the hedge fund
table in enhanced financial accounts to also capture foreign hedge funds. We consider all hedge
funds a single sector, and we subtract their holdings from the household and foreign sectors. Finally,
we aggregate together all remaining insurance and pension sectors. This includes property-casualty
insurance (L.115), life insurance (L.116), and defined benefit pension and retirement plans (L118b,

L119b, L120b).

Mass of investors and risk aversion coefficients. We choose w; and y; for each sector j to

match the following moments:

Assetsj P . 1 SiwiW;,
'Y S Assersy» Which corresponds to 7 <=5 in the model

* {b;}; from time-series regressions of

Risky Asset; , = a; +b; Z Risky Asset;

J

which corresponds in the model to the regression coefficient in the following regression in
the model:

wiWisaj=aj+bj Z wiWi iy

i

* Only for active sectors (j =1,2,...,J)

Average passive Share @. There seems to be a big range in the literature from a third to over two

thirds:

* Chinco and Sammon (2024) find passive share of 33%: Each time that a stock gets added to
or dropped from an index they ask: “How much money would have to be tracking that index
to explain the enormous burst in closing volume on reconstitution day that we observe in the

data?”
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» Koijen et al. (2024) find a much larger passive share of 67.2% in 2016Q4. They use the
active share, modified for their application, as a measure of active investment management

(Cremers and Petajisto, 2009).

We need to find the total passive wealth and divide to get portfolio share.

Calibrating the Passive Demand Process. Type j = 0 investors are passive, and their portfolio

weight follows and exogenous CIR process in Equation (9), reproduced below:

dapJ = 917 (5 — ap’[)dt + Op 5p,, dZ[,

1. Average passive demand (@):
 Calibrating the average risky asset share of the passive sector is discussed above.
2. Volatility of the passive demand (o)

* Following Appendix D3 of Gabaix and Koijen (2020), to measure equity flows, we
scale the dollar equity flows for each sector j, AF f .» by the size of the aggregate market

in the previous quarter, &,_; i.e., AF f e

* We use indirect inference by matching total flows (the blue line in the left panel of
Figure 1). This is our attempt to replicate the red dashed line in Figure D.7 in Gabaix

and Koijen (2020).
3. Persistence of passive demand (6),)

* We follow the literature on household portfolio inertia. Brunnermeier and Nagel (2008),
using PSID data, document substantial inertia in households’ portfolios, with very
limited or slow rebalancing. This implies that portfolio shares would move with shocks

to returns, consistent with the exposure of @, to aggregate shocks.
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* Brunnermeier and Nagel (2008) “use the information on net purchases or sales of risky
assets to construct a variable AglInert,, representing the (counterfactual) change in the
liquid risky asset share that the household would have experienced between ¢ — k and
t under perfect inertia—that 1is, if it had not undertaken any purchases or sales of
risky assets between t — k and ¢.” They regress household portfolio weight on inertia
(AgInert;), and k-period difference in post consumption wealth and major changes in
family composition or asset ownership. They find the coefficient on the inertia variable
is large, around 0.75, with small standard errors. Taken at face value, it suggests that
there is huge inertia. Households™ asset allocations seem to fluctuate strongly as a
function of in- and outflows, and capital gains and losses, without much rebalancing

taking place.

* Similarly, Parker et al. (2023) show that the introduction of target-date funds has led

to a relatively stable portfolio share, consistent with the evidence in Brunnermeier and

Nagel (2008).
4. Correlation between flow shocks, i.e., innovations in @),, and the aggregate shock

* We regress quarterly flows, the blue line in the left panel of Figure 1, on the market.
The beta coefficient can be used to indirectly get the correlation between flow shocks

and aggregate socks.

Table 1 lists the parameter values used in calibrating the model.

5.2 Quantitative results

Numerical solution. To assess the model’s quantitative implications, we rely on a global solution
method instead of the perturbation approach described in Section 4. A method able to handle
dimensional state spaces is necessary, as we have a total of J + 1 state variables, and a total of J = 6
active sectors. We adopt the neural-networks based method of Duarte, Duarte, and Silva (2024).

We discuss the solution method in more detail in the appendix.
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Table 1. Parameter values

This table reports the parameter values used in calibrating the model.

Parameter Choice

Preferences & distribution

v EIS 1.5
vo Risk aversion of passive investors 10
v; Risk aversion of active investors (9.368, 4.925, 3.212, 1.552)
o Rate of time preference 0.01
Technology
u  Endowment growth rate 0.022
o Endowment volatility 0.035

Passive demand

@ Mean 0.25
0, Mean reversion parameter 0.9

Leverage constraints

Tightness of the leverage constraint 0.05

al

Figure 10 plots the consumption-wealth ratio, dividend yield, interest rate, and price of risk as
a function of the wealth share of active agents.

Figure 11 displays the price impact in the left panel and the aggregate elasticity (i.e., its inverse)
in the right panel. We see that the price impact is comparable with the solution obtained using the

global perturbation method in Section 4.

6 Conclusion

This paper provides an analysis of the determinants of aggregate market elasticity in a gen-
eral equilibrium framework with rich investor heterogeneity, passive investment, and financial
constraints. Our analysis yields several important insights about market inelasticity and its impli-
cations for asset prices and market volatility.

A central finding of our work is the crucial role of cross-price elasticity—the sensitivity of
demand for risky assets to changes in interest rates. When cross-elasticity is zero, aggregate market
elasticity is simply an average of individual investors’ price elasticities, consistent with partial

equilibrium intuition. However, with non-zero cross-elasticity, the market can be infinitely elastic
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Figure 10. Model results. This figure plots the consumption-wealth ratio, dividend yield, interest rate, and
price of risk as a function of the wealth share of active agents.

even when individual investors are highly inelastic, as changes in interest rates offset movements in
risk premia. This highlights how general equilibrium effects fundamentally alter the relationship
between individual and aggregate elasticities.

We show that beyond cross-elasticity effects, the key determinant of market elasticity is how
risk is allocated in the economy. When passive investors hold an efficient share of risky assets, the
market remains infinitely elastic regardless of individual investor preferences. However, when risk
is misallocated, portfolio flows have meaningful price impacts.

Our model demonstrates that market elasticity is both state-dependent and time-varying, influ-
enced by the distribution of wealth between active and passive investors as well as the allocation
of wealth among active investors themselves. While passive investment and leverage constraints
amplify the price impact of flows, preference heterogeneity can make markets more elastic by
improving risk allocation. These findings highlight that market inelasticity serves as an indicator

of underlying inefficiencies in risk allocation rather than a fundamental feature of markets.
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Figure 11. Price impact and aggregate elasticity.
The left panel plots the price impact and the right panel plots the aggregate elasticity.

The framework developed here helps explain several empirical patterns, including the counter-
cyclical nature of the volatility multiplier and the relationship between passive investment growth
and market dynamics. It also provides a foundation for analyzing how different market frictions
interact to influence aggregate elasticity and market stability. Our results suggest that policies
aimed at improving risk allocation may be more effective at reducing excess volatility than those
focused on individual investor behavior.

Future research could extend this framework to study the implications of market inelasticity for
asset pricing anomalies, monetary policy transmission, and financial stability. The role of market

structure and trading mechanisms in determining aggregate elasticity also remains an important

area for investigation.
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Appendix

A Derivations for Section 2

A.1 The bond demand view

The bond demand of investor j is given by

BJ':Rf‘(l—aj)(l—Cj(l”+7T))Wj. (Al)
Letbh; = ‘% denote the bond-to-wealth ratio. The market clearing condition for bonds can be
expressed as follows
Xaby = =xpb, (A.2)
— ~~——

active bond demand  pet bond supply

The linearized bond demand for a passive investor is given by

¢ (u=p) .
bj-b;= r—r+—  —  _(p-p")|b:—ate (I—cj(u—p))a; (A.3)
! 1—c;(u-p*) s

For simplicity, focus on the case @), = 1, so b}, = b, = 0. The passive bond demand is then
given by
xpbp = £, (A.4)

where f? = —xp[1 = c,(u = p*)]&p. The active bond demand is given by
Xaba ==L} (p—p*) =L (r =), (A.5)

where £} = ¢} = —xagl(u = p* = r)[1 = ca(u = p*)]I.
The demand system can be written as follows:

[ng

b b
» Cr

p-p°
r—r*

q
= [;h] , (A.6)

where we denote here f9 = f for symmetry.

Inverting the system above, we obtain

1 &g =g
= . (A.7)
aeb-0'eh [—4}3 fZ”fb]

p-p°
r—r*

48



The price is given by

L_OF-g GG =pY)

BN A A Y Y Y

p—-p 0, (A.8)

using the fact that ¢ = x,g/,(u — p* —r*) and ¢, (u — p*) = cp(u — p*).

B Derivations for Section 3

B.1 Investors’ problem

The Hamilton-Jacobi-Bellman (HJB) equation for investor j can be written as

0= glé}foj(Cj,Vj) + Vj’W [er + (,LIR - I’)CUJ'W]' — Cj] + Vj,X/JX
Jo%

d
+ %VLWWszCZ?”O'RHZ +ViwxWioxopa; + % Z oy« VixXxXoX k> (B.1)
k=1
subject to a; € ;. For ease of notation, we dropped time subscripts. Note that V; x and V; wx
are 1 X N vectors, V; xx is a N X N matrix, and both V; y and V; ww are scalars. The drift ux is
a N X 1 vector, the diffusion ox is a N X d matrix, while o is a 1 X d vector. The notation oy
denotes the k—th column of oy, that is, the exposure to the k—th Brownian motion.
The optimal consumption is given by

l-yj¥

Ci=p"(L=y)V) 7 V3. (B.2)

The optimal portfolio share for an active investor is given by

{ Viw(ugr —r) Vwx O0x0g @ }
Q’J_m — .

- , (B.3)
ViwwWlorll>  VwwW llorll?” llor.l

Given the homotheticity of preferences, the value function for investor j can be written as
lf‘yj

et . b

£\ Wi,

vj,,:(%; L (B.4)
p l—v;

This particular parametrization of the value function implies that the consumption-wealth ratio

is given by
g, (B.5)
W],t j ’t . .
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The optimal portfolio share for active investors is given by

_ 1-vy:'op 0 T

. r &t o

o;, = min MRt t2 _ J J R2,t’ ‘ (B.6)
Yilloredl>  1=4 llogdl* lloral

It is convenient to consider the investor’s risk exposure o; = «||o||, which is then given by

-yl oe 0
o =min {2 DGR (B.7)
vi 1=v llowal

where 7; = ’ﬁ’;}’;?f denotes the Sharpe ratio of the risky asset.

Plugging the consumption-wealth ratio into the HJB equation and using Equation (B.4), we

obtain

d
1 1 :
0= [p7g~ 1] +r4no; - &+ 1-y [f, Fohxr 2 2% f—]’%xffx,k]

1_‘/’ ‘fj k=1 Xk fj
’ d ’
Yi o L=vi&ix  op 1y -y , Sixéix
- =0+ ox o+ —— Oy —————0xk- (B.8)
277 1=y & lowll 2(1—1//)2; g g

Rearranging the expression above, we obtain

’

v,b yi log ?

_ Yi 2 IR
Ein=yp+(1-y) rt+nt0-j,l‘_?o-j,[:|+M§j,l+(1_yj)o-§] ” || —u 7 (B.9)
where the law of motion of £;; is given by
déj,
= pg,dt + 0y, 1dZy, (B.10)
fj,t B
and the drift and diffusion of &; ; are given by Ito’s lemma:
Ej XXt &ix
Heyo = g oHxa+ 3 Z This g THke Teu =g oxe (B
j

B.2 Pricing condition

Let y; = Y;/P; denote the dividend yield on the risky asset. From Equation (7), we can write

the expected return on the risky asset as:

1 d(Y,/y,)

re+mellorydl = yi dt (Y/ )
t] Yt

=Vt pu— ,Uyl"'”o'yt” _U'O'y (B.12)
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Rearranging the expression above, we obtain

Yt =Tt + ntHO-R,t” - M + /Jy,t - ||0-R,t||2 + 0-0-1,3,1’

where og; = 0 — oy and (p,,, 0y,) are given by Ito’s lemma:

d
1
’
MHyr = YxMUx:+ 5 Z Ox kit YXXt OX k.t Oy =YX10X,
k=1

B.3 Aggregate state variable

Define the share of wealth of type-; investors as follows

Xj’t =

wiWij,

We define the aggregate state variable as X; = (x;, @p), where x; = (x1,,X2,, ..

(B.13)

(B.14)

(B.15)

.,Xxy). The

law of motion of @, is given by (9). To compute the law of motion of x;,, first, note that the law

of motion of wealth for a type-j investor can be written as

dw; o
Jot Rt
= r[+7][0-‘7t—€"[ dt+0-"t—dZ[ (B16)
W, e g
From Ito’s lemma, the law of motion of x;; is given by
dx;, , Wj—Xj;
Pl WA T Ejn—ptuytoop, —ojlordl + — dt
Jit ,
OR,¢
+ (0 = lorell) ——dZ, (B.17)
lor.l
using pips = p =y + ||or|* = oop .
B.4 Asset prices
Let J* c {1,2,...,J} denote the set of unconstrained active investors at period ¢, that is, the
set of investors such that o, < o. Let J,° C {1,2,...,J} denote the set of constrained active

investors, that is, the set of investors such that o, = . From the market clearing condition for the

risky asset, the second term in Equation (23), we obtain

Yu,t

-1 ’
1- Yj 0¢.0g,

=2 (= @pxo)lor |l = Txes+ D X
xu,t jexu
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_ _ _ 1 )Cj’z - . .
where x,; = Zjejtu Xjts Xey = Zje:];c Xjs and vy, = [E Zjejtu > is the aggregate risk
aversion of the unconstrained investors.

From the market clearing condition for goods, the first term in Equation (23), we obtain

J
i
vi=yp+ (1 =y) |ri+nilor:l — ij»f?jo-j%t

Jj=0
! o v =y loe.q?
Rt Yi @&t
+ ; s+ (1 =yj)oe, 4 ——0j+ . B.19
jZ:(;X],t Hejr ( Yj)o'gj,z”O_RJHO'],t -y > ( )
Using the pricing condition (B.13), we obtain the expression for the risk-free rate
J i
o= p=mlowall + 47 (= s+ lowal? = oo )+ (1=07") Y xSt
Jj=0
! o v =) llog P
R, y f"t
+y IZth Mg+ (1 =yj)o ! o+ / ! . (B.20)
£ ol 7T Ty 2

B.5 The system of PDEs

To compute the equilibrium, one needs to solve a system of J + 2 partial differential equations
(PDEs), involving the consumption-wealth ratio &;(X) for the J + 1 type of investors and the
dividend yield y(X). These functions depend on J + 1 state variables, the J—dimensional vector x;
and the portfolio share of passive investors @, ;.

The differential equation for the consumption-wealth ratio is given by

Yj &ixx,
Eir=yp+(1-y) rt+77to-j,t_?JO-]2,z] _,UXH‘ZZ X k.t Jf tO'X,k,t
Jst
o’ 2
(1= )2 gy, TR +w_7j— X s (B.21)
f] ” Rz” 1- f]

Plugging the expressions for interest rate and the Sharpe ratio (7;, 7;), the risk exposure o7 ;, the
drift and diffusion of the aggregate state variables (ux, 0x ), and the aggregate volatility ||og ||,

we can express the condition above in terms of &; ; and y, and their derivatives.
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Similarly, we can write the condition for the dividend yield:

d
: 1 YXx
ye=ri+1|lo - Loy, —/J+—,qu+—ZO'§(k, LoX ki
Yt t 2 =l t
y ? y '
- HO‘ LSS ox:| to (0’ _ X UXJ) , (B.22)
Yt Yt

which again can be expressed only in terms of £;; and y, and their derivatives.

C Derivations for Section 4

C.1 Proof of Lemma 1

Proof. The assumption € = 0 implies that there is no preference heterogeneity and passive investors
are fully invested in the risky asset. We guess and verify that in this benchmark economy, there are
no variation in expected returns. In particular, the wealth distribution plays no role in the economy.
This implies that p¢; 0(X) = 0¢; 0(X) = ppo(X) = 0p,0(X) = 0. In this case, the risk premium is
given by
Y — 2
70(X) = == [1 = 20, = ¥eaed] llow, I (1

u,t
using the fact that ¢; = 0, as Ocjn = 0,and @), = 1.
Given that o,; = 0, we have that ogo(X) = o. Using the fact that o = ||o|| and x,; =

1 —x0s — x¢, we obtain the risk premium
_ 2
mo(X) =vylloll”,

using a.; = 1. Using Ocip = 0 and the expression for my(X), we obtain that a;o(X) = 1, for
Jj=1,...,J, from Equation (19).
The interest rate is given by

— -1 -1 ||0'||2
ro(X)=p+yp—y(+y—)——. (C.2)
The consumption-wealth ratio ¢ o(X) is given by
¢0(X) = ¥p+ (1 =) |ro(X) + mo(X)ao(X) = Zaj0 (||| (C3)
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Plugging in the expression for ro(X), 70(X) and o} o, we obtain

- lo|?
croX)=p-(1-v 1)(#—7 . CH
where we assume p > (1 —y™!) (,u — %’”2)
From the market clearing condition for goods, we obtain:
1 ( -1 ( 7||0'||2)
=p-(1-v7")(u- . (C.5)
pox) U T
The drift and diffusion of the wealth shares are given
px,j0(X) = x; [ro(X) + mo(X)a;0(X) — ¢j0(X) — p] (C.6)
ax,j.0(X) = x;(a;0(X) = )ogo(X), (C.7)

where uy ;0 = 0x,j,0 = 0, using the expression for returns, portfolio share, and consumption-wealth

ratio. The result py ;0 = 0 uses the fact that « = 0. ]

C.2 Proof of Proposition 2

Proof. We consider next the first-order correction terms. Note that the diffusion terms for &; and
y are both equal to zero up to the first order, since oy, = O(€?) and Oy = O(€?). From Ito’s
lemma:
X
Oe = 2= oy, =O0(D). (C.8)
~—— 0(e)
O(e)
We have &; x = O(e), because &; x 0 = 0, as &; o(X) does not depend on X. Also, ox; = O(e)
because ox o(X) = 0. This implies that o¢, 1(X) = 0. An analogous argument applies to y;, so
that we have o 1(X) = 0 and [[og,1(X)]|| = 0.

Risk exposure of active investors. The risk exposure for active investors can be written as

X 1—7710'.X,6 on(X, e
n(X. €) AR | ),||a||+&e}, (C.9)

oi(X,€) = min{ " w—1 lor (X, €)l|

Expanding the first term inside brackets in €, we obtain

(X, €) = min {UO(X) N (m(X) 3 UO(X)?/) cr 1 -yl og2X)o’

2 3 N
€ +0(e ),||0'||+a'e}, (C.10)
Y Y y-1 ol
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n0(X)

Adding and subtracting || || + &€, and using 2= = ||or||, we obtain

X X 1=y loe 2(X)o’
,6):min{(m—mﬁj—& ey L7 78200 62+0(€3),0}+||O'||+6'6. (C.11)

4 y-1 ol

Consider first the case where the following condition is satisfied:

mX)  mX)
Y

-6 =0(1), (C.12)
y y

If this is the case, then

1 -y~ og2(X)o”
y-1 o

X X
m(X)  no( ))A/j_&)e>>
Y Y

€, (C.13)

for small €. So, the sign of the term inside the min operator in (C.11) is determined by the first
term.

We can then write 0 (X, €) as follows:

oj(X,€) = ||o] +min{m§/X) _ UO(X))A/ .

,0'} e+0(€?). (C.14)

In the region of the state space where condition (C.12) holds, one can determine whether an
investor is constrained or unconstrained only based on the first-order terms. Suppose now that the
following condition holds

nmX) no(X))A,j _&=0(). (C.15)
Y Y

This condition states that, up to the first order, the leverage constraint is either always binding or

slack by just a tiny amount parameterized by € and € terms inside the min operator in (C.11). In
this case, we can write 07 (X, €) as follows:
mx) nX, 1 -y loga(X)o’

O'j(X,e)=||0'||+6'e+min{( — Ly =G| e+ 62,0}+0(e3). (C.16)
Y Y Y -1 llo|l

In this region of the state space where condition (C.15) is satisfied, we need the second-order term
to determine whether an investor is constrained. This distinction will be relevant when computing
the second-order correction.

For the first-order correction terms here, we focus on the case where condition (C.12) holds.
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Aggregate risk aversion. The aggregate risk aversion of unconstrained investors, defined above,
is given by
X Xi
WX = g =y +y ) e+ 0(E) (C.17)
jeT" yT5a) jegu

Market price of risk. The market price of risk can be written as

Yu(X, €)

n(X,e) 7
— X0 — X¢

[(1= (1 +a@,e)x0)lloll = (o]l + Fe)xe] + O(e?),

x.
no(X) +ylloll | Y =9y -

jeg

A + i
EpX0 T fo*e
1—x0—x,

) e+0(e). (C.18)

In the region of the state space where all active investors are unconstrained, we have

Xj  Qpxo
n(X.0) =no(X)+ylloll| 3, =9~
jegu -

e+0(e). (C.19)

The expression above shows the impact of fluctuations in the aggregate risk aversion and the effect
of portfolio inflows in the market price of risk. If the average risk aversion in state X is lower than
its level at € = 0, then the market price of risk will be lower than its level at € = 0, everything else

constant.

Interest rate. The interest rate is given by

J J
- Y Y N
r(X,€) = ro(X) + [-m (Ol + (1 - v ‘)(Zx,-,,52||a||crj,1<x>+Zx,-,t§||<r||2yj e+0(e)
J=0 J=0
— 11 (X) 4 Vi
= ro(X) +yllerl? [~ n sk (1-971) 3y 2 e+ 0D
Yol £
[ J . 4 & J .
_ 2 uipy RN Dl T RN B /) 2
= ro(X) = yller| (j;uxuy,—;x,,tz)— Y ;x,,zz e+0(e),

(C.20)

where we use the fact that ZLO xj0j1(X) = 0 from the first-order correction of the risky asset
market clearing condition.

The term in the square brackets in Equation (C.20) captures the first-order effect of frictions on

the interest rate, r;(X). First, we see that the interest rate is decreasing in the difference between

the average risk aversion of unconstrained investors and the average risk aversion of all investors
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in the economy. These two averages can differ for two reasons. First, passive investors may have
a risk aversion different from the average unconstrained investor, the first term in parentheses in
r1(X). Second, constrained investors are exactly the ones with low risk aversion, so unconstrained
investors are on average more risk averse than all investors in the economy, which include the low

risk aversion ones.

Consumption-wealth ratio. The consumption-wealth ratio for investor j is given by

£1(X, ) = £0(X) + (1 =) [11(X) + 10 (X)e1(X) + 11 (X)710(X)
lolioya (X) = 23,01 | e+ O()

[ 71(X) X) ¥
=000 + (1 —gyllorf? | A8, WD Vil ) o)
o2 ylel 2
J ~ A
_¢, _ 21y Sy YT 2
= 00X + (L=uller|® |(1 - v )]Z:(])x,,,2 Ulero@). (2
Dividend yield. The dividend yield is given by
J 9,
y(X, &) = yo(X) + 1=y ) Yol Y xj e+ O(E). (€22)
j=0

Notice that portfolio flows do not affect the dividend yield up to first order. The reason is that
the interest rate and risk premium effects exactly cancel each other out. To derive the effect of

portfolio flows on asset prices, we need to consider the second-order correction.

Wealth dynamics. The diffusion of the wealth share of investor j, j = 1,...,J, is given by

oy (X) = x;071(X)—e + O(2)

ol
apxo + 755X 5
=xpming Yy [T g S e+ O(D). (C.23)
kej“xu | I —xp—xc | ”0—”

The drift of the wealth share of investor j, j = 1,...,J, is given by

px,j (X, €) = x;j [r1(X) +n1(X)oj0(X) +10(X)o; 1 (X) = &;1(X) = i1 (Ol ll] € + k(wj —x;) + O(€?)

J iy’ .
= x; [(w - Dyller|? (Zxk,tﬁ - %’) +(y = Dllrllor 1 (X)

> 6+K(a)j—xj)+0(62)
k=0

(C24)
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C.3 Second-order correction
In Proposition 6, we compute the second-order correction for our economy.
Proposition 6 (Second-order correction). Suppose p > (1 -y~ 1) (,u - —) Then,

(i) The second-order correction for the consumption-wealth ratio and risk exposure are given by:

2 J

€200 = 1= = (1-v7") Y xdi -9, (€25)
k=0

X X X

qﬂxy:m()_m()%+mﬂ)ﬁ—(Lqrm@ﬂxy (C.26)
Y Y Y
where

7200 = (1-97) 555 Z (71 = 7o) X1 (X). (€27)

(ii) The second-order correction for the Sharpe ratio, interest rate, and dividend yield are given
by:

A o
Qpxo + Xc

(y = Dxc+1-=x¢ Len
- oy2(X) - yo B [§,]-—C—
1—X0—XC 1—x0—xc

ra(X) = —m(X)o +n0(X)oy2(X) = ¢~ (py 2(X) + 00y 2(X))

m(X) =- —yoVar“[§;,]  (C.28)

J 0' ((X)
+ (1 - v,[/_l) ]Z:(;x]ya oj2(X) + 20_ +Yi0.1
J
7Y X (e, 2(X) + (1= y)og, 2(X) o] (C.29)
Jj=0
/ o2, (X)
y2(X) = (1=u7") Y xyer [ L=+ 710500 | (€30)
=0

Proof. Stepl: Laws of motion for £; and y.

We start by considering the diffusion terms for §; and y. Given that we are abstracting from portfolio
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shocks, we assume that d = 1 without further loss of generality, so that we can treat diffusion terms

as scalars. The expansion of 0%, ; in € is given by
x (X, €

o¢; (X, €) = —ér‘]’X( )
&i(X,€)

_ & x1(X)
& 0(X)

ox(X,€)
ox.1(X)e? + O(€)
== -1 (1-97) 2= Y G- wea (0E+0(E). (€31
2850 (X) Z
Notice that O'gj,z(X ) does not depend on j, that is, it is the same for all investors. Moreover,

0¢;2(X) > 0, as 0y,1(X) is inversely related to .

Similarly, the diffusion for dividend yield y can be written as

yx.1(X) o) )
(X, 6) = XL ()€ + 0(e)
’ yo(X)
=(1-v") 5% Z (71 = 90) 50k (X)€ + O(E). (€32)
The expression above is negative if ¢ > 1, which implies that og>(X) = -0, 2(X) is positive. In

this case, a negative aggregate shock redistribute wealth to more risk averse investors, leading to
a rise in the risk premium and a decline in the risk-free rate. If ¢ > 1, the risk premium effect
dominates, so the price-dividend ratio, 1/y, falls in response to the shock. The movement in the
price-dividend ratio amplifies the initial effect of the drop in dividends.

The drift of ¢, ; is given by

_&x(X.e) L, éixx(X.e)
pe (X, €) = .fj(X—,e)'uX(X’ €)+50x(Z, E)fj(X—,e)

_ Eix1(X)
E0(X)

ox(X,e€)

px1 (X))t +0(€)

=~ -D(1-y" )Zm 70) fx 1 (X)€ +0(€). (€33)

) 2¢;0(X
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The drift for y, is given by

_ yX(Xa 6)
X&) =% o

_yxa(X)
yo(X)

-1 ')’0-2 ! 2 3
= (1-v7) 2 (=90 Hx 1 (X0 +0(€)). (€34)
k=1

yxx(X,€)

S0ce e

1,
MX(X9 6) + EO-X(Za E)

px.1(X)e* +O(€)

2y0(X)

Step 2: Risk exposures of investors.
We focus on the inner region, that is, the case where all investors are sufficiently far from the
constraint boundary (on either side). For a constrained investor, the second-order term is zero. For

an unconstrained investor, the second-order term is given by

mX) _ m&X) X)) , 1-y"

oia(X) = vi+ Vi+ oz, 2(X), (C.35)
! Y A A
where investor j is unconstrained if the following condition holds:
Xk . apxo + ixc A &
S e R €39
(et Y X0 — X¢ o
Step 3: Aggregate risk aversion.
The aggregate risk aversion can be written as
Yu(X,€) =y [l +E [7;] e - Var* [7;] €] + O(€?), (C.37)
where
2
X X Xj
B [3,] = >, Z9 and Va'[gl= ) il Y 29
jeguu jegu jeau
Step 4: Market price of risk.
The market price of risk is given by
Ya(X, €) i i 1!
nX,e) = ——=[(1 =1 +ape)xo;) (0 —0y(X,€)) — (0 +0€)xc; + Z Xj’tmo-’fj (X,e)],
u jeqm
(C.38)

60



The second-order term is then given by

-1

X -Y;
ma(x) = 29 a0 + > xjum— o 2 (X) | +
Xy ; 1-y
JET"
X X
+ %4,)16( ) [—o?prO' - &xc] + yu’i( ) [(1 =x0)o —0ox.]. (C.39)

The expression above can be written as

(y=Dxc+1-x0 Qpxo + Txc

m(X) = oy2(X) - yoE 3]

— yo Var" [)A/]] (C.40)
1 —xo—xc 1 —x9—x,

Step 5: Interest rate.

The interest rate is given by
r(X,e)=p-n(X,e)or(X,e) +v (u - Hy(X,€) + UI%,[(X, €) —oor(X,e€))

+ (1 - w_l) Zjlxj%of(X, €)

/=0

J 2 (X, e)
) y—y; 0L (Xoe
+y! ij,r pe; (X, €) + (1 —yj)og, (X, €)0(X, €) + 7 L~ > (C41)
j=0 4
The second-order term is given by
ra(X) = —m(X)o +no(X)oy 2(X) = ¢~ (py 2(X) + 00y 2(X))
J o? (X)
- 1 N
+(1 - I)ijya oj2(X) + ! +70;1
j=0
J
07 xj [, 2(X) + (1= y)og, 2(X) ] (C.42)
J=0
Step 6: Dividend yield.
The dividend yield, y, is given by
LI
Y(Xo&) =yp+(1=9) |r(X,€) +n(X, )or(X,€) = ) x; 7507 (X, €)
j=0
J 2(X,¢€)
Wy -y, 0 (X €
+ ij e, (X, €) + (1-7))0%, (X, )0y (X, ) + = L5 5 (C.43)
Jj=0 —¥
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The second-order term in the expansion of y(X, €) is given by

J
y2(X) = (1 =) |r2(X) + 12(X)0 +n0(X)ora(X) = Y ;5 (02, (X) +20°02(X) +27,007.1(X)
j=0
J
+ ij (e 2(X) + (1 =)o, 2(X)] . (C.44)
Jj=0

Using the expression for the interest rate, we obtain

-1 . 0-12,1 (X) N
720 = (1=u7") |20 + 0300 + ) 370 | L=+ 00(X) +9,071(X)
j=0

J
+y! Z xj (e, 2(X) + (1 = y)og, 2(X) o] . (C.45)
j=0

Given that ug, 2 = (1 —¢)puy2 and o¢, 2 = (1 — ¢) oy 2, we obtain

1 \ U;I(X)
y2(X) = (1 -y ) 70'y,2(X)0'+ZXj70' ’20 +02(X) +9j051(X)

=0
J o? (X)
— ,1 N
= (1-v7") Y xpyer L 701X, (C.46)
=0

where in the second equality, we use the fact that, from the market clearing condition for the risky
asset, we have ZLO xj0j2(X) = opp(X) = =0y 2(X).
Step 7: Risk premium.

Since the risk premium is given by n; = 1,0, We can write

7(X.€) = m(X)Tro(X) + 1 (X)oro(X)e + (n0(X)or2(X) +ma(X)ro(X)) €2+ 0 (€}).

Given that ogo = 0 and o2 (X) = -0y 2(X), we get

m(X) = —no(X)0y2(X) +m2(X) 0. (C.47)
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D Derivation of the Market Elasticity

Let p(X,e) = 1/y(X,e€) denote the price-dividend ratio. The second-order expansion of
p(X, €) is given by

2
1 X X X
p(X, €)= —y;( )e y;( )—yi( ) €2+ 0(e). (D.1)
yo(X)  y5(X)  [y5(X)  y5(X)
Let F(X) = w = @pexq denote the flow into the risky asset relative to the benchmark
economy.

Proof. From Equation (D.1), the first-order impact of flows on the price-dividend ratio can be

written as
op(X.) _ 1 ayi(X) 1

aF(X,E)__y%(X) 0a, xo

+0(e). (D.2)

Since from Proposition 2, y;(X) does not depend on &, the right hand side of Equation (D.2) is

zero, leading to an infinite aggregate elasticity to the first-order:

8_1 — 1 ap(X, 6)
M= p(X,e) OF (X, €)

=0+0(e).

Given that from Equation (17), we have y; = r; + n; — up,, we can write the first-order term for

the dividend yield as
yi(X) =ri(X) + 7 (X) — pp,1(X),

where pp; = u — puy; — 0y ,0g, is the drift of the risky asset price P;, and 7, is the risk premium.
As shown in Proposition 2, the first-order term for the dividend yield is constant. This means
Hy1(X) = 0y,1(X) =0, leading to oz 1 (X) = 0. Therefore, we have up 1(X) = 0, and

Iy1(X)  ori(X) N o (X)

oa, 0a, 0,

From Proposition 2, we have

or(X) ___am(X) _yo?

o4, db, | xp O
om(X)  om(X)  yo?

~ =0 ~ = - X0-
oa, oa, Xy

Thus, up to the first order, the effect of portfolio flows on the risk-free rate is the exact opposite

of its impact on the risk premium and portfolio flows do not affect the price-dividend ratio up to
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first order. Therefore, up to the first-order, the aggregate market elasticity is infinite. O

Using Equation (D.1), the derivative of the price-dividend ratio with respect to flows F is given

by
op(X,e) 1 dy(X) e

8F(X,e)__y6(X) A, xo

+0(€?), (D.3)

where y{(X) does not depend on @&, leading to no price impact (infinite elasticity) up to the

first-order.

D.1 Proof of Proposition 3

Proof. Consider the case where there is no preference heterogeneity and active investors do not

face leverage constraints. In this case, y,(X) simplifies to

J 2 (x
0= (197t o

J=0

, (D4)

using the fact that oy = 0;2, = 0 when 9; = 0 for j = 0,1, ...,J when investors have the same
preferences.
Using the expression for o7 in Proposition 2, the (inverse) aggregate market elasticity is given
by
1 0p(X,e) _ 1—y!
p(X,) 0F(X,€) ~ 2y0(X)

20,x2
yo? (Zx()&p +xa%) xio +0(e?), (D.5)
a

where x, = 1 — x¢ denotes the wealth share of active investors. This can be written as

1 ap(X,E)_ -1 ')/0'2 1—51, 2
p(X,e) dF (X, ¢€) _(1 4 )YO(X) X, +0(€), (D.6)

where we use @, = 1 + &,€ from Equation (25). ]
From Equation (C.47), the impact of flows of the risk premium can be written as

on(X,e) 0_(9171(X)£+ an(X)i
OF(X,e) 84, xo  0d&, xo
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D.2 Proof of Proposition 4

Proof. Consider the case in which active investors have heterogeneous risk aversions, but face no
leverage constraints. In this case, the expression for y,(X) in Equation (C.30) can be written as

»X) = (1-97) o i ”(X) 2 X +(1—w—1)y02x0(?+y0&p) (D.7)
Jj=1

Note that with unconstrained active investors, the effect of endogenous volatility and hedging

demand exactly cancel out. We first compute the derivative of the term involving 0-12 I

2
Y 79154
= oa, = 0
J A
" Xk A apXo n X0
:2x00'2ap+20'22xj(z —yk—( )—)g) (— )
= kej’“x” 1—xo 1—-xo
) J J
=202 |xpdp + —> +| (1 —x —Ye— ) xi¥i|l-
0p 1—xo ( O)quyk Z Y 1 - xo
k=1 j=1
QX
=202 (D.8)
I—X()

The derivatives of the term involving o 1 (X) with respect to &), are given by:

J J
;ZX ao'Jl(X) ZJVJ(

j=0

1—xo ) +x0%0 = xo (Yo — E*[x]) (D.9)

Thus, the (inverse) aggregate elasticity is then given by:

2 [1-@, o -E"[y]

Xa

+0(e?), (D.10)

1 op(X,e) (. 1\ YO
p(X,e)t?F(X,e)_(l 4 )yO(X)

where x, = 1 — x¢ is the wealth share of active investors, and we use y; = vy (1 +)7je) from
Equation (24). ]

65



D.3 Proof of Proposition 5

Proof. Consider the case in which active investors have heterogeneous risk aversions and also face
leverage constraints. We can then write y,(X) as follows

I [o? (X) .

_ -1\, .2 |2 . 0j.1(X)

yz(X)—(l—lﬂ )70' ]Z:éx; g7 TV

J [ 02 (X) &,xo + Lx, o

— 1_ _1) 0—2 X L_}.A.min .xlAk_#_’\.,_

( )y ]Z::J / » 202 & k;ﬂcuy 1 —x0—x¢ Vi
A2
-1 2 | %
+ (1 - )70' X0 7+yoap , (D.11)

The derivative of y,(X) with respect to &, is given by

dy2(X) _ (1-u")yo? Zjlx,fff,l(x) 09;.

—E“[Vi]x0 + x0(&, +90) |,
94, I~ &, [Vic]xo0 + x0(&)p + F0)

where

J 2 J
1 Z 0oji 1 SN
— ) X =— ) X201
2 'y 2 Z =21 g4
il da, o = oa,

Z Xk . &pXQ+ %xc . X0
L - | = -9 | [——
xuy 1 —x0—x, J 1 —x0—x,

kegu

=204, +2 ) x;
JeTH

L Qpxo+ X Xk . N X0
=2 xoap+1—xo+ Xu Z < Ve ijyj —_—

— X0 — X¢ Kequ Fu jegu I —x0—xc
a o \x
=2 | L+ |=—a,|=|. (D.12)
Xy o Xy

The second derivative of y(X, €) can then be written as

9y2(X) _
oa,

(l - w_l) 70‘2

a a o, \x i .
L4 (— - ap) = — (B[] - )’0)] X0.
g X

xu u
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Thus, the (inverse) aggregate market elasticity is then given by

+0(e),

(D.13)

O

(E.T1)

(E.2)

(E.3)

(E4)

(E.5)

(E.6)

1 dp(X,e) =( —¢,—1) e (% - l)xC _ v -E ]
p(X,€) OF (X, €) yo(X) Xu
where we use o = o + 0 € from Equation (26).
E Useful Formula
The following are useful for computing the derivatives above:
50’y Z(X) 1 yO' xo
2 (1 -y ) _
o 94, ( ¥ 2y0(X) Z (Fk = Y0) Xk
Note that we can write 07 »(X) as follows
ogir(X X X X oy (X
j2(X) _ m(X)  m( )%Jr 170( )?,2'— (15 y2(X)
o yo yo vo o
oy (X Qpxo + Lx
=- (1 +ﬁ) 22 g SO Va5,
Xy o 1 —xp—x,
. Xp ., o Qpxo |
|3 |
Kegu u 0
. Xk . apxo + ”;L”xc o
O'j’l(X):O'mln Z — Yk — 1_—_ —’)/j,—
K Y X0 — X¢ o
mX) mX),  no(X) _
7j2(X) = - i+ 77— (1 =y Hoya(X)
Y Y Y
— _ 1 _
oy2(X) = (1 ¥ ) 2y0(X) Z (Pk = F0) Xk0%.1(X)
X apxo
mX) =yo |} -
jege 0
(y = Dxc+1-xo L @pXo + Txe N
m(X) = - oy2(X) —yo B [9;]1=———— —yoVar'[§,],

1—x0—x, 1—x0—x,

67

(E.7)



where

5(Ty,2 _ 1 (o))
94, —(1—lﬁ )Zy (X)Z(Yk—Vo)xk( XO)

=(1-v7") 5y (o - B 3D 30 (E8)

J J
Zx '007 1(X) _ VO'ZZXJOA’]' (_1 )_CO ) (E.9)

Jj=0 Jj=0

F Derivation of the perturbed solution

In this section, we compute the first-order and second-order correction of the equilibrium
objects. It turns out that the system of equations determining the perturbed solution is block-
recursive, so we are able to solve for the equilibrium objects one by one, provided we proceed in
the appropriate order.

In contrast to the case considered in the text, we allow for portfolio-flow shocks. In particular,
we assume that the portfolio share of the passive investor is given by a; = 1 + €(@,; — 1), where

a,; follows the process

dap,, = Qp(a—ap,t)edl‘+0'pﬂap,;€dzl. (Fl)
Notice that ag; = 1 and @, is constant when € = 0. Finally, we assume that the mortality parameter
is given by k = Ke.
F.1 First-order correction

Diffusion and drift terms. The diffusion term for the price-dividend ratio is given by
Pa
Ops = &ax + ﬂ0',,,/61,,,,6 = 0(62). (F.2)
p p

Notice that p,, = O(€) and o, = O(€), as p and x; are constant when € = 0, so the zeroth-order
terms for py, Pa, and o, are equal to zero. This implies that the first-order correction for o7 ; is
equal to zero. A similar argument shows that o, ; = O( €?).

The drift of p is given by

d
Dx pap — — 1 ; DPxx pxa/l’ papal’ 2
Upr = —pr+—0,(0—a),)e+= [ —— Ok + 20 kAT p i€ Oxk+———0
it = BT P 2; x, Pl Epa € O D

— 2
pkpt€ >

(F.3)
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where oy i 1s the k-th column of the J X d matrix oy. As p, and Pa, are first-order in €, and the
same goes for u, and o, then p,; = O(€?). A similar argument shows that y, = O(€?). Notice
these facts imply that ¢; = O(€?) and & = O(e?).

Risk premium. The risk premium is given by

. X0l + Xp e
Xj . 0%p o]

n(X) =ylloll®| ), =7~ (F.4)
j;u x, 7 1 —x0—x,
using the fact that ||og,|| = ||o|| + O(€?), and Qpr=a,, — 1.
Portfolio share. The portfolio share of an unconstrained investor is given by
X
aj(X,e) =1+ L)z—)?j e+0(ed), (E.5)
Yllol|
the portfolio share of a constrained investor is given by
o 2
aj(X,e) =1+ ——€e+0(€), (F.6)

[eal

and the portfolio share of the passive investor is given by ao(X,e) = 1+ &,,e. Notice that

ZLO xja;1(X) =0, consistent with market clearing.

Interest rate. The first-order correction for the interest rate is given by

J

n() = 1=y ) yllel? Y

J=0

A

% + aj’l(X)] — (X)), (E.7)

using the fact that & = O(€?), u it = O(€?), and Opt = O(€?). Given the market clearing for the

risky asset, we can write:

Uy

) = (1=97 ) ol ) 25 = (0, (F8)
=0

so r1(X) + m1(X) is independent of @,,.
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Price-dividend ratio. From the pricing condition, we obtain

(1X)2Pl(X) r1(X) +m(X). (F9)

Rearranging the expression above, and using the expression for the interest rate, we obtain

p1(X) = =po(X)* (1 —w‘l)ynallzng%, (F.10)
which is independent of @), ;.
Consumption-wealth ratio. The consumption-wealth ratio is given by
cj1(X)=(1-y) [rl(X) +m(X) +mo(X)aj 1 (X) - %7|||0'|||2(77j +2;1(X))|.  (E1D)
Using the expression for 71 (X), we can write the expression above as follows:
cji(X) = (1-9) [(1— '1)2 i A"]ynwnﬁ (F.12)
Wealth dynamics. The diffusion term of x; is given by
oy, (X) =x]'a’j’1(X)60'+O(62). (F.13)

The drift of x; is given by

o, (X) = x; [m (X) + 11 (X) + mo (X1 (X) = ¢ (X) = aja (Ol + %] e+0(e).
J
(F.14)

We can write the first-order correction of w, as follows:

M1 (X) = +R(w; —x;). (F15)

2
[ - nH7IE (Z m—%)w—1>|||a|||2a,-,1<X>

i=0

F.2 Second-order correction

Diffusion and drift terms. The diffusion term for the price-dividend ratio is given by

Pr1(X) pa,1(X) =
Tpa(X) = TR0 (X) + =0\, (F.16)
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We can write the expression above as follows:
IIUIII
7pa(X) = =po(X)(1 -y~ H A Z o) xjaj.1(X)o, (F.17)

where we used the fact that pg, 1(X) =0
Similarly, the diffusion for c; is given by

)7||| |||

2 (X) = —(y -
oe;2(X) ==y cio (X)

J
—u™) ) Gi = 90) xiei 1 (X)or. (F.18)
i=1

Lo 20’
The second-order correction for the hedging demand is then given by ¢;2(X) = %ﬁ

The second-order correction of the drift of p and c; are given by

_ pxa(X) i (X)
ﬂp,Z(X) = 70(X) Hx,1(X), ﬂcj,Z(X) = mﬂx,l(x)a (F.19)
which can be written as
ol <

Hp2(X) = =po(X)(1 =y~ ) =7 Z(% = Fo)px,1(X) (F.20)

J
o) = (1 -1 -y 1L 21053 Fohs 0 E21)

=1

The second-order correction for &;; is then given by &;2(X) = pc, 2(X) + (1 = y)oe, 207,

Risk premium. The risk premium is given by

A 0 d
Yu2(X) Y1 (X) X0@p + X TkOp 2.k x _
m(X) = yllel|? [ F2=2 - 2 T2y SR G (X) - (X))
Yy 1 —x0—x¢ = [|o]] 1 —x0 — x¢
(F.22)
Notice that we can write the aggregate risk aversion as follows:
Yu(X) =y [1+E"[9;]e - 6"[9;1€*] + O(€), (F23)

. . 2
where B[] = X e 297 and 8 (971 = B e 293~ (L yegn £9,) - 50 vua(X)/y = =611,
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Combining the previous two expressions, we obtain

o d d
2 (X) . X0Qp + X OkOp2k Xe TkOp 2k
R O R - &2(X)
Y2 / P %0 x. kZ‘ o [2 1—X0—XckZ=:‘ oI
X()C’i’p+xcﬁ X d OO p2k
= —6"[9;] —E“[pj]—————— +[1+y7 1+ < Lataly F.24
P - ) L e
1yt ¢ 207 d OkOp2k
where we used the fact that ¢ (X) = WH;‘T Op2 = w 1 sand @ p(X) = -0, ”a’|’“2 .
Portfolio share. The portfolio share of an unconstrained investor is given by
d
m(X) m(X) . k0 2.k (X)
aj2(X) = — Y= ———+¢j2(X), (F.25)
! Yz vl 7 ka lloll? !
the portfolio share of a constrained investor is @ > (X) = -4 =1 Uﬁg’ﬁ |22 £, and the portfolio share of
the passive investor satisfies ap2 = 0.
We can write the expression above as follows:
7T2(X) 7T1(X) _1 O-kU-ka(X)
aja(X) = -(1+y) . (F.26)
! lel? ™ el ™ Z

llo]l?

Notice that ijo xjaj2(X) = 0, consistent with market clearing.

Interest rate. The interest rate is given by

2 J
(%) =07 tpa(X) + 000X + (1= ) VTS g0 100+ 02,00 420,000
j=0

-1 2 d O-ko-p,Z,k(X)
+ (1 =y yllo|? Y ===
S o]

- m(X) +y~ (X)), (F27)
where &(X) = (¢ = 1) [p2(X) + (1 = y)op 207
We can write the expression for the portfolio of the unconstrained investor as follows:

2

J ajl(X

ra(X) = ppa(X) + a2 (XY + (1 =y ylloll? D x;
J=0

Viaji(X)+

|
- m(X),

(F.28)
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Price-dividend ratio. The price-dividend ratio is given by

PiX)  pa(X)
pa(X)  pi(X)

=72(X) + m2(X) — pp2(X) - 0'0';’2. (F.29)

Rearranging the expression above, and using the expression for r,(X), we obtain

a?,(X)

2

2
+ (p‘(X)) . (F.30)

P20 1 -y el Sy [ (0 4
Po Y JYidj1 2o (X)

po(X) =

Consumption-wealth ratio. The second-order correction for the consumption-wealth ratio is

given by
cj2(X) = (1 =) [ra(X) + m2(X) + 11 (X);1(X) + m0(X)a;2(X) ] +€j2(X) (F.31)
— (L= olIP @1 (X9 + @ 2(X) + a?’lz(x) " Zd" %IIIIZZ(X) . ER
k=1
Wealth dynamics. The diffusion term of x; is given by
O'xj,z(X) =Xjaj20. (F.33)

The drift of x; is given by

fx;2 = Xj [12(X) + m(X) + 1 (X) a1 (X) + mo(X)aj2(X) = ¢j2(X) = tp2(X) = 00p2(X) — a2 (X) o] -
(F.34)

Aggregate market elasticity. The derivative of p with respect to @), is given by

1 dp(X,e) 1 dp2(X) , X
p(X.0 dw, pox) aw, < O (F.35)

The market elasticity satisfies the condition

1 dp2(X)
Po(X) (95[,

= =po(O) (1 =y~ Wl [x0F0 + &)+ 3 x; () +0ja (X)) (—j?) e,
jegH “
(F.36)

From the market clearing for the risky asset, we have xo&), + 2 je g X 1(X) + xcﬁ =0, so we
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can write the expression above as follows:

1 dpa(X) . 2| ) 1 Tl 2
= po(X)(1—- X)—Ho+ ————(1-a,) - ———
o g, = PO IR |30 = 0+ == (1 =) = g e

F.3 Third-order approximation
F.3.1 Passive demand

Suppose there is no preference heterogeneity and no leverage constraint. Without loss of

generality, set J = 1. In this case, the price-dividend ratio is given by

2 ~2

p(X.0=p" = (p)(1 - w*)@@ez +O(E) (E38)

1
7(X, €) = mo(X) — yllo| P22 o e+0(e3) (F.39)

2 vnA2
r(X. €) = ro(X) + y||0'||2)%6 +(1- w_l)_yllgll )%62 +0(e) (F.40)
1 1
ag(X,e) =1+a,€ +0(€) (F41)
(X, e)=1- fc—o&pe+0(e3) (F.42)
1

/(.0 = po0)+ (1 -y DD 2 (F43)

1
o (X, €) = —fc—‘)&po-e +0(Y) (F.44)

1

o (X, €) = [(1=p)lolP(1 = x1)a, + k(w; —x1)] € + O(€), (F.45)

where u,, 0, Hejs and o, are all equal to zero up to second order, and xo = 1 — x;.

The law of motion of x;, can be written as

dxy,; w1 — X1,

dt + (Gf]’t - 1)0’R,tdZ,.
(F.46)

2
= |x0,(cos —c1,0) + X0, (o, — 1) (||0'R,t|| - 7Tt) +K

X1t X1,

Diffusion and drift terms. The derivatives of p(X, €) with respect to x; and @, are given by

Px (X €)
* x% P

7, (X, €
— (1-y~ )7||0'|| 1o +0(&), Pz, ( ):_(1 e )7||0'|| X0 5 LE+0(€Y)
2y p* Xl
(F.47)
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The diffusion term for p(X, €) is then given by

Lyl | @ =
X)=-(1-y H 22 (L F.48
0p,3(X) ( U ¥ 2x2 O+ Qpop\|ap ( )

1

and o, 3(X) = 0,3(X). Notice that excess volatility depends on the market elasticity times the
volatility of portfolio flows.

The drift of p is given by

7||0'|| 7||<T|| X0
v —2 p papn — (1=y™h
X

3 (X) = (1 - VO, @-Tp),  (F49)
and ¢, 3(X) = pp3(X).

Risk premium. The risk premium is given by

_ o, @ -0 1-ylylolPx |(1-@)° \/f
m(X) =yloll” {1- w1y u| 20 O+ GpopA[Tp (F.50)

G Higher-order perturbations

Suppose we have the (n — 1)-th order perturbation of c¢; (X, €) = ZZ;(I) cjx(X) €k and the law
of motion of X. Let Ic;(X,€) = ZZ;(l) lcjk (X)e* denote the expansion of log c;j(X,e€). Then we
can compute o (X) up to order n:

n—1
en(X) = D lej e x(X)ox i (X), (G.1)
k=1

which is independent of the n-th order termin c¢; (X, €) and ox (X, €), as [cj o x(X) = 0. Similarly,
we can compute oy ,(X). A similar argument gives u, ,(X) and p¢; ,(X). We can then compute

7,(X) and @ ,(X). The n-th term of the consumption-wealth ratio satisfies the condition

Cjt—‘//p"'(l_l//) ﬂt(a’jt_l)"'ﬂ"':upt"‘o'o' __HO'Rt”za]z"‘ijcjt +§Jt (G.2)
j=0

We can rewrite the system above in matrix form as follows:

[7 - (1 -y)laxide = &, (G.3)
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where ¢; = [cos, ... Crel’s X0 = [X04s -5 X74]"s 1741 18 @ (J + 1)-th dimensional vector of ones,
— v .

and {;; = yp + (1 -y) [ﬂ't(aj,t D) +p+p,,+ 0'0';;,; - 7']||0'R,z||20']2~,t + & Applying the

Sherman-Morrison formula, we obtain

e =[1- (1 -y H1x1s, (G4)

orcj; = ¢ — (1 =y Hx)¢,. Notice that £ can be computed at order n based on the coefficients

of order n — 1 and their derivatives.

Computing the derivatives. The derivation above shows that, given the order n — 1 expansion of
{;j(X, €) and its derivatives, we can compute the expansion of order n. Suppose the expansion of

{j(X,€) is given by

n—1
(X, €)= ) L (X)e, (G5)
k=0
where ;1 (X) takes the form:
/ Eva 1 EvaV Eva
(in(X)=Aj + Bj’k(X -X)+ E(X - X)Cj (X -X), (G.6)

where X is a reference point, A, is a scalar, B; ; is a vector, and C; ; is a matrix. Notice that

. {j,k(Y) = Ajy, gj,k,X(Y) = Bj and {; xx = C;j . Given this expansion, we can compute
_ wn-l k

ci(X,e) = Yi_pcik(X)er.

G.1 Inner region

Consider the case of no preference heterogeneity and no leverage constraints. Consider the
following change of variables: x| = e%;. Define ¢;(%1,@,) = ¢; (x1,@), S0 ¢4, = 1é;5 and

1 [ . . . .
Cjxixi = 22Cj sz - This implies the following is true:

1¢;%
oo, = =20y, (G.7)
€ Cj
where oy, = —l_j—fil&pmg . Similarly, we can write o,
15
oy = LRLI (G.8)
€Yy
The drift of y is given by
_ 1 Jz, 1 Vux o
Hy = 27#)21 + 22 y o (G.9)
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The term of order O is the same as before.
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