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1 Introduction

Many risk factors have been used to analyze the cross-section of stock returns (see, e.g.,

Cochrane (2011), Harvey, Liu, and Zhu (2016), and Harvey and Liu (2019)). Although,

many of these factors show economic and statistical relevance, there is considerable

debate about whether the majority of return fluctuations can be explained by a few key

factors. Nevertheless, economic models that focus on a small set of factors continue to

be essential tools for asset pricing, portfolio allocation, and evaluating the performance

of asset managers.

Despite methodological advances for navigating the factor zoo, one key challenge

remains: How can we select the best set of factors for a k-factor model (e.g., a five-,

six-, or seven-factor model) from the hundreds of factors proposed so far? This paper

addresses this challenge by introducing a novel methodology for selecting the optimal

subset of factors to include in a linear asset pricing model. Our methodology is grounded

in economic theory, leverages advances in optimization algorithms, and is backed by sta-

tistical guarantees. We support our methodology with out-of-sample empirical evidence

showing that factor models chosen using our method outperform, with positive alphas

relative to standard benchmarks.

Methodology for choosing the best subset of factors. Our approach is based on an

economically motivated criterion. The best subset of factors and their SDF loadings are

chosen by minimizing the distance between the candidate SDF and the set of admissible

SDFs. We consider two distance measures: (i) a measure based on absolute deviations,

which we show can be interpreted as the degree of mispricing of a set of test assets, and

(ii) the squared deviation measure of Hansen and Jagannathan (1997), which measures

the degree of mispricing of a portfolio with unit second moment. Either criterion results

in factors that minimize in-sample pricing errors.

Two key aspects of our methodology are worth highlighting for their economic rel-

evance. First, we incorporate bid-ask spreads to account for the practical impact of

transaction costs — which can be significant when working with portfolios — and short-

sale constraints.

Second, Cochrane and Saá-Requejo (2000) argue that SDFs with unrealistically high

rewards-for-risk, such as very high Sharpe ratios, are unreasonable. We add a regular-

ization to eliminate unreasonably high rewards-for-risk. For reasons of tractability, we

implement this regularization through a bound on the gain-loss ratio (Bernardo and

Ledoit, 2000). This approach has an additional advantage of enforcing positivity of the
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estimated SDF, the importance of which is argued, for example, in Hansen and Richard

(1987).

With many factors in the zoo, the number of possible k-factor models is enormous.

For instance, with 500 factors there are 250 billion five-factor models and 1.5 quadrillion

seven-factor models. We leverage recent advances in mixed-integer optimization (Bert-

simas, King, and Mazumder, 2016) to confront the challenge of choosing the best model

in this vast set. Our approach simultaneously (i) selects the best k factors to be included

in the SDF and (ii) estimates their loadings. This is achieved by solving either a mixed-

integer linear program (MILP) for the absolute deviation measure or a mixed-integer

quadratic program (MIQP) for the squared deviation measure.

Our method eliminates the need to estimate and evaluate numerous models sepa-

rately, which is computationally infeasible with many factors. Instead, we replace this

exhaustive search with a single mixed-integer optimization problem that can be solved

efficiently using reliable algorithms, such as those in Bertsimas and Stellato (2022). Bid-

ask spreads, short-sale constraints, and regularized rewards-for-risk are all integrated

into our MILP/MIQP formulation of the problem. To the best of our knowledge, ours is

the first methodology to account for these aspects in a model-selection framework. Our

approach also extends to conditional asset pricing models (as outlined in Appendix A.2).

Solving the MILP/MIQP yields the best subset selection of factors and their loadings.

The best subset consists of the k factors whose combination minimizes in-sample pricing

errors — as quantified through our distance measures — while accounting for bid-ask

spreads, short-sale constraints, and regularized rewards-for-risk.

In addition to its economic realism and computational advantages, our methodology

is supported by statistical theory. We establish consistency for both best subset selection

and SDF loadings, with only weak assumptions on the data-generating process. This

guarantees that our method recovers the best subset of factors in large samples.

To address potential robustness concerns inherent to model selection, we develop

a bagged version of our methodology (Breiman, 1996). This approach maximizes the

stability of factor selection by minimizing sensitivity to small data perturbations. It is

also optimal for factor selection: no other factor-selection method can outperform this

approach asymptotically (Christensen, Moon, and Schorfheide, 2023). Through simula-

tions, we demonstrate that our method exhibits excellent performance in finite samples.

Empirical evidence. To determine how well our methodology can price a diverse range

of test portfolios, we implement it on a set of 203 stock portfolios that range across

different industries and characteristics. We use a set of 64 factors drawn from common

2



sources. We select the best subset of factors and estimate their SDF loadings using 26

years of monthly data from January 1972 to December 1997. We then construct mean-

variance efficient portfolios from the selected factors and evaluate their performance over

the 25-year period of January 1998 to December 2022. As benchmarks, we use mean-

variance efficient portfolios constructed from the five-factor model of Fama and French

(2015), its six-factor extension, which adds a momentum factor, and the six-factor model

by Barillas and Shanken (2018).

The five-, six- and (our preferred) seven-factor models chosen using our method

all generate positive alphas against all three benchmarks. These results show that our

method effectively captures the cross-section of returns both in- and out-of-sample.

We also contribute to the ongoing debate on sparsity versus nonsparsity of the SDF

(e.g., Feng, Giglio, and Xiu (2020), Kozak, Nagel, and Santosh (2020), and Didisheim,

Ke, Kelly, and Malamud (2023)). To this end, we propose a method for estimating dense

models that incorporate all available factors by minimizing our absolute and squared

distance measures, accounting for bid-ask spreads and regularizing rewards-for-risk. As

we show, these estimations may be implemented as linear and quadratic programs. We

find that the out-of-sample alphas obtained from the best subset selection approach

outperform those from dense models.

Related work. This paper offers a new viewpoint on factor selection, sparsity versus

nonsparsity, and stability of the selected factors. The approach we propose is based on

economically motivated criteria, accounts for the realism of bid-ask spreads and short-

sale constraints, uses a regularization to eliminate unreasonably high rewards-for-risk,

and ensures a positive SDF.

Kelly, Malamud, and Zhou (2024) argue that complex, dense models perform better

than sparse models. They term this the “Virtue of Complexity” (VoC). Buncic (2025)

re-examines the empirical VoC results of Kelly, Malamud, and Zhou (2024) and shows

that their key finding that portfolio performance is strictly increasing in model complex-

ity is the consequence of a user-imposed zero intercept restriction and an aggregation

scheme used in the construction of the complex model’s performance measures. Buncic

(2025) shows that allowing for a non-zero intercept term leads to an increase in portfolio

performance as the training window size increases for all levels of ridge shrinkage and

number of predictors considered. In other words, the results of Buncic (2025) are the

opposite of the Virtue of Complexity.

Cartea, Jin, and Shi (2025) argue that the “Virtue of Complexity” (VoC) may be

confounded in the presence of noise (as often is the case in real-world environments) and
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that increasing model complexity can exacerbate the detrimental impact of noise on the

performance of return predictions and the Sharpe ratios of portfolios.

Fallahgoul (2025) counters the VoC methodology of Kelly, Malamud, and Zhou (2024)

in two ways. First, he argues that within-sample standardization (i.e., creating standard-

ized features so that they are normalized to have unit variance) in Random Fourier Fea-

tures implementations fundamentally alters the underlying Gaussian kernel approxima-

tion, replacing shift-invariant kernels with training-set dependent alternatives. Second,

he argues that, with typical parameter choices, the required sample size to see benefits

from the VoC methodology exceeds 25 to 30 years of data – well beyond any rolling

window actually used in empirical implementations.

Nagel (2025) argues against the VoC methodology of Kelly, Malamud, and Zhou

(2024) and argues that the apparent success of the VoC method is due to it mechanically

generating a volatility-timed momentum strategy.

Berk (2023) argues against the VoC methodology of Kelly, Malamud, and Zhou (2024)

on two main grounds. First, Berk (2023) argues that what Table 1 of Kelly, Malamud, and

Zhou (2024) shows is that it is actually ridge shrinkage that is responsible for the better

performance of the VoC methodology, not complexity. Berk (2023, p 4) points out: “If

anything, complexity reduces predictability. When the authors use 60 or 120 data points

and shrink the estimates of the linear specification, the resulting Sharpe ratios exceed

the Sharpe ratios achieved by the high complexity modern machine learning (nonlinear)

algorithm.”

Second, Berk (2023, p 7) argues: “A modern machine learning algorithm uses an

enormous number of predictors. Interpreting, for example, 10,000 coefficients is clearly

impossible.” He argues in favor of parsimony (that is, Occam’s razor).

In short, there is substantial debate about the merits, or otherwise, of dense models

and of sparse models. We nail our colors firmly to the mast and argue in favor of

parsimony and sparse models. Our methodology selects the best set of factors for a k-

factor model, where k (e.g., 5 or 6 or 7) is defined by the user of the model. We know

(Cochrane (2005, chapter 5)) that, with N assets, both a one-factor SDF (using the

returns of the mean-variance efficient (MVE) portfolio) and an N -factor SDF exist that

perfectly prices the set of N returns (in-sample). Thus, rather than attempt to choose

or enforce an optimal k satisfying 1 < k < N , we leave the choice of k to the user

– it is easy to change. Our contribution is to show how to identity the best subset of

factors and estimate their SDF loadings. It is not to advocate a specific value of k. In the

fund-management literature, it is common to use the Fama-French three-factor model of
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Fama and French (1993) as a benchmark for fund performance, which is akin to choosing

k = 3. The five-factor model of Fama and French (2015) has become very popular in

the last decade, transitioning the authors’ choice of k to k = 5.1 Apart from tradition

and the fame of the authors, there seems little reason to fixate on k = 3 or k = 5.2 In

our methodology, we ask: Given a choice of k = 3, or k = 5, or k = 6, or k = . . ., what

are the best k factors to use (not necessarily the traditional choice of the market, SMB

and HML factors). Having only a modest number of factors allows for interpretation

of the SDF loadings and the economic drivers in a way that is not acheivable with

10,000 coefficients (in the quotation from Berk (2023) above). With regard to the fund-

management literature, the choice of k would boil down to the choice of the number of

benchmarks, while our methodology selects the identity of those benchmarks.

Our results beg the question: Is there a practical upper limit on the number of factors

selected?

As already alluded to, we know that theory is of limited help here (Cochrane (2005)).

We also acknowledge that the answer must also be somewhat predicated on the time

span used, as well as the size of the universe of factors, and the number of test assets.

With these caveats, in the spirit of the voluminous literature spanning more than 60

years, in which the number of factors typically used by the profession has gone from one

(the CAPM) to three (Fama and French (1993)), to five (Fama and French (2015)) to

six (its six-factor extension, which adds a momentum factor, and the six-factor model

of Barillas and Shanken (2018)), we ask the question: At what number of factors must

the profession stop?

The answer is: With the size of empirical data-sets used in the recent literature, it is

not practical or sensible to have more than nine (non-constant) factors and even eight

or nine is a stretch. Having ten (or more) factors is, essentially, vacuous.

We show that, with ten (non-constant) factors, many different subsets of factors are

equally as good (loosely speaking, equi-probable). We show that the situation is only

slightly better for nine (non-constant) factors.

We conclude that there is a practical upper limit for linear factor models of around

eight or nine factors. Our best subset selection approach is not the source of this limit.

1Or, possibly, k = 4. Fama and French (2015, p 19) remark that their “tests suggest that a four-
factor model that drops HML performs as well as the five-factor model.” Thus, there is flexibility to
use four factors – even within a paper that mentions five factors in its title.

2Indeed, Fama and French (2018, p 235) use their five-factor model “augmented (by popular demand)
with a momentum factor”. Thus, the extant literature is flexible with its choice of k. In our methodology,
it is very easy to change k if “popular demand” were to be (or is) capricious.
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The source is the data that is available to researchers. With 51 years of data in total, with

26 years used for in-sample estimations, 64 factors, and 203 test assets (these choices are

quite typical of the recent literature), if one chooses more than around nine factors, there

are many subset selections that are equally as good (loosely speaking, equi-probable).

In fact, there are so many that it is vacuous to talk about “the best”.

Our methodology represents a conceptual departure from recent works that com-

pare models using Bayesian techniques, which evaluate the likelihood for returns and/or

factors at the observed data and integrate against a prior (e.g., Barillas and Shanken

(2018), Chib, Zeng, and Zhao (2020), and Bryzgalova, Huang, and Julliard (2023)). These

Bayesian approaches do not guarantee the positivity of the SDF and do not appear com-

patible with regularized rewards-for-risk, bid-ask spreads, and short-sale constraints.

Furthermore, for tractability, these Bayesian approaches assume Gaussian likelihoods

with independent observations and constant variance. Such assumptions overlook em-

pirical regularities such as fat tails and persistence in volatility. As a result, these mea-

sures favor models that minimize Kullback–Leibler divergence between the assumed i.i.d.

Gaussian distribution and the true data distribution (Walker, 2013). As asset returns

data are not i.i.d. Gaussian, the model that minimizes Kullback–Leibler divergence may

be different from that which minimizes pricing errors. Our approach is immune from this

problem, as it places no parametric assumptions on the data-generating process and is

instead based on minimizing pricing errors.

Several studies, for example, Kozak et al. (2020) and Freyberger, Neuhierl, and Weber

(2020), have used LASSO-type penalizations for factor selection. Unlike LASSO, our

method selects relevant factors without penalizing the magnitude of the SDF loadings.

This means that our methodology is robust to the scaling of factors, whereas the model

selected by LASSO is sensitive to how all factors are scaled. This raises the possibility

that LASSO eliminates factors with meaningful effects. Our approach is also backed

by consistency and optimality guarantees for model selection, whereas there is evidence

that LASSO makes important mistakes in factor selection (Feng et al., 2020).

It is important to emphasize that our focus is on model selection rather than infer-

ence, which is a different statistical problem. It is therefore complementary to recent

literature on inference for factor models with many and/or weak factors (e.g., Gospodi-

nov, Kan, and Robotti (2016), Gospodinov, Kan, and Robotti (2019), Feng et al. (2020),

Giglio, Liao, and Xiu (2020), and Giglio, Xiu, and Zhang (2024)).

Our research is related to the factor model literature, which has recently received

extensive empirical attention. In addition to the works cited previously, other relevant
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references include Asness and Frazzini (2013), Fama and French (2015), Hou, Xue, and

Zhang (2015, 2020), Lettau and Pelger (2020), Daniel, Mota, Rottke, and Santos (2020),

Bybee, Kelly, and Su (2023), and Preite, Uppal, Zaffaroni, and Zviadadze (2024), among

others.

The remainder of the paper is organized as follows. Section 2 describes the mod-

eling environment, introduces our methodology, and presents theoretical guarantees.

In Section 3, we apply our methodology to selecting the best factors empirically. Sec-

tion 4 concludes. Appendix A presents extensions of our methodology to dense models

(Appendix A.1) and time-varying SDF loadings (Appendix A.2). Additionally, it pro-

vides further discussion on the regularized rewards-for-risk (Appendix A.3). Appendix B

presents technical results and all proofs.

2 Methodology

Our methodology selects the best subset of factors and their corresponding SDF loadings

by minimizing pricing errors. Sections 2.1 and 2.2 frame the problem at a population

level and provide its economic interpretation. Implementing our methodology is straight-

forward: the best subset of factors and their factor loadings are estimated together by

solving a single mixed-integer optimization problem presented in Section 2.3. Section 2.4

provides a formal theoretical justification for our method. Section 2.5 shows how our

methodology eliminates unreasonably high rewards-for-risk. Excellent performance of

our method in simulations is demonstrated in Section 2.6. Additionally, Section 2.7

shows that a bagged implementation of our method is optimal for factor selection. Fi-

nally, Section 2.8 discusses the advantages of our method relative to existing methods.

2.1 Model and Admissible SDFs

We begin by introducing the modeling environment. Time is discrete and indexed by the

nonnegative integers. We use E to represent unconditional expectations, Et to represent

the expectation conditional on date-t information, and Pt to represent the corresponding

conditional real-world probability measure. Let S denote the space of all measurable

events, and let st+1 ∈ S denote the state at date t + 1. The state {st : t ≥ 0} is a

stationary and ergodic stochastic process.

Consider market transactions that take place at two dates, t and t + 1. Assets are

purchased (sold) at date t, and at date t+1 the payoffs are received (paid out). Suppose
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there are Kasset assets whose payoffs are some function of the state st+1. We collect their

payoffs in a Kasset-dimensional vector Xt+1. The first asset is a risk-free bond with gross

return Rf,t.

We incorporate bid-ask spreads to take into consideration the practicality of transac-

tion costs, which can be significant when working with portfolios. We denote the vector

of date-t bid and ask prices by pt,b and pt,a, respectively. We assume that the risk-free

bond can be traded without transaction costs, so the first elements of pt,b and pt,a are

R−1
f,t . As well as allowing for transaction costs, one could also, if desired, account for

short-sale contraints by setting the corresponding element of pt,b to be zero.

An admissible SDF is a nonnegative random variable mt+1 such that

pt,b ≤ Et[mt+1Xt+1] ≤ pt,a. (1)

Because the risk-free return is known at date t, the only uncertainty is the assets’ payoffs

relative to Rf,t. We therefore scale assets’ payoffs by Rf,t, writing

Zt+1 =
Xt+1

Rf,t

, (2)

where the first element of Zt+1 is R
−1
f,t . Similarly, we work with Radon–Nikodym deriva-

tives — SDFs scaled by the gross risk-free return so that their expected value is one

across all considered models — rather than SDFs. Hence, we rewrite (1) as

pt,b ≤ Et[nt+1Zt+1] ≤ pt,a, (3)

where

nt+1 = Rf,t mt+1.

Let L2 denote the space of all random variables with finite second moments under E[ · ],
and let L2

+ denote all nonnegative random variables in L2. We assume that each element

of Zt+1 is in L2. We term any nt+1 ∈ L2
+ satisfying (3) an admissible date-t Radon–

Nikodym derivative. We do not assume that markets are complete, so nt+1 need not be

unique. We let Nt+1 denote the set of all admissible date-t Radon–Nikodym derivatives.

We assume that Nt+1 is nonempty.
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2.2 Distance Measures

Let yt+1 be a Radon–Nikodym derivative posited by an asset pricing model. In the next

section, we specialize to factor models, but at present we keep the analysis general. An

important empirical question is how closely yt+1 matches the set Nt+1 of admissible

Radon–Nikodym derivatives.

Fixing q ∈ {1, 2}, we consider the following minimum distance problem:

D(q)
t (yt+1) ≡ inf

nt+1∈Nt+1

q

2
Et [|nt+1 − yt+1|q]

1
q . (4)

Both nt+1 and yt+1 may induce different (conditional) distributions. This leads to the

interpretation of

Et [|nt+1 − yt+1|q]
1
q (5)

as the Lq distance between the distributions induced by nt+1 and yt+1. Minimizing over

all nt+1 in Nt+1 gives the minimum Lq distance between yt+1 and the set of admissible

Radon–Nikodym derivatives.

If yt+1 is an admissible Radon–Nikodym derivative, then D(q)
t (yt+1) = 0. However,

in general, yt+1 may not be admissible. Consequently, there may be pricing errors. The

degree to which D(q)
t (yt+1) differs from zero is the degree of mispricing.

We focus on the cases q = 1 and q = 2 for two reasons. First, these distance measures

have a clear economic interpretation. Second, we can implement empirical counterparts

to this problem by mixed-integer linear and quadratic programming, respectively.

Case of q = 1: The quantity 1
2
Et [|nt+1 − yt+1|] is the total variation distance be-

tween the probability measures induced by nt+1 and yt+1. Scheffé’s theorem
3 yields the

representation

1

2
Et [|nt+1 − yt+1|] = sup

A⊆S

∣∣∣Et [nt+1 I[st+1 ∈ A]]− Et [yt+1 I[st+1 ∈ A]]
∣∣∣, (6)

where I[ · ] takes the value one if its argument is true and zero otherwise. In view of (6),

one may interpret total variation distance as the maximum disagreement between the

probabilities induced by nt+1 and yt+1. Equation (6) shows that D(1)
t (yt+1) is bounded

between 0 and 1.

We can assign a further economic interpretation to D(1)
t (yt+1) using Arrow–Debreu

3See, e.g., Lemma 2.1 in Tsybakov (2009).
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state-prices. Recall that the first asset is a risk-free bond. Suppose the remaining as-

sets are the Arrow–Debreu securities with payoffs I[st+1 ∈ Aj], j = 1, . . . , Kasset, where

A2, . . . , AKasset correspond to disjoint events. Let Pt(Aj) > 0 for all j and Pt(∪Kasset
j=2 Aj) <

1 so that no asset is redundant. Let p̃t,j = R−1
f,t Et [yt+1 I[st+1 ∈ Aj]] denote the date-t

price of the Arrow–Debreu security implied by yt+1.

We show in Appendix B that

D(1)
t (yt+1) = Rf,t max

(
Kasset∑
j=2

max(p̃t,j − pt,a,j, 0),
Kasset∑
j=2

max(pt,b,j − p̃t,j, 0)

)
. (7)

Thus, D(1)
t (yt+1) measures the maximal degree of mispricing of Arrow–Debreu securities.

Case of q = 2: The distance D(2)
t (yt+1) is the conditional Hansen and Jagannathan

(1997) distance recast in terms of Radon–Nikodym derivatives. As Hansen and Jagan-

nathan (1997) explain, their distance measure can be interpreted as a degree of mispricing

of a portfolio of test assets with unit second moment.

2.3 Best Subset Selection and Implementation

The objective of our methodology is to choose the best subset of factors entering the

SDF and estimate their loadings. This is achieved by solving Problem 1 below.

Best Subset of Factors. We are concerned with asset pricing models whose Radon–

Nikodym derivatives are a linear combination of the universe of Kfactor factors ft+1:

yt+1(η) = f ′t+1η, (8)

where η are the corresponding SDF loadings. In equation (8), we have constructed ft+1

by normalizing the “raw” factors entering the SDF by Rf,t so that yt+1(η) is a Radon–

Nikodym derivative. When the risk-free return Rf,t is included as a raw factor, scaling by

Rf,t converts this to a constant. Henceforth, it should be understood that the constant

factor represents the risk-free rate. The quantity Kfactor denotes the number of possible

factors entering the SDF. Low-dimensional models consisting of only a few factors are

accommodated in (8) by setting the loadings of the excluded factors to zero.

Although the number Kfactor of factors proposed to date is large, there are reasons

why one might wish to form a parsimonious model consisting of only a few factors. To
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this end, let kmax denote the maximum number of factors to be included. We refer to the

best subset of factors as the set of at most kmax factors whose Radon–Nikodym derivative

minimizes a version of the distance problem in equation (4). In other words, the best

subset of factors is the subset whose SDF produces smaller pricing errors than any other

SDF formed from at most kmax factors.

Setting Up the Problem. Our empirical implementation is based on an uncondi-

tional version of equation (4). We first recast the problem in terms of returns. Define

p̄t =
1
2
(pt,a + pt,b). We construct scaled gross “returns” Rt+1 by dividing Zt+1 element-

wise by p̄t. Thus, equation (3) becomes

1− ct ≤ Et[nt+1Rt+1] ≤ 1+ ct, (9)

where ct is constructed by dividing pa,t − pb,t element-wise by pa,t + pb,t. That is,

ct ≡ (pa,t − pb,t)⊘ (pa,t + pb,t) ≥ 0, (10)

where ⊘ denotes element-wise division. Note that if any traded asset were to have a zero

bid-ask spread, then the corresponding element of ct would be zero. We assume that

(ft,Rt, ct) are jointly stationary and drop time subscripts in what follows.

In view of equation (9), an admissible Radon–Nikodym derivative n must satisfy

1− E[c] ≤ E[nR] ≤ 1+ E[c]. (11)

The unconditional version of the distance measure (4) is

Q(q)(η) ≡ inf
n∈L2

+

E[|n− f ′η|q] subject to 1− E[c] ≤ E[nR] ≤ 1+ E[c]. (12)

The interpretation of Q(q)(η) is analogous to D(q)
t . The best subset of kmax factors corre-

sponds to a model whose SDF loadings η minimize Q(q)(η) in equation (12) subject to

the sparsity constraint
Kfactor∑
k=1

I[ηk ̸= 0] ≤ kmax. (13)

This constraint ensures that at most kmax elements of η are nonzero. Coefficients that

are nonzero correspond to the best subset of factors, whereas coefficients that are zero

correspond to discarded factors.
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Empirical Implementation. The data consist of a time series of factors and returns

(ft,Rt, ct)
T
t=1. We estimate the best subset of factors and their SDF loadings by solving

a sample version of the problem in equation (12). This problem can be recast as a

mixed-integer optimization.

To do so, we build on the approach of Bertsimas et al. (2016) for regression models.

We fold the sparsity constraint (13) into the objective function by introducing binary

variables χk for each factor. Each χk indicates whether the corresponding ηk is nonzero

(χk = 1), in which case the factor is selected, or zero (χk = 0), in which case the factor

is discarded. Let c̄T = 1
T

∑T
t=1 ct and χ = (χk)

Kfactor
k=1 . Define

Q
(q)
T,kmax

(η) ≡ min
χ,{nt}Tt=1

1

T

T∑
t=1

|nt − f ′tη|q

subject to 1− c̄T ≤ 1
T

∑T
t=1 ntRt ≤ 1+ c̄T ,

nt ≥ 0, t = 1, . . . , T,
χk ∈ {0, 1}, k = 1, . . . , Kfactor,

−bχk ≤ ηk ≤ bχk, k = 1, . . . , Kfactor,∑Kfactor

k=1 χk ≤ kmax.

(14)

The constraint −bχk ≤ ηk ≤ bχk reduces to either ηk ∈ [−b, b] when χk = 1 or ηk = 0

when χk = 0, where b is a positive constant. In the latter case of χk = 0, it has the effect

of discarding the kth factor. For values of η that violate the sparsity constraint, the

problem in equation (14) has no solution and the objective value is Q
(q)
T,kmax

(η) = +∞.

The constant b can be set to be arbitrarily large but finite.

Implementation is operationalized by augmenting the problem in (14) with a vector

of slackness variables (at)
T
t=1. Each at measures the size of the deviation nt − f ′tη. To

simultaneously select the best subset of factors and estimate their SDF loadings, we

solve the following problem:
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Problem 1 (Best Subset Selection and Estimation of SDF Loadings)

min
η,χ,{nt,at}Tt=1

1

T

T∑
t=1

aqt

subject to 1− c̄T ≤ 1
T

∑T
t=1 ntRt ≤ 1+ c̄T ,

nt ≥ 0, t = 1, . . . , T,
−at ≤ nt − f ′tη ≤ at, t = 1, . . . , T,
χk ∈ {0, 1}, k = 1, . . . , Kfactor,

−bχk ≤ ηk ≤ bχk, k = 1, . . . , Kfactor,∑Kfactor

k=1 χk ≤ kmax.

(15)

Let η̂q,kmax
and χ̂q,kmax

denote the values of η and χ that solve Problem 1. The constraint∑Kfactor

k=1 χ̂k ≤ kmax enforces that a maximum of kmax elements of η̂q,kmax
and χ̂q,kmax

are

nonzero. Thus, f ′η̂q,kmax
depends on a maximum of kmax factors. We term these factors

the best subset selection. Equivalently, the best subset selection consists of the factors for

which the corresponding χ̂k are nonzero. The nonzero elements of η̂q,kmax
are estimates

of the SDF loadings on the selected factors.

We close this subsection by discussing computation. When q = 1, Problem 1 is a

mixed-integer linear program (MILP), whereas when q = 2, Problem 1 is a mixed-

integer quadratic program (MIQP). Fast, robust algorithms for solving both these types

of optimization problems now exist in standard scientific computing environments. In

the simulations and empirical application, we implemented our methods in Julia using

the optimization package JuMP to interface with the Gurobi optimizer.

2.4 Consistency of the Selected Factors and their Loadings

We now present our main theoretical result, which establishes consistency of the selected

factors and estimated loadings obtained by solving Problem 1.

To set the stage, recall that η̂q,kmax
and χ̂q,kmax

are the values of η and χ that solve

Problem 1. Let ηq,kmax
denote the vector of SDF loadings that minimizes the distance

measure Q(q) in (12) subject to the sparsity constraint (13). The nonzero elements of

ηq,kmax
represent the SDF loadings for the best subset of factors. Let χq,kmax

denote the

binary vector whose entries indicate whether or not the corresponding factor is included

in the best subset.
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Theorem 1 Suppose that Assumptions 2 and 3 in Appendix B hold. Then for any ϵ > 0,

Pr
(
Q(q)(η̂q,kmax

) > Q(q)(ηq,kmax
) + ϵ

)
→ 0 (16)

as the sample size T becomes large. If, in addition, ηq,kmax
uniquely minimizes Q(q)

subject to the sparsity constraint (13), then

Pr(χ̂q,kmax
= χq,kmax

) → 1 (17)

and

Pr
(∥∥η̂q,kmax

− ηq,kmax

∥∥ > ϵ
)
→ 0 (18)

as the sample size T becomes large.

Theorem 1 asserts that (i) the best subset selection recovers the best subset of factors

with probability approaching one and (ii) the corresponding SDF loading estimates are

consistent for the loadings on the model formed from the best subset of factors. This

formally justifies the use of our methodology as a tool for both factor selection and

estimation of SDF loadings. The proof of Theorem 1 is presented in Appendix B.

2.5 Ruling Out Unreasonably High Rewards-for-Risk

Cochrane and Saá-Requejo (2000) argue that SDFs with unrealistically high rewards-

for-risk, such as very high Sharpe ratios, are unreasonable. To address this, we now show

how our methodology can eliminate excessively high rewards-for-risk.

For tractability, we bound the gain-loss ratio rather than the Sharpe ratio. Bernardo

and Ledoit (2000) show that unreasonably high gain-loss ratios can be avoided by placing

a bound, which we denote bglr, on the ratio of the highest to lowest values taken by the

SDF across all states. As we show in more detail in Appendix A.3, the constraint

1√
bglr

≤ nt ≤
√
bglr, t = 1, . . . , T , (19)

can be added as a regularization to rule out unreasonably high rewards-for-risk. The

value of bglr ≥ 1 controls the maximum allowable Sharpe ratio, with higher bglr implying

less regularization and allowing higher Sharpe ratios. For further details on the mapping

between bglr and Sharpe ratios, see Appendix A.3.

To simultaneously select the best subset of factors and estimate the factors’ SDF
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loadings, allowing for regularized rewards-for-risk, solve the following problem.

Problem 2 (Best Subset Selection with Regularized Rewards-for-Risk)

min
η,χ,{nt,at}Tt=1

1

T

T∑
t=1

aqt

subject to 1− c̄T ≤ 1
T

∑T
t=1 ntRt ≤ 1+ c̄T ,

−at ≤ nt − f ′tη ≤ at, t = 1, . . . , T,

χk ∈ {0, 1}, k = 1, . . . , Kfactor,
−bχk ≤ ηk ≤ bχk, k = 1, . . . , Kfactor,∑Kfactor

k=1 χk ≤ kmax,
1√
bglr

≤ nt ≤
√
bglr, t = 1, . . . , T,

1√
bglr

≤ f ′tη ≤
√
bglr, t = 1, . . . , T,

1
T

∑T
t=1 f

′
tη = 1.

(20)

Let η̂q,kmax
denote the value of η that solves Problem 2. By adding the constraint

1√
bglr

≤ f ′tη ≤
√
bglr (21)

to Problem 2, we ensure that yt+1(η̂q,kmax
) = f ′t+1η̂q,kmax

avoids unreasonably high

rewards-for-risk and is strictly positive. Additionally, the constraint

1

T

T∑
t=1

f ′tη = 1 (22)

forces the estimated model-implied Radon–Nikodym derivative yt+1(η̂q,kmax
) to have unit

sample mean. By stationarity of ft, this ensures that yt+1(η̂q,kmax
) has approximately unit

expectation.

For Problem 2 to have a solution, bglr must be chosen large enough that there exist

(nt)
T
t=1 that satisfy 1− c̄T ≤ 1

T

∑T
t=1 ntRt ≤ 1+ c̄T and the condition 1√

bglr
≤ nt ≤

√
bglr

for t = 1, . . . , T . The smallest value of bglr that is compatible with these conditions is

found by solving

min
b,{nt}Tt=1

b subject to 1− c̄T ≤ 1
T

∑T
t=1 ntRt ≤ 1+ c̄T ,

1√
b
≤ nt ≤

√
b, t = 1, . . . , T.

(23)

Let b denote the minimizing value of b. Problem 2 has a solution if bglr ≥ b.
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2.6 Simulations Reveal Good Factor Selection Properties

In this section, we present two simulation exercises to evaluate the effectiveness of our

method in identifying which factors are relevant and estimating their SDF loadings. The

first simulation exercise employs Kfactor = 9 (including the constant factor), Kasset = 48,

and zero bid-ask spread (c̄T = 0). The second simulation exercise employs data choices

matched to our empirical analysis (see Section 3.1), with Kfactor = 64 (including the

constant factor), Kasset = 203, and with bid-ask spreads (c̄T = 0.0028).

2.6.1 Baseline simulation; Kfactor = 9, Kasset = 48, c̄T = 0, T = 360

Our baseline simulation is conducted with Kfactor = 9 (including the constant) and

Kasset = 48 (resembling 48 industry portfolios). We set the bid-ask spread to zero for all

assets. The first asset is a risk-free bond with a gross return Rf,t = 1. We model the

gross return Ri,t of asset i = 2, . . . , Kasset as

Ri,t = 1 + µi ∆+

Kfactor∑
k=2

βi,k fk,t + σR
i

√
∆ ϵRi,t, (24)

with a time step of ∆ = 1/12 representing monthly intervals. The first factor is a

constant. Specifically, f1,t = 1 for all t. Additionally, all other factors have zero mean.

We model the remaining factors fk,t for k = 2, . . . , Kfactor as

fk,t = σf
k

√
∆ ϵfk,t. (25)

Finally, we consider a Radon–Nikodym derivative given by

nt = η1 f1,t +

Kfactor∑
k=2

ηk fk,t + σ⊥
√
∆ ϵ⊥t . (26)

The shocks ϵRi,t, ϵ
f
k,t and ϵ⊥t are all N(0, 1) random variables. They are uncorrelated over

time, but ϵfk,t and ϵfℓ,t have correlation ρfk,ℓ for k ̸= ℓ. All other shocks are independent.

The shocks ϵ⊥t are orthogonal to all factors and returns and are included to make the

estimation more challenging.

Our aim is to determine whether our approach can reliably identify the relevant

factors and estimate the associated SDF loadings. The parameters in equations (24)–

(26) are chosen as follows. We set η8 = 0 and η9 = 0, implying that factors 8 and 9 are

irrelevant. Additionally, we normalize η1 = 1. The values of the remaining ηk, as well as

σR
i , βi,k, σ

f
k , σ

⊥, and ρfk,ℓ vary across simulations, as follows:

1. The values of SDF loadings ηk, for k ∈ {2, 3, 4, 5, 6, 7} are drawn from a uniform
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distribution supported from −1.2 to −0.3.

2. Additionally, σR
i is uniformly distributed between 30% and 45%.

3. The βi,k coefficients in equation (24) are drawn from a uniform distribution sup-

ported between 0.05 and 0.3 for each i = 2, . . . , Kasset and k = 2, . . . , Kfactor.

4. Each correlation ρfk,ℓ is uniformly distributed between 0.05 and 0.45. The parameter

σf
k is uniformly distributed between 25% and 35%.

5. Finally, the parameter σ⊥ is uniformly distributed between 8% and 12%.

The remaining parameters µi for i = 2, . . . , Kasset (see equation (24)), which represent

expected returns, are obtained by solving

E[(η1 +
Kfactor∑
k=2

ηk fk,t + σ⊥
√
∆ϵ⊥t )(1 + µi ∆+

Kfactor∑
k=2

βi,k fk,t + σR
i

√
∆ ϵRi,t)] = 1, (27)

so that E[nt+1Rt+1] = 1. By using equation (27) to determine µi, we enforce that, for

each simulation, n is an admissible Radon–Nikodym derivative. Across simulations the

minimum value of nt is strictly positive.

Our exercise is based on 5, 000 simulations, each of which has T = 360 (monthly) time

steps. We perform factor selection and estimation of SDF loadings by solving Problem 2

as an MILP (with q = 1) and an MIQP (with q = 2).

We compare results with a dense model that uses all Kfactor = 9 factors with regular-

ized rewards-for-risk when q = 1 and q = 2 (for details, see Problem 3 in Section 3.4).

The case q = 2 corresponds to estimation based on minimizing the Hansen and Jagan-

nathan (1997) distance with positivity and regularized rewards-for-risk imposed.

One can map gain-loss ratios to Sharpe ratios, following Bernardo and Ledoit (2000).

For example, a gain-loss ratio of 9 corresponds to a maximum allowable annualized

Sharpe ratio of 4 (see the analysis in Appendix A.3). Our baseline simulation employs

bglr = 9. We also drop this gain-loss ratio regularization and compare results with estima-

tion based on minimizing the Hansen and Jagannathan (1997) distance with positivity

only.

Table I (Panels A and B) presents the mean absolute errors (MAEs) and MAE/(mean

|ηk|), for each k = 1, . . . , Kfactor, between the estimated and true η across simulations and

across the five approaches. In Panel C of Table I, we report the percentage of simulations

in which each factor is correctly identified. This exercise is pertinent because the best

subset selection method has the potential to eliminate irrelevant factors.
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The best subset selection method (Panel A) proves advantageous for correctly identi-

fying factors as relevant or irrelevant. Factors 8 and 9 are correctly identified as irrelevant

in more than 99.92% of simulations while factors 2 through 7 are correctly identified as

relevant in over 99.96% of simulations. Moreover, factor 1 — the constant factor — is

correctly identified in all cases.

The MAEs for the irrelevant factors are essentially zero. This is true whether we use

q = 1 or q = 2. For the remaining seven factors, the MAEs with best subset selection are

smaller than those without. Estimations based on regularized rewards-for-risk produces

virtually identical MAE to estimation without regularized rewards-for-risk. This suggests

that the regularization of rewards-for-risk via the gain-loss ratio does not materially bias

the SDF loading estimates in small samples.

In summary, our proposed methodology achieves excellent factor selection properties,

successfully detecting irrelevant factors with more than 99.92% accuracy.

2.6.2 Second simulation exercise; Kfactor = 64, Kasset = 203, c̄T = 0.0028, T = 612

Our second simulation exercise is very similar to that in Section 2.6.1, except that the

data choices closely match those used in our empirical analysis in Section 3.1. Specifically,

we set Kfactor = 64, Kasset = 203, c̄T = 0.0028 (Section 3.1 justifies this choice of bid-ask

spread), T = 612 (51 years of monthly data). We set η8 = 0, η9 = 0, . . ., η64 = 0,

implying that factors 8 to 64 are irrelevant. As before, we normalize η1 = 1 and choose

ηk, for k ∈ {2, 3, 4, 5, 6, 7}, σR
i , βi,k, ρ

f
k,ℓ, σ

f
k , σ

⊥, and µi as in Section 2.6.1.

We compute the percentage of simulations in which each of the 64 factors is correctly

identified as relevant or irrelevant, averaged across the 64 factors and averaged across

q = 1 and q = 2, for four different values of bglr, namely, bglr = 9 (corresponding (see

Appendix A.3)) to a maximum allowable Sharpe ratio of 4), bglr = 14.605 (maximum

allowable Sharpe ratio of 5), bglr = 22.956 (maximum Sharpe ratio 6), and (formally)

bglr = ∞ (corresponding to enforcing positivity of nt only).

The percentages are:

99.2% (bglr = 9); 98.6% (bglr = 14.605); 98.1% (bglr = 22.956); 96.0% (bglr = ∞).

They show two things: First, even with 64 factors and 203 assets, our MILP / MIQP

approach correctly identifies factors, as relevant or irrelevant, with better than 96%

accuracy. Second, realistic values of bglr (or, equivalently, realistic maximum allowable

Sharpe ratios) enhance the accuracy of factor selection to better than 98%.
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2.7 Optimal Factor Selection

Theorem 1 shows that our methodology consistently selects the best subset of factors.

We now describe a bagged implementation of our method that is optimal for factor

selection.

Our goal is to select the best kmax-factor model from the set of all such models we could

form from the universe of Kfactor factors. Model selection methods can be sensitive to

data perturbations. We mitigate this sensitivity by identifying the best subset of factors

under small perturbations of the data and then choosing the subset that is selected

for the majority of perturbations. This approach is based on the concept of bagging

(Breiman (1996)). The resulting set of factors selected is inherently more stable, since

it minimizes sensitivity to perturbations of the data. Christensen et al. (2023) develop

a general theory for problems such as these and show that model selection decisions

performed in this way are optimal, including in scenarios where identification fails.

To implement this approach, we recommend the following bootstrap strategy, which

we use in our empirical work. First, we partition the data into a number of consecutive

blocks of length B ≥ 1, similar to the block bootstrap method. Next, we use the multi-

plier or Bayesian (Rubin (1981)) bootstrap: We generate random weights drawn from an

exponential distribution with mean 1 for each block and replace the time-series averages

in Problems 1 and 2 by block-weighted averages, scaling the weights so they sum to one.

We then solve Problems 1 and 2 for different draws of random weights. The set of kmax

factors, in combination, that appears most frequently across the draws is chosen as the

best subset selection. The proportion of bootstraps in which the set of kmax factors, in

combination, is termed the subset selection frequency.

In the event of this criterion resulting in a tie between two or more subset selections

with kmax factors, we proceed as follows: For each individual factor in the subset selection

with kmax factors, we compute the number of times that this individual factor (no matter

the combination of selections) is selected across the NBootstraps bootstraps. We sum the

number of times that an individual factor is selected across the kmax factors and divide

by kmax to get the mean factor selection frequency. The subset selection that has the

highest mean factor selection frequency across the ties wins the “tie-breaker”.
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2.8 Advantages of our Methodology

We close by highlighting several advantages of our method when compared to the existing

literature. First, it is based on economically motivated criteria and it takes into account

the impact of bid-ask spreads and short-sale constraints, which are important in practice.

Our method excludes unrealistically high rewards-for-risk and guarantees a positive SDF,

providing a more economically grounded basis for factor selection. Furthermore, unlike

other methods that use LASSO-type penalizations on SDF loadings to achieve sparsity,

our approach is not affected by the relative scaling of individual factors and avoids a

regularization bias. Overall, our method offers a robust approach to culling the factor

zoo.

Our method is backed by statistical theory with consistency and optimality guar-

antees for factor selection. Because our method is based on minimizing measures of

mispricing, these guarantees do not require correct specification of the sparse factor

model, nor do they rely on unrealistically strong assumptions on the data-generating

process. If the true model is a factor model with at most kmax factors, then our method

will correctly select the true subset of relevant factors and consistently estimate the true

SDF loadings whether implemented with q = 1 or q = 2.

As with other distance-based estimation strategies, if the kmax-factor model is mis-

specified, our method is consistent for the “pseudo-true” parameters that minimize the

distance measure (12) subject to the sparsity constraint and other constraints. In this

case, the pseudo-true parameters are those that minimize pricing errors. This is not the

case for model selection based on Bayesian methods, which will instead favor models that

minimize Kullback–Leibler divergence between the assumed parametric specification and

the true distribution of returns and/or factors.

Our approach also has several distinct computational advantages. It does not require

searching through all possible kmax-factor models, which is computationally infeasible,

but rather relies on a mixed-integer optimization. Relevant factors and their loadings are

estimated in a single step. It also avoids numerical instabilities associated with having

to compute the inverse covariance matrix of a large number of asset returns and/or

factors. Furthermore, our approach extends to conditional asset pricing models with

time-varying SDF loadings (see Appendix A.2).

Thus far we have focused on sparse models based on the best subset of the fac-

tors. We show in Section 3.4 that our method extends to estimating dense models that

incorporate all available factors. Factor loadings can be estimated by solving a linear
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or quadratic program, allowing for bid-ask spreads, short-sale constraints, regularized

rewards-for-risk, and ensuring positivity of the SDF. Our empirical results in Section 3.4

also contribute to the ongoing debate about sparsity versus nonsparsity of the SDF.

2.9 Bid-ask spreads and in-sample arbitrage

Suppose one endeavours to select the best subset of factors and estimate their SDF

loadings, as in Problem 1, using T periods of data. Suppose momentarily that it is

assumed that there are no bid-ask spreads (i.e., c̄T = 0). When there are a large number

of assets (relative to T ) then, as discussed in Gospodinov, Kan, and Robotti (2016,

section 4), there may be an “in-sample arbitrage”. That is to say that ex-post it may be

possible to form a portfolio of the assets with negative initial cost such that the payoffs

of the portfolio are always non-negative.

This is not just a theoretical issue. In the data-set that we use in our empirical work

(see Section 3.1), if the bid-ask spread were to be set to zero, there would be an in-sample

arbitrage. This is also true for other data-sets. For example, we verified that there is

also an in-sample arbitrage in the data-sets used in Giglio and Xiu (2021) and in Preite,

Uppal, Zaffaroni, and Zviadadze (2024).

When there is an in-sample arbitrage, by Farkas’ lemma (we detail the requisite

result in Section D of the Internet Appendix), there is no nonnegative SDF that prices

the asset returns. Any model estimated with a data-set containing an in-sample arbitrage

is likely to be mis-specified since the apparent arbitrage will almost certainly not persist

out-of-sample.

This in-sample arbitrage is an apparent arbitrage because, in reality, no investor could

have actually made a guaranteed profit. The in-sample arbitrage is a happenstance – an

artefact of the data. In reality, bid-ask spreads preclude investors from actually making

an arbitrage profit. Our methodology takes into account bid-ask spreads. We find that,

with our data-set (and also with the data-sets used in Giglio and Xiu (2021) and in

Preite, Uppal, Zaffaroni, and Zviadadze (2024), even modest levels of bid-ask spreads

remove the in-sample arbitrage, which ensures (by Farkas’ lemma) that there exists a

nonnegative SDF.

Cochrane and Saá-Requejo (2000) enforce, not only the absence of good deals, but

also nonnegative SDFs. We do likewise. Accounting for bid-ask spreads not only takes

into account market realities but it also mitigates a potential source of model misspeci-

fication. Beyond the latter, a nonnegative SDF is important for, at least, three reasons.
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First, a nonnegative SDF is consistent with the view emphasized by (Cochrane and

Saá-Requejo, 2000, p 82) that: “If we know, perhaps by a risk attitude survey, that an

investor will take part in any arbitrage opportunity, then we know that his marginal util-

ity is nonnegative.” Second, a nonnegative marginal utility, and, thus, also a nonnegative

SDF, aligns with the foundational premise that investors prefer more to less. Third, a

nonnegative SDF is congruent with Arrow-Debreu securities having nonnegative values.

Despite strong economic reasons for focusing on nonnegative SDFs, many papers in

the extant literature ignore the issue.

An important point to emphasize is that we enforce the absence of good deals by

requiring (see equation (19)) that 1√
bglr

≤ nt ≤
√
bglr, for all t = 1, . . . , T , with bglr ≥ 1.

If there were to be an in-sample arbitrage, there would be no nonnegative SDF and,

thus, automatically there is no SDF enforcing the absence of good deals (i.e., satisfying
1√
bglr

≤ nt ≤
√
bglr) either.

3 Empirical Evidence

In this section, we provide empirical evidence on the best subset of factors. We estimate

the best subset of factors and the factors’ SDF loadings, ensuring that the resulting

SDF is always positive and eliminating SDFs with unreasonably high rewards-for-risk.

We further document properties of the resulting SDFs, including the identity of the best

subset factors.

Our analysis reveals three central findings:

1. Models estimated using our method demonstrate positive out-of-sample alpha com-

pared to standard benchmarks.

2. The models we selected generate realistic out-of-sample Sharpe ratios.

3. Models selected using our method, which involve a small number of factors, have

out-of-sample performance that is superior to dense models involving all factors.
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3.1 Data and Implementation

To assess the effectiveness of our best subset selection approach, we conduct empiri-

cal tests using 203 stock portfolios as test assets. These portfolios cover 17 different

industries, include 150 portfolios categorized by size and six other characteristics (book-

to-market, momentum, accruals, beta, variance, and net issuance), 35 portfolios sorted

by operating profitability and investment, and the returns on one-month risk-free Trea-

sury bonds. Our study spans 51 years, from January 1972 to December 2022, comprising

612 monthly observations. Our goal is to determine how well our best subset selection

methodology can price this diverse range of test portfolios.

We perform our analysis using Kfactor = 64 factors, including a constant representing

the risk-free rate, as listed in Table II. This set of factors comprises (i) five factors from

the study of Fama and French (2015); (ii) three factors from Hou, Xue, and Zhang (2015,

2020); (iii) five factors from Daniel, Mota, Rottke, and Santos (2020, Table 8); (iv) three

factors from AQR, including the HMLdevil factor used in the analysis of Barillas and

Shanken (2018); and (v) 47 factors considered by Jensen, Kelly, and Pedersen (2023).

Our design excludes newer factors that have absolute cross-correlation higher than 0.8

with existing factors, as these repackage existing sources of risk.

We select the best subset of factors and estimate their SDF loadings using 26 years

of data, from January 1972 to December 1997, then evaluate performance, as measured

by alpha relative to standard benchmarks, over the 25-year period of January 1998 to

December 2022. We maintain the assumption that factor loadings are constant between

the in- and out-of-sample periods, as in the empirical studies of Giglio, Liao, and Xiu

(2020) and Lettau and Pelger (2020), among others.

We present results from two implementations of our methodology:

1. We select factors using the bagged implementation of our method described in Sec-

tion 2.7, solving Problem 2 with q = 1 (MILP) using NBootstraps = 200 bootstraps

with block length B = 1. The best subset selection is the collection of factors

that appear together most often across bootstrap draws. SDF factor loadings are

estimated in-sample and then fixed at those estimates for the out-of-sample period.

2. As above, but we now set q = 2 (MIQP) to select factors and estimate their SDF

loadings.

In both implementations we set bglr = 9, which is equivalent to capping the maximum

annualized Sharpe ratio at four (see Appendix A.3). We also set the value of c̄T at 0.0028.
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This value corresponds to a bid-ask spread of 0.56% of the mid-price. Our approach is

consistent with the median bid-ask spread4 observed in studies that consider a variety

of stocks traded on the NYSE, AMEX, and NASDAQ (e.g., Corwin and Schultz (2012,

Table III)).

Emphasizing the merits of our approach as discussed in Section 2.9, we note that,

with our data-set, and with the choice bglr = 9, the value of c̄T has to be5 at least 0.0025

– otherwise there is no SDF that satisfies all the constraints (i.e., prices the asset returns

and satisfies the bounds for the GLR).

The approach to identifying the best subset selection of factors allows for flexibility in

the choice of kmax, that is, the maximum number of factors selected. We are motivated by

empirical research on asset pricing that has identified numerous stock characteristics that

are useful in predicting variations in the cross-section of expected returns. In order to

simplify the complexity of these characteristics and summarize their impact, researchers

have developed factor models that incorporate a small number of key characteristics.

As new predictors continue to emerge, these models have been updated and expanded

in response to new evidence. For example, workhorse factor models have been extended

to include up to six factors. Our method brings discipline to this line of research, by

determining which combination — in addition to the constant factor representing the

risk-free rate, which is always selected — of seven, six, or five risk factors minimizes

pricing errors in the cross-section.

3.2 Best Subset Selection Yields Superior Alpha

To set the stage for our analysis, we perform an out-of-sample exercise that demonstrates

superior out-of-sample alpha of models selected using our method relative to standard

benchmark models. In doing so, we provide evidence that the factors selected using our

methodology effectively describe the return cross-section both in- and out-of-sample.

In the context of our discussion in Section 2.9 (and elaborated further in the Internet

Appendix (Section D)) on the issue of enforcing nonnegativity of SDFs, we emphasize

that we can and do enforce nonnegativity in-sample (indeed, we go further and (see

Problem 2, equations (20), (21)) enforce 1√
bglr

≤ nt, f
′
tη ≤

√
bglr in-sample). In contrast,

4For simplicity, we use the same value of c̄T for every test asset. We recognize that more sophisticated
approaches are possible (e.g., Novy-Marx and Velikov (2016)) but we leave those for future research.

5In other words, 0.0025 is the minimum value of c̄T such that there exists an SDF satisfying
1√
9
≤ nt ≤

√
9. By contrast, the minimum value of c̄T such that there exists an SDF satisfying nt ≥ 0

is 0.001. In other words, bid-ask spreads of 0.2% of the mid-prices eliminate the in-sample arbitrage.
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there is no way to enforce nonnegativity out-of-sample (since the best subset and the

SDF loadings η were, by definition, already computed in-sample).

As explained by Cochrane (2005, Chapter 5) and Kozak, Nagel, and Santosh (2020,

page 275), there is a one-to-one equivalence between the loadings on a linear SDF and the

weights of the mean-variance efficient (MVE) portfolio. We calculate the excess returns

of the MVE portfolio associated with the SDF implied by the best subset selection as

rmve

t+1 = −
Kfactor∑
k=2

η̂k fk,t+1, (28)

with the understanding that η̂k = 0 for any factor k that is not selected by our method.

We then compare the out-of-sample excess returns of the MVE portfolio to those from

three benchmarks: (i) the five-factor model of Fama and French (2015), (ii) the six-factor

model of Barillas and Shanken (2018), and (iii) the five-factor model of Fama and French

(2015) augmented to six factors by the addition of the momentum factor. We denote

these benchmarks FF5, BS6, and FF5+MOM, respectively. To ensure a comparison on an

equal footing, we construct MVE portfolios for each of these benchmarks by estimating

the loadings in the in-sample period and holding them fixed in the out-of-sample period.

Following Kozak, Nagel, and Santosh (2020, page 290), we scale each MVE portfolio to

have the same volatility as excess returns on the CRSP market factor.

Table III presents the alphas expressed6 in annualized percentage units calculated

from the time-series regression of the excess returns of the SDF-implied MVE portfolio

compared to those of the benchmarks for the out-of-sample period. These are estimated

as the intercept in an OLS regression of the (scaled) returns of the MVE portfolio on

the (scaled) returns on the benchmark portfolio for the out-of-sample period.

The alphas reported in Table III validate our method, showing that best subset se-

lection SDF delivers positive out-of-sample alphas relative to all benchmarks, regardless

of whether the q = 1 or q = 2 estimator is used and whether kmax = 6, 7, or 8. Alphas

relative to the FF5 model exceed 4% for five-, six-, or seven-factor models selected with

our method. Alphas relative to other benchmarks are less dramatic but remain positive.

Below the alphas in Table III, we also report in parentheses the fraction of bootstrap

draws for which the alphas are negative. We compute these by bootstrapping the out-

6We focus on alphas and Sharpe ratios rather than other performance metrics or model evaluation
criteria such as pricing errors. The problem with using pricing errors for out-of-sample analysis is that
one could have a perfect model, and pricing errors would be non-zero out-of-sample. Indeed, the Radon-
Nikodym derivative need not even have unit mean out-of-sample. Thus, a metric such as pricing errors
may paint a poor picture of, even, a perfect model.
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of-sample returns data but holding the selection of factors and estimated factor loadings

fixed. We may interpret these as p-values of individual hypothesis tests of a null of a non-

positive alpha for each model against each benchmark, conditioning on the chosen set

of factors and loadings.7 These results indicate evidence of a positive alpha (conditional

on the chosen model) for our six- and preferred seven-factor models against the FF5 and

BS6 benchmarks, and weakly positive alphas relative to the FF5+MOM benchmark.

Taken all together, the results reported in Table III provide evidence to support our

view that best subset selection models effectively capture the cross-section of expected

stock returns both in- and out-of-sample. Their outperformance relative to all three

benchmarks attests to the robustness of our approach, which produces five-, six-, and

seven-factor models that yield positive alphas.

3.3 Composition of the Best Subset

We now turn to analyzing the content of the factor models chosen using our method.

Table IV shows that the five- and six-factor models selected using our method consist

of the same factors with q = 1 and q = 2. Both of these models outperform all three

benchmarks, with higher out-of-sample alphas for the six-factor model (see Table III).

Additionally, the estimated SDF loadings are nearly identical, with differences only up

to the last decimal point.

The seven-factor model selected with q = 2 generates even higher out-of-sample

alphas against all three benchmarks than the five- and six-factor models selected using

our method. The MVE portfolio associated with this model achieves an annualized out-

of-sample Sharpe ratio of 0.76, which exceeds those of the six- and five-factor models

(see Table IV).

The composition of risk factors for this model also seems preferred on economic

grounds to the seven-factor model with q = 1. Table IV lists the factors of our preferred

seven-factor model with q = 2 as (1) SMB, (2) CMA, both from Fama and French

(2015), (3) Qexpected growth from the work of Hou, Xue, and Zhang (2015, 2020), (4) MKT∗

proposed by Daniel, Mota, Rottke, and Santos (2020), (5) SMB∗ the hedged version

of Daniel, Mota, Rottke, and Santos (2020), (6) MOMt−6:t−1 the momentum factor of

7Because the SDF loading estimator η̂q,kmax
is the solution to a linear or quadratic program subject

to inequality constraints, η̂q,kmax
may not be asymptotically normally distributed and standard boot-

strap confidence intervals may not have correct coverage (Shapiro, 1991; Dümbgen, 1993). It is difficult
to compute non-conservative p-values that take into account uncertainty in the selected factors and
estimated factor loadings. Therefore, we condition on the selected factors and estimated loadings.
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Jegadeesh and Titman (1993), and (7) SIEQBanz of Banz (1981).

These factors are considered the best combination of seven factors to explain the

return cross-section according to our method.

We form intervals by estimating the factor loadings across bootstrap samples and

taking the 2.5 and 97.5 percentiles of the loading estimates across draws. None of these

intervals contain zero. Although this is not a formal hypothesis test of significance of the

coefficients for the reasons explained in footnote 7, it does suggest that the coefficients of

the selected factors differ meaningfully from zero. We then repeat the process, taking the

minimum and maximum estimate across draws. There are only three factors, indicated

by the absence of a bullet in Table IV, for which these intervals bracket zero.

According to Fama and French (2015), an effective way to explain expected stock

returns is to consider the sensitivity to returns on five specific portfolios. These portfolios

are the overall market (MKT), differences between small and large stocks (SMB), value

and growth stocks (HML), robust and weak profitability (RMW), and low and high

investment behavior (CMA).8 However, our analysis suggests that the stock return cross-

section is better explained by a different combination of five factors, which share only a

few in common with those of Fama and French (2015).

One robust finding is the importance of a momentum factor. The momentum factor

MOMt−6:t−1 is selected by our five-, six- and preferred seven-factor models. This provides

a partial explanation for why our models generate highest out-of-sample alphas against

the FF5 benchmark, which does not feature a momentum factor, but smaller alphas

against the BS6 and FF5+MOM benchmarks, both of which do.

Note that MKT (the overall market, from Fama and French (2015)) does not appear

in Table IV. Instead, it is MKT∗ (from Daniel, Mota, Rottke, and Santos (2020), the

hedged version of MKT) which appears. In the full sample (1972-2022), MKT∗ has a

higher Sharpe ratio (0.59) than that of MKT (0.45) and a lower annualized standard

deviation (10.96%) than that of MKT (15.94%). The correlation between MKT and

MKT∗ is 0.54.

The seven-factor model selected with q = 2 contains three factors that are related

to size, namely, SMB, SMB∗, and SIEQBanz from Banz (1981). This may, initially, seem

8The size and value factors are widely acknowledged as key components in finance, accounting,
and mutual fund research. However, our analysis reveals that the HML factor is not frequently chosen
in best subset analyses. This suggests that the impact of the HML factor is likely overshadowed by
other factors, regardless of the factor structure. Our chosen models also demonstrate less reliance on
factors like the Olson O-score, Altman Z-score, and Amihud measure, which are not perceived as highly
reliable and such weak factors are eliminated in our selection process. Many other known factors appear
dominated by our best subset and cannot be justified on empirical grounds.
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surprising. Indeed, one may be concerned that the SDF loading for SMB is (see Ta-

ble IV) significantly negative, whereas that for SIEQBanz is significantly positive. That

said, SMB, SMB∗, and SIEQBanz, despite all being related to size, do exhibit differences,

with the correlation between SMB∗ and SMB (respectively, SIEQBanz) being less than

0.80 (respectively, 0.75).

Asness, Frazzini, Israel, Moskowitz, and Pedersen (2018) argue that size is a strong

factor – a much stronger factor than some in the literature have argued – after controlling

for the quality of a firm. They measure the latter using their QMJ factor, which, in turn,

uses safety, profitability and growth.

The Qexpected growth factor of Hou, Xue, and Zhang (2015, 2020) is closely related to the

QMJ factor (Qexpected growth and QMJ have a full sample (1972-2022) correlation of 0.58),

since QMJ uses growth as one of its three measures of quality.

Two findings emerge: First, the Qexpected growth factor of Hou, Xue, and Zhang (2015,

2020) is a strong factor: It has an average annualized excess return (over the full sample

(1972-2022)) of 9.41% with an annualized standard deviation of 7.1%. In comparison,

the respective values for the QMJ factor are 4.97% and 8.17%. Thus, Qexpected growth has a

Sharpe ratio twice that of QMJ.

Second, after controlling for quality, we find that size is a strong and robust factor, in

a similar fashion to Asness, Frazzini, Israel, Moskowitz, and Pedersen (2018). Our point

of departure with them is that our best subset selection approach identifies Qexpected growth

as the measure of quality. All three measures of size have negative and statistically

significant correlations (−0.41 for SMB, −0.20 for SMB∗, and −0.42 for SIEQBanz) with

Qexpected growth.

The fact that it is MKT∗ (from Daniel, Mota, Rottke, and Santos (2020), the hedged

version of MKT) which appears (and not MKT) in Table IV is also noteworthy in the

context of the importance of factors related to size.

Whereas SMB, SMB∗, and SIEQBanz have positive (or, in the case of SMB∗, zero)

correlation (over the full sample (1972-2022)) with the MKT factor of Fama and French

(2015), we find that SMB, SMB∗, and SIEQBanz each have negative and statistically

significant correlations (−0.21 for SMB, −0.32 for SMB∗, and −0.21 for SIEQBanz) with

MKT∗.

Although none of the size factors (SMB, SMB∗, and SIEQBanz) have high Sharpe

ratios, they may be important because they have negative correlations with MKT∗ and

with Qexpected growth, which do have high Sharpe ratios. Thus, the size factors might be

thought of as hedges (within the MVE portfolio).
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Thus, taken together, size factors emerge as economically important factors, espe-

cially in the presence of MKT∗ and Qexpected growth.

3.4 Evidence on Sparsity

The previous evidence leaves unanswered two questions: (i) Do dense models featuring

all factors perform better than sparse models estimated using our best subset selection

method? and (ii) When does the complexity of factor models have a negative effect on

out-of-sample alpha?

To address these questions, we now introduce an approach for estimating dense mod-

els that include all factors, while accommodating bid-ask spreads, short-sale constraints,

regularized rewards for risk, and a strictly positive SDF. We formulate this estimation

problem as a linear or quadratic program and provide statistical guarantees for it. We

compare the performance — as measured by out-of-sample alphas — of models esti-

mated using our best subset selection method with that of dense models that use all

Kfactor factors.

The estimation of SDF loadings for a dense model with regularized rewards-for-risk

is accomplished by solving the following problem:

Problem 3 (Dense Factor Models with Regularized Rewards-for-Risk)

min
η,{nt,at}Tt=1

1

T

T∑
t=1

aqt

subject to 1− c̄T ≤ 1
T

∑T
t=1 ntRt ≤ 1+ c̄T ,

−at ≤ nt − f ′tη ≤ at, t = 1, . . . , T,
1√
bglr

≤ nt ≤
√
bglr, t = 1, . . . , T,

1√
bglr

≤ f ′tη ≤
√
bglr, t = 1, . . . , T,

1
T

∑T
t=1 f

′
tη = 1.

(29)

In comparison with Problem 2, we drop the sparsity constraint and omit the indicator

variables χk. Theorem 2 in Appendix A.1 provides statistical guarantees for SDF loadings

estimated using this method.

The approach and set of constraints in Problem 3 differs from that of Kozak, Nagel,

and Santosh (2020), who estimate dense models by minimizing HJ distance plus a ridge

penalty (proportional to the sum of squared SDF loadings), which acts as a regulariza-

tion. We instead impose an economic regularization by constraining the gain-loss ratio
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and accounting for bid-ask spreads. An advantage of regularizing via the gain-loss ratio

is that the SDF estimated by solving Problem 3 is guaranteed to be positive, the SDF

based on HJ distance with a ridge regularization cannot be guaranteed to be positive.

A further advantage of estimating SDF loadings by solving Problem 3 is that it avoids

inverting a large sample covariance matrix of asset returns and/or factors. As a result,

numerical instabilities associated with having a large number of assets and/or factors

are avoided. This aspect gives our approach an advantage in high-dimensional settings

over HJ distance and other methods designed for environments with a small to medium

number of test assets and/or factors.9

We estimate the dense model using the same data as previously, namely 64 factors

and 203 assets over 26 years of monthly observations, from January 1972 to December

1997. We then compute alphas relative to the FF5, BS6, and FF5+MOM benchmarks

over the out-of-sample period of January 1998 to December 2022. Results are reported

in Table V.

It is evident from Table V that the five-, six- and the preferred seven-factor models

chosen using our best subset selection approach yield superior out-of-sample alpha to

the dense model. Indeed, the dense model produces out-of-sample alphas of 1.7%, 1.3%,

and −0.3% against the FF5, BS6, and FF5+MOM benchmarks, respectively. The dense

model with 64 factors also produces a smaller out-of-sample Sharpe ratio than our pre-

ferred seven-factor model. We repeat the exercise with a subset of Kfactor = 50 factors,

listed in Table II. This has the effect of increasing slightly the out-of-sample alphas and

Sharpe ratio relative to the 64-factor model, although the results still fall substantially

short of our sparse five-, six- and seven-factor models.

In summary, we find no evidence that having a dense model that includes a large

number of factors improves out-of-sample performance as measured by out-of-sample

alphas relative to standard benchmarks or out-of-sample Sharpe ratios.

9Carrasco and Nokho (2024) show that for the HJ distance there is a formal mathematical equiva-
lence between relaxing the equation E[nt+1Rt+1] = 1 to an inequality and adding a ridge regularization
to the inverse covariance matrix of returns. Thus, accommodating bid-ask spreads, while economically
motivated, may also help to further avoid numerical instabilities associated with having a large number
of assets and/or factors.
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3.5 Sequential Best Subset Selection

The factors chosen through the best subset selection method show a pattern of robustness

across q = 2 and q = 1, as seen in Tables III and IV. However, there are instances where

a factor is present in the best five- or six-factor model but is excluded from the seven-

factor model. This raises the question of whether it is prudent to select the best factors

sequentially. In other words, we ask: (i) If a factor is selected in the J-factor model, can

we ensure that it will also be selected in the (J +1)-factor model? (ii) Whether such an

approach would yield better empirical results out-of-sample.

We answer question (i) in the affirmative and question (ii) in the negative. Overall,

the best subset selection method is more effective than selecting factors sequentially. For

brevity, we relegate the details to the Internet Appendix (Section C and Table C1).

3.6 Is there an upper limit on kmax, the number of factors se-

lected?

In Section 3.4, we reported that we find no evidence that dense models outperform the

sparse models estimated using our best subset selection method. This begs the question:

Is there a practical upper limit on kmax, the (total, i.e., including the constant factor)

number of factors selected?

The answer to this question must be be qualified on theoretical grounds since we

know (Cochrane (2005, chapter 5)) that, with N assets, both a one-factor SDF and an

N -factor SDF exist that perfectly prices the set of N returns (in-sample). The answer

must also be somewhat predicated on the time span used, as well as the size of the

universe of factors, and the number of test assets. We use 51 years of data in total, with

26 years used for in-sample estimations, Kfactor = 64, and 203 test assets (these choices

are quite typical of the recent literature). We should qualify our answer and our remarks

by saying they apply to SDFs which are assumed to be linear in the factors.

With these caveats, in the spirit of the voluminous literature spanning more than 60

years, in which the number of factors typically used by the profession has gone from one

(the CAPM) to three (Fama and French (1993)), to five (Fama and French (2015)) to

six (its six-factor extension, which adds a momentum factor, and the six-factor model

of Barillas and Shanken (2018)), we ask the question: At what number of factors must

the profession stop?

The answer is: With the size of empirical data-sets used in the recent literature, it is
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not practical or sensible to have more than nine (non-constant) factors and even eight

or nine is a stretch. Having ten (or more) factors is vacuous.

Table VI presents the evidence. Using the methodology described in Section 3.1, we

select the subset of factors corresponding to a four-, five-, six-, seven, eight-, nine-, or ten-

factor model. We continue to set NBootstraps = 200 bootstraps, bglr = 9, and c̄T = 0.0028.

We report the subset selection frequency for the best, second best and third best subsets,

as well as the mean factor selection frequency (defined in Section 2.7).

With ten factors (i.e., ten non-constant factors (kmax = 11)), the best subset, the

second best subset and the third best subset are each selected in 0.5% of bootstrap

draws, meaning each is selected exactly once out of the NBootstraps = 200 bootstraps.

Furthermore, the mean factor selection frequencies, shown in Panel B of Table VI, are

very close together. This is the case for q = 2 and q = 1.

In short, there are many different combinations of ten (non-constant) factors which

yield very similar results. Table VI shows that the situation is only slightly better for

nine (non-constant) factors.

We conclude that there is a practical upper limit on kmax, the number of factors

selected. Our best subset selection approach is not the source of this limit. The source

is the data. With 51 years of data in total, with 26 years used for in-sample estimations,

Kfactor = 64, and 203 test assets, if one chooses a value of kmax of 10 or 11 (or more), there

are many subset selections that are equally as good (loosely speaking, equi-probable).

In fact, there are so many that it is vacuous to talk about “the best”.

4 Conclusion

This paper offers a practical solution to the challenge of factor selection for linear asset

pricing models. Model selection methods typically require estimating and evaluating a

large number of models individually or in combination, which is infeasible when the set

of factors is large. Our approach resolves this issue. We simultaneously address factor

selection and estimation of SDF loadings by solving a single mixed-integer linear or

quadratic program. Fast, robust algorithms for solving these problems are widespread

in scientific computing environments and will only continue to improve with time.

In addition to its computational appeal, our approach is grounded in economics. It

is based on minimizing economically motivated criteria that represent in-sample pricing

errors. Moreover, it naturally accommodates bid-ask spreads and short-sale constraints,

enforces strict positivity of the SDF, and allows for regularized rewards-for-risk within

32



the mixed-integer linear and quadratic program formulations.

Our methodology is also supported by theoretical guarantees for consistent factor

selection and consistent estimation of SDF loadings, requiring only weak assumptions

— in particular no parametric assumptions — on the data-generating process. Further,

bagged implementations of our method are optimal for factor selection. Overall, our

approach provides an efficient and theoretically sound solution for factor selection.

As we demonstrate, our methodology selects five-, six- and seven-factor models that

generate superior out-of-sample alphas relative to standard benchmarks. Combined with

the fact that our criteria minimize in-sample pricing errors, these results suggest that

our method effectively captures the cross-section of returns both in- and out-of-sample.

A key finding regarding the factor composition is the importance of a momentum factor,

which is included in all our five-, six- and preferred seven-factor models.

We also provide a framework for examining the issue of sparsity versus nonsparsity of

the SDF by introducing an approach for estimating dense models that include all factors,

while accommodating bid-ask spreads, short-sale constraints, regularized rewards for

risk, and a strictly positive SDF. We formulate this estimation problem as a linear or

quadratic program. Our empirical analysis finds that dense models estimated in this

way produce alphas that are substantially smaller than those produced by five-, six- and

seven-factor models estimated using our method, further demonstrating the effectiveness

of our best subset selection approach.
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Table I: Mean Absolute Errors on SDF Loadings across Simulations

Method Factors (kmax = 7 and Kfactor = 9)

(Irrelevant)

1 2 3 4 5 6 7 8 9

Panel A: Best Subset Selection

1. MIQP (Problem 2, q=2) MAE 0.000 0.030 0.031 0.033 0.034 0.035 0.037 0.000 0.000
MAE/(mean |ηk|) 0.000 3.9 4.1 4.4 4.6 4.7 5.0

2. MILP (Problem 2, q=1) MAE 0.000 0.034 0.036 0.038 0.039 0.041 0.042 0.000 0.000
MAE/(mean |ηk|) 0.000 4.5 4.7 5.1 5.3 5.5 5.6

Panel B: Benchmarking to No Subset Selection (Dense Model)

3. QP (Problem 3, q=2) MAE 0.000 0.030 0.032 0.034 0.035 0.036 0.038 0.039 0.040
MAE/(mean |ηk|) 0.000 4.0 4.2 4.5 4.7 4.9 5.1

4. LP (Problem 3, q=1) MAE 0.000 0.035 0.036 0.039 0.040 0.042 0.043 0.045 0.046
MAE/(mean |ηk|) 0.000 4.6 4.8 5.2 5.4 5.7 5.7

5. HJ distance MAE 0.000 0.030 0.031 0.033 0.034 0.036 0.037 0.038 0.039
MAE/(mean |ηk|) 0.000 4.0 4.2 4.4 4.6 4.8 5.0

Panel C: Percentage of simulations in which the factor
is correctly identified as relevant or irrelevant

MIQP (Problem 2, q=2) 100 100 100 100 99.98 99.98 100 100 99.96

MILP (Problem 2, q=1) 100 100 100 100 99.98 99.96 99.98 100 99.92

Note: Across all simulations, we set kmax = 7 and bglr = 9. We report mean absolute errors (MAEs) and
MAE/(mean |ηk|) (in %) for estimating each of the nine SDF loadings ηk across 5, 000 simulations. In
our simulation design, factors 8 and 9 are irrelevant, with ηk = 0 for k = 8, 9. See equations (24)–(26).
We compare five estimation methodologies, as follows:

1. The best subset selection method via MIQP (q = 2) in Problem 2;

2. The best subset selection method via MILP (q = 1) in Problem 2;

3. QP (q = 2) counterparts without best subset selection in Problem 3;

4. LP (q = 1) counterparts without best subset selection in Problem 3; and

5. Estimation by minimizing the Hansen and Jagannathan (1997) distance measure with positivity of
the SDF enforced (but no regularization of rewards-for-risk).

For the best subset selection method in Problem 2, we also report the percentage of simulations in
which each factor is correctly identified as being relevant or irrelevant.

34



Table II: List of 64 Factors used in the Best Subset Selection Methodology

Factor Name and Description

Panel A: Fama and French Panel E: Jensen, Kelly, and Pedersen

Rf,t: Gross risk free return Accrualoperating: Operating accruals†

MKT: Excess market returns Investmentcorporate: Abnormal corporate investment†

SMB: Small minus Big Growthbook debt: Growth in book debt (3 years)†

HML: High minus Low NOA: Net operating assets
RMW: Robust Minus Weak Growthasset: Asset growth
CMA: Conservative Minus Aggressive Hiring: Hiring rate†

Panel B: Hou, Xue, and Zhang Liquidity: Pastor-Stambaugh (LIQV, 10-1 portfolio)

Qroe: Return on equity Growthinventory: Inventory growth†

Qinvestment: Investment Mispricingmanagement: Mispricing factor (management)
Qexpected growth: Expected growth CNOA: Change in net operating assets
Panel C: Daniel, Mota, Rottke, and Santos PPI: Change PPE and Inventory

MKT∗ (characteristic-efficient) Reversal: Long-term reversal
SMB∗ (characteristic-efficient) Growthsales: Sales growth (1 year)
HML∗ (characteristic-efficient) Leveragebook: Book leverage
RMW∗ (characteristic-efficient) R&D/Sales: R&D-to-sales
CMA∗ (characteristic-efficient) Altman: Altman Z-score†

Panel D: AQR factors Betamarket: Market beta

HMLdevil: HML Devil Betadownside: Downside beta
QMJ: Quality minus junk VOLidio: Idiosyncratic volatility (from 3-factor Fama-French)
BAB: Betting-against-beta MOMt−3:t−1: Price momentum t-3 to t-1

MOMt−6:t−1: Price momentum t-6 to t-1
MOMt−12:t−1: Price momentum t-12 to t-1 (Jegadeesh and Titman (1993))
MOMt−12:t−7: Price momentum t-12 to t-7
Revenuesurprise: Standardized revenue surprise†

CVdollar trading volume: Coefficient of variation for dollar trading volume†

ROE: Return on equity
OLSON: Ohlson O-score†

Cash Flows to Assets: Operating cash flow to assets
Profits to Lagged Book: Cash-based operating profits-to-lagged book assets†

Gross Profits to Assets: Gross profits-to-assets
Mispricingperformance: Mispricing factor (performance)
Leverageoperating: Operating leverage
MKTcorrelation: Market correlation
Coskewness: Coskewness
Amihud: Amihud measure†

Volumedollar: Dollar trading volume†

SIEQBanz : Market equity (Banz (1981))
R&D-to-Market: R&D-to-market
Skewnessidio: Idiosyncratic skewness (from 3-factor Fama-French)
Short-term Reversal: Short-term reversal
RSV: Highest 5 days of return scaled by volatility
Skewness: Total skewness
Stock Issues: Net stock issues†

Debt-to-Market: Debt-to-market ratio
Payout Yield: Net payout yield†

Cash flow-to-price: Free cash flow-to-price ratio
Earnings-to-Price: Earnings-to-price ratio

Note: This table displays the various factors used in our empirical analysis and their corresponding
descriptions. These factors are derived from five main sources: (i) Fama and French (2015), (ii) Hou,
Xue, and Zhang (2015, 2020), (iii) Daniel, Mota, Rottke, and Santos (2020), (iv) AQR (as referenced in
Barillas and Shanken (2018)), and (v) factors provided by Jensen, Kelly, and Pedersen (2023). Newer
factors with an absolute correlation coefficient higher than 0.8 are omitted. Documentation on factors
provided by Jensen, Kelly, and Pedersen (2023) is on the website of Theis Jensen. We also create a set
of Kfactor = 50 factors from Kfactor = 64 factors, with the 14 omitted ones marked by †.
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Table III: Best Subset Selection Alpha

Panel A: MIQP Panel B: MILP
(Problem 2, q=2) (Problem 2, q=1)

Factors 7 6 5 7 6 5

Benchmark Out-of-sample Alpha (%) Out-of-sample Alpha (%)

FF5 5.6
(0.05)

4.6
(0.05)

4.0
(0.11)

4.0
(0.12)

4.6
(0.05)

4.1
(0.11)

BS6 5.4
(0.04)

4.5
(0.07)

3.2
(0.14)

3.1
(0.14)

4.5
(0.07)

3.3
(0.14)

FF5+MOM 3.3
(0.10)

2.5
(0.12)

1.5
(0.23)

1.3
(0.29)

2.5
(0.12)

1.6
(0.23)

Note: This table presents the alphas, expressed in annualized percentage units, calculated from time-
series regressions of the excess returns of the SDF-implied MVE portfolio on those of the three bench-
marks:

1. FF5: The five-factor model of Fama and French (2015);

2. BS6: The six-factor model of Barillas and Shanken (2018);

3. FF5+MOM: The six-factor model resulting from adding the momentum factor to the Fama and
French (2015) model;

over the out-of-sample period. We select factors and estimate loadings as described in Section 3.1, using
data from January 1972 to December 1997. The composition of each factor model and the respective
SDF loadings are shown in Table IV. The best subset selection and the loadings are held fixed over the
out-of-sample period of January 1998 to December 2022. As in Kozak et al. (2020), we map estimated
SDF loadings onto the excess returns of the MVE portfolio and leverage the MVE portfolio excess
returns to have the same volatility as that of the market.
We regularize rewards-for-risk by setting bglr = 9, which corresponds to a maximum allowable Sharpe
ratio of four.
We set the value of c̄T at 0.0028. This value corresponds to a bid-ask spread of 0.56% of the mid-price,
and is consistent with, for example, Corwin and Schultz (2012, Table III).
In parentheses, we report the fraction of bootstrap draws in which the out-of-sample alpha is positive.
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Table IV: Estimates of SDF Loadings and Out-of-Sample Sharpe Ratios

Panel A: MIQP (Problem 2, q=2)

SDF Loadings for the Seven-Factor Model
Sharpe

constant SMB CMA Qexpected growth MKT∗ SMB∗ MOMt−6:t−1 SIEQBanz Ratio
1.2• -16.4• -10.4• -5.2• -9.0• -7.9 -5.4• 16.8• 0.76

SDF Loadings for the Six-Factor Model

constant SMB CMA MKT∗ QMJ MOMt−6:t−1 SIEQBanz

1.2• -28.8• -12.7• -7.4• -6.3• -4.2• 24.6• 0.71

SDF Loadings for the Five-Factor Model

constant SMB Qinvestment MKT∗ MOMt−6:t−1 SIEQBanz

1.1• -21.0• -10.5• -6.8• -6.4• 18.8• 0.59

Panel B: MILP (Problem 2, q=1)

SDF Loadings for the Seven-Factor Model

constant SMB Qinvestment MKT∗ MOMt−12:t−1 MOMt−12:t−7 SIEQBanz RSV
1.2• -21.8• -11.9 -7.7• -11.6• 9.0• 19.6• -3.1 0.59

SDF Loadings for the Six-Factor Model

constant SMB CMA MKT∗ QMJ MOMt−6:t−1 SIEQBanz

1.2• -28.8• -12.7• -7.4• -6.3• -4.2• 24.6• 0.71

SDF Loadings for the Five-Factor Model

constant SMB Qinvestment MKT∗ MOMt−6:t−1 SIEQBanz

1.1• -21.3• -10.2• -6.8• -6.4• 19.0• 0.59

Note: This table presents estimates of factor loadings computed as described in Section 3.1 by solving
Problem 2 with q = 2 (upper panel) and q = 1 (lower panel) using data from January 1972 to December
1997. The final column shows the resulting out-of-sample annualized Sharpe ratio of the mean-variance
efficient portfolio. A bullet indicates that the factor loading estimate remains of the same sign (and
nonzero) across all bootstrap draws.
We regularize rewards-for-risk by setting bglr = 9, which corresponds to a maximum allowable Sharpe
ratio of four. We set the value of c̄T at 0.0028. This value corresponds to a bid-ask spread of 0.56% of
the mid-price, and is consistent with, for example, Corwin and Schultz (2012, Table III).
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Table V: Dense Models: Out-of-Sample Alphas

Model Sparse Dense Dense

Factors 7 64 50

Benchmark Out-of-Sample Alpha (%)

FF5 5.6 1.7 2.0
BS6 5.4 1.3 2.0

FF5+MOM 3.3 -0.3 0.2

Out-of-Sample Sharpe Ratio

0.76 0.46 0.63

Note: This table presents the alphas, expressed in annualized percentage units, calculated from time-
series regressions of the excess returns of the SDF-implied MVE portfolio on those of the three bench-
marks:

1. FF5: The five-factor model of Fama and French (2015);

2. BS6: The six-factor model of Barillas and Shanken (2018);

3. FF5+MOM: The six-factor model resulting from adding the momentum factor to the Fama and
French (2015) model;

over the out-of-sample period. We solve Problem 3 with q = 2 to estimate the SDF loadings, using data
from January 1972 to December 1997. The SDF loadings are held fixed over the out-of-sample period
of January 1998 to December 2022. As in Kozak et al. (2020), we map estimated SDF loadings onto the
excess returns of the MVE portfolio and leverage the MVE portfolio excess returns to have the same
volatility as that of the market. We present one set of results using all 64 factors listed in Table II, and
another set using a subset of 50 factors, with the 14 omitted ones marked by † in Table II. We also
report out-of-sample annualized Sharpe ratios for the MVE portfolios.
For each model, we regularize rewards-for-risk by setting bglr = 9, which corresponds to a maximum
allowable Sharpe ratio of four.
We set the value of c̄T at 0.0028. This value corresponds to a bid-ask spread of 0.56% of the mid-price,
and is consistent with, for example, Corwin and Schultz (2012, Table III).
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Table VI: Subset Selection Frequency and Mean Factor Selection Frequency
for models with different numbers of factors

kmax 5 6 7 8 9 10 11

Number of factors 4 5 6 7 8 9 10

Panel A: Subset selection frequency
q = 2 Best 18.5 8.5 6 1.5 3 1.5 0.5
q = 2 2nd best 7.5 4.5 5 1.5 2.5 1 0.5
q = 2 3rd best 7 4 3.5 1.5 1.5 1 0.5
q = 1 Best 8.5 5.5 4 2 2 1.5 0.5
q = 1 2nd best 8 4 4 1.5 1 1 0.5
q = 1 3rd best 7 3.5 2.5 1.5 1 1 0.5

Panel B: Mean factor selection frequency
q = 2 Best 49.6 45.7 45.3 48.6 44.0 41.5 47.1
q = 2 2nd best 46.8 31.1 40.3 45.6 42.2 43.0 46.7
q = 2 3rd best 41.4 46.8 42.6 43.9 44.4 42.8 46.7
q = 1 Best 47.5 38.1 36.9 36.9 39.8 41.5 40.3
q = 1 2nd best 45.6 32.8 36.5 40.9 40.4 43.0 40.0
q = 1 3rd best 45.6 38.3 33.7 38.4 40.4 42.8 39.4

Note: This table presents the subset selection frequency and mean factor selection frequency, for the
three best models, for each of q = 2 or q = 1, computed as described in Section 2.7 and Section 3.1 by
solving Problem 2 using data from January 1972 to December 1997.
To generate the results in this table, we proceed as follows (see Section 2.7 for details): We use the
Bayesian (Rubin (1981)) bootstrap: We generate random weights drawn from an exponential dis-
tribution with mean 1 for each block and replace the time-series averages in Problems 1 and 2 by
block-weighted averages, scaling the weights so they sum to one. We then solve Problems 1 and 2 for
different draws of random weights. The set of kmax factors, in combination, that appears most frequently
(respectively, second (third) most frequently) across the draws is chosen as the best subset selection
(respectively, second (third) best), and labeled “Best” (respectively, 2nd (3rd) best) above. The pro-
portion of bootstraps in which the set of kmax factors, in combination, is the subset selection frequency.
In the event of this subset selection frequency criterion resulting in a tie between two or more subset
selections with kmax factors, we proceed as follows: For each individual factor in the subset selection with
kmax factors, we compute the number of times that this individual factor (no matter the combination
of selections) is selected across the NBootstraps = 200 bootstraps. We sum the number of times that an
individual factor is selected across the kmax factors and divide by kmax to get the mean factor selection
frequency. The subset selection that has the highest mean factor selection frequency across the ties wins
the ”tie-breaker”.
The row label “Number of factors” refers to the number of non-constant factors (which equals kmax−1).
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Online Appendix: Culling the Factor Zoo

Appendix A Extensions of the Methodology

A.1 Estimation of Dense Factor Models

It is oftentimes of interest to estimate “dense” factor models that use all Kfactor factors.

Here the goal is to estimate the vector of factor loadings ηq,Kfactor
that minimizes the

distance measure Q(q)(η) in display (12). This is achieved by solving Problem 4 below.

Our approach is analogous to Problem 1. We drop the sparsity constraint and omit

the indicator variables χk. This leads us to the following problem, which is a linear (if

q = 1) or quadratic (if q = 2) program:

Problem 4 (Estimation for Dense Factor Models)

min
η,{nt,at}Tt=1

1

T

T∑
t=1

aqt subject to 1− c̄T ≤ 1

T

T∑
t=1

ntRt ≤ 1+ c̄T ,

nt ≥ 0, t = 1, . . . , T,
−at ≤ nt − f ′tη ≤ at, t = 1, . . . , T,
−b ≤ ηk ≤ b, k = 1, . . . , Kfactor.

For technical reasons, we maintain the constraints −b ≤ ηk ≤ b for each of the elements

of η, with b arbitrarily large but finite. In practice, b can be set sufficiently large that

these constraints are never actually binding. The estimator η̂q,Kfactor
of ηq,Kfactor

is the

value of η that solves Problem 4. Problem 3 is the counterpart dense factor model

problem accounting for regularized rewards-for-risk.

The next theorem says that the Linear/Quadratic Programming estimator η̂q,Kfactor

in Problem 4 is consistent for ηq,Kfactor
as the sample size T becomes large.

Theorem 2 Suppose that Assumptions 2 and 3 in Appendix B hold. Then for any ϵ > 0,

Pr
(
Q(q)(η̂q,Kfactor

) > Q(q)(ηq,Kfactor
) + ϵ

)
→ 0

as the sample size T becomes large, where Q(q)(η) denotes the distance measure in display

(12). If, in addition, ηq,Kfactor
uniquely minimizes Q(q), then

Pr
(∥∥η̂q,Kfactor

− ηq,Kfactor

∥∥ > ϵ
)
→ 0

1



as the sample size T becomes large.

The proof of Theorem 2 is presented in Appendix B.

A.2 Time-Varying SDF Loadings

Our methodology extends to conditional asset pricing models with time-varying SDF

loadings (e.g., Cochrane (1996) and Lettau and Ludvigson (2001)). Here we posit Radon–

Nikodym derivatives of the form

yt+1(ηt) = f ′t+1ηt, ηt = Bwt,

where wt is a Kcv × 1 vector of conditioning variables that are known at date t and B

is a Kfactor × Kcv matrix of parameters. The first element of wt is a constant and the

remaining elements are conditioning variables. Equivalently,

yt+1(η) = (ft+1 ⊗wt)
′η,

where η = vec(B′) and ⊗ denotes the Kronecker product. That is, η = (b′
1, . . . ,b

′
Kfactor

)′

where b′
k is the kth row of B. Hence, we have

yt+1(η) = F′
t+1η,

where Ft+1 = ft+1 ⊗wt.

Using the terminology of Lettau and Ludvigson (2001), we refer to ft as fundamental

factors and Ft as variable factors. Suppose the data are (ft,Rt, ct,wt−1)
T
t=1. The goal is

to select the best kmax fundamental factors from the set of Kfactor fundamental factors.

By similar steps to the derivation of Problem 1, (fundamental) factor selection and

estimation of time-varying factor loadings is performed in a single step by solving the

following MILP/MIQP:

2



Problem 5 (Methodology for Time-Varying SDF Loadings)

min
η,{nt,at}Tt=1,{χk}

Kfactor
k=1

1

T

T∑
t=1

aqt

subject to 1− c̄T ≤ 1
T

∑T
t=1 ntRt ≤ 1+ c̄T ,

nt ≥ 0, t = 1, . . . , T,
−at ≤ nt − F′

tη ≤ at, t = 1, . . . , T,
χk ∈ {0, 1}, k = 1, . . . , Kfactor,

−bχk1 ≤ bk ≤ bχk1, k = 1, . . . , Kfactor,∑Kfactor

k=1 χk ≤ kmax.

Relative to Problem 1, the only change is replacing f ′tη with F′
tη and replacing the

constraint −bχk ≤ ηk ≤ bχk with the constraint −bχk1 ≤ bk ≤ bχk1 for a conformable

vector of ones. This constraint becomes bk ∈ [−b, b]Kcv when χk = 1 or bk = 0 when

χk = 0. In the latter case, it has the effect of discarding the kth fundamental factor.

The constraint
∑Kfactor

k=1 χk ≤ kmax ensures that a model with at most kmax fundamental

factors is selected.

Let η̂q,kmax
denote the value of η that solves Problem 5. This will be a vector of

length Kfactor ×Kcv. Partitioning η̂q,kmax
as η̂q,kmax

= (b̂′
q,1, . . . , b̂

′
q,Kfactor

)′, we have

B̂q,kmax =


b̂′
q,1
...

b̂′
q,Kfactor

 .

By construction, at most kmax rows of B̂q,kmax will be nonzero. These are indicated by

χk = 1 and correspond to the best subset selection of fundamental factors. Estimated

loadings on the selected factors at date t are given by the nonzero elements of B̂q,kmaxwt.

This methodology can be extended to select the best subset of conditioning variables

wt. To do so, we introduce an additional set of Kcv binary variables χj, j = 1, . . . , Kcv,

where χj = 1 indicates that conditioning variable j is selected and χj = 0 indicates

that the variable is discarded. Let b·j denote the jth column of B. Then the best sub-

set selection of kmax fundamental factors, the best subset selection of jmax conditioning

variables, and the estimation of factor loadings can be performed in one step by solving

3



Problem 5 with the following additional constraints:

χj ∈ {0, 1}, j = 1, . . . , Kcv,

− bχj1 ≤ b·j ≤ bχj1, j = 1, . . . , Kcv,

Kcv∑
j=1

χj ≤ jmax,

and optimizing over η, {nt, at}Tt=1, {χk}Kfactor
k=1 , and {χj}Kcv

j=1.

A.3 Discussion of Regularized Rewards-for-Risk

The gain-loss ratio, as developed by Bernardo and Ledoit (2000), is the expected gain

(over and above the risk-free rate) of a security or portfolio divided by the expected loss.

Consider any risky asset k priced by an admissible SDF. We have (dropping time

subscripts) E[nZk] = pk, for some pk that satisfies pb,k ≤ pk ≤ pa,k. Rearranging gives

E[n(Zk − pk)] = 0. Using the identity a = max(a, 0)−max(−a, 0) for a ∈ R, we obtain

E[nmax(Zk − pk, 0)] = E[nmax(pk − Zk, 0)]. (A1)

Suppose that the state space is discrete and we index states by j. We denote the value

of the Radon–Nikodym derivative in state j by nj. Then it follows from equation (A1)

that E[max(Zk − pk, 0)]× infj nj ≤ E[max(pk − Zk, 0)]× supj nj.

When infj nj > 0, we have

E[max(Zk − pa,k, 0)]

E[max(pb,k − Zk, 0)]
≤ E[max(Zk − pk, 0)]

E[max(pk − Zk, 0)]
≤

supj nj

infj nj

. (A2)

The left-most term in equation (A2) is the gain-loss ratio with bid-ask spreads. This is

bounded by the the gain-loss ratio at the price pk implied by n, which, in turn, is bounded

by the ratio of the maximum to minimum values of the Radon–Nikodym derivative.

In view of (A2), one could rule out unreasonably high gain-loss ratios by enforcing

supj nj ≤ bglr × infj nj, where bglr is a bound on the maximum gain-loss ratio, for some

chosen bglr satisfying bglr ≥ 1. It is much easier from a computational standpoint to

instead enforce the sufficient condition

1√
bglr

≤ nj ≤
√
bglr for all j. (A3)
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Additionally, (A3) automatically enforces nj > 0 in all states j. This leads to the regu-

larized rewards-for-risk constraint

1√
bglr

≤ nt ≤
√
bglr, t = 1, . . . , T,

in display (19).

How does bglr = 9 cap Sharpe ratios at 4? First note that for a random variable X

with mean µ and Pr(m ≤ X ≤ M) = 1, we have

Var[X] = (M − µ)(µ−m)− E[(M −X)(X −m)] ≤ (M − µ)(µ−m).

Hence, the bounds 1√
b
≤ nt ≤

√
b imply that

Var[nt] ≤ (
√
b− 1) (1− 1√

b
). (A4)

Equation (A4) motivates us to solve the following minimum second-moment problem

(compare with Hansen and Jagannathan (1991)) enforcing positivity and allowing for

bid-ask spreads:

min
{nt}Tt=1

n2
t subject to 1− c̄T ≤ 1

T

∑T
t=1 ntRt ≤ 1+ c̄T ,

nt ≥ 0, t = 1, . . . , T .

Using our data set of 203 test asset returns over January 1972 to December 2022, the

minimizing nt has an annualized standard deviation of 2.938. This annualized standard

deviation may seem high, but it is ex-post: The portfolio achieving this Sharpe ratio was

unknowable in 1972.

We use the Hansen and Jagannathan (1991) bound to link the maximum annualized

Sharpe ratio to the volatility of the Radon–Nikodym derivative, denoted σRN. Given σRN,

we use inequality (A4) to compute a corresponding value of bglr. This has the advantage

that Sharpe ratios are more familiar and easier to interpret than gain-loss ratios. We

compute the value of bglr that solves

(
√
bglr − 1) (1− 1√

bglr
) = (σRN)

2 × (1/12),

where the factor 1/12 is to convert to a monthly equivalent. Values of bglr and corre-

sponding maximum annualized Sharpe ratios are presented in Table VII.
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Table VII: Relation between bglr and Sharpe Ratios

bglr 6.982 9.0 14.605 22.956
Maximum annualized Sharpe ratio 3.5 4 5 6

Using all 51 years of data from January 1972 to December 2022 and using 203 test

assets, the value of b defined in equation (23) is computed to be b = 2.6175. All the

possible choices of bglr in Table VII exceed b, as required.

Appendix B Technical Results and Proofs

B.1 Interpretation of the Distance Measure when q = 1

Here we formally derive an interpretation of the distance measure D(1)
t (yt+1) in terms of

Arrow–Debreu security prices, as stated in display (7). We formalize this in Lemma 1.

We first introduce some notation and a regularity condition. To simplify the presen-

tation, we present this for the case in which all assets except the risk-free asset have

a bid-ask spread. The argument extends to the case where there are spreads for some

assets but not others at the cost of more complicated notation. We also drop time sub-

scripts in all that follows. Thus, E should be interpreted as the conditional expectation

Et, P as Pt, n and y as nt+1 and yt+1, and so forth. For any random variable W , we

let essinf(W ) denote the greatest lower bound B for which P(W ≥ B) = 1. Let Ž, p̌a,

and p̌b denote the vectors Z, pa, and pb with their first element (corresponding to the

risk-free asset) removed. Let A+B = {a+ b : a ∈ A, b ∈ B} for two sets A,B. Define

E = {(E[n]− 1,E[nŽ]′ − p̌′
a, p̌

′
b − E[nŽ]′)′ : n ∈ L2

+}+ {0} × (R+)
2(Kasset−1). (A5)

Assumption 1 The set E contains the origin in its interior.

In words, Assumption 1 asserts that there exist admissible Radon–Nikodym derivatives

at which any inequalities in (3) hold strictly. It is possible to provide more primitive

sufficient conditions; see Appendix A of Hansen and Jagannathan (1997) for the case of

equalities.

Lemma 1 Suppose that Assumption 1 holds for the Arrow–Debreu environment de-

scribed in Section 2.2. Suppose furthermore that E[y] = 1 and P(y ≥ 0) = 1. Then the

representation (7) holds.
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As a stepping stone to the proof of Lemma 1, we first state and prove a prelimi-

nary result showing that the infinite-dimensional minimization problem defining D(1) in

equality (4) has an equivalent finite-dimensional representation.

Lemma 2 Suppose that Assumption 1 holds. Then

D(1)(y) = max
ξ+,ξ−∈RKasset

+ :(ξ+)′ξ−=0,

essinf((ξ+−ξ−)′Z)≥−1

1

2

(
E
[
min

{
(ξ+ − ξ−)

′Z, 1
}
y
]
− ξ′+pa + ξ′−pb

)
. (A6)

Moreover, the set of maximizing (ξ+, ξ−) is nonempty, convex, and compact.

In equation (A6), ξ+ and ξ− are vectors of Lagrange multipliers on the bid and ask

price inequalities. Note that these are complementary: At most, one of the bid and ask

price inequalities is binding. Hence, at most, one of ξ+,j and ξ−,j is nonzero.

Proof of Lemma 2. We apply duality theory as exposited in Bonnans and Shapiro

(2000, Chapter 2.5.3). In their notation, we let X = X∗ = L2 and Y = Y ∗ = (R)2Kasset−1.

The objective is f(x) = 1
2
E[|x− y|] +∞× I[essinf(x) < 0] with the understanding that

0 × +∞ = 0. Evidently, f : X → R ∪ {+∞} is convex and lower semicontinuous. The

constraint is of the form G(x) ∈ K, with G(x) = 1
2
(E[x] − 1,E[xŽ]′ − p̌′

a, p̌
′
b − E[xŽ]′)′

and K = {0} × (R−)
2(Kasset−1).

The Lagrangian for problem (4) is

L(n, ξ, ξ̌+, ξ̌−) =
1

2

(
E
[
|n− y|+ n(ξ + (ξ̌+ − ξ̌−)

′Ž)
]
− ξ − ξ̌

′
+p̌a + ξ̌

′
−p̌b

)
. (A7)

The Lagrangian dual is

sup
ξ,ξ̌+,ξ̌−

L⋆(ξ, ξ̌+, ξ̌−), (A8)

where

L⋆(ξ, ξ̌+, ξ̌−) = inf
n∈L2

+

1

2

(
E
[
|n− y|+ n(ξ + (ξ̌+ − ξ̌−)

′Ž)
]
− ξ − ξ̌

′
+p̌a + ξ̌

′
−p̌b

)
=

1

2

(
E
[
inf
u≥0

|u− y|+ u(ξ + (ξ̌+ − ξ̌−)
′Ž)

]
− ξ − ξ̌

′
+p̌a + ξ̌

′
−p̌b

)
.

(A9)

Shifting the minimization inside the expectation is justified by Theorem 14.60 in Rock-

afellar and Wets (2009). The inner minimization is performed pointwise and is of the

form

inf
u≥0

|u− a|+ tu . (A10)
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The optimal value is −∞ if t < −1 and min{t, 1}× a if t ≥ −1. Evidently, it is without

loss of generality to restrict the domain of the outer optimization to (ξ, ξ̌+, ξ̌−), for which

P((ξ + (ξ̌+ − ξ̌−)
′Ž) ≥ −1) = 1.

Equivalence of the primal and dual values and nonemptyness, convexity, and com-

pactness of the set of dual solutions now follows under Assumption 1 by Theorem 2.165

of Bonnans and Shapiro (2000). Note that the multipliers ξ̌+ and ξ̌− are complementary

(i.e., (ξ̌+)
′ξ̌− = 0) because, for each asset, at most one of the bid- and ask-price inequal-

ities is binding. Finally, note that we can rewrite ξ = ξ+ − ξ− where ξ+ = max(ξ, 0) and

ξ− = −min(ξ, 0). Evidently, ξ+× ξ− = 0. The result follows by setting ξ+ = (Rfξ+, ξ̌
′
+)

′

and ξ− = (Rfξ−, ξ̌
′
−)

′ and noting that the first elements of Z, pa, and pb are R−1
f .

With Lemma 2 in hand, we are now in a position to prove Lemma 1.

Proof of Lemma 1. Define A1 = (∪Kasset
j=2 Aj)

c so that A1, . . . , AKasset form a partition

of S. Let ξ̃1 = ξ+,1 − ξ−,1 and ξ̃j = ξ̃1 + ξ+,j − ξ−,j for j = 2, . . . , Kasset. Then

E
[
min

{
(ξ+ − ξ−)

′Z), 1
}
y
]
= E

[
R−1

f min

{
Kasset∑
j=1

ξ̃jI[s ∈ Aj], Rf

}
y

]

=
Kasset∑
j=1

min
{
ξ̃j, Rf

}
p̃j,

where p̃j = R−1
f E [y I[s ∈ Aj]] is the price implied by y of the Arrow–Debreu security

paying off in state Aj. Note that p̃1 = R−1
f −

∑Kasset

j=2 p̃j because A1, . . . , AKasset form a

partition and y has unit expectation. Hence,

E
[
min

{
(ξ+ − ξ−)

′Z), 1
}
y
]

= min
{
ξ̃1, Rf

}
R−1

f +
Kasset∑
j=2

(
min

{
ξ̃j, Rf

}
−min

{
ξ̃1, Rf

})
p̃j.

Moreover, as pa,1 = pb,1 = R−1
f , the dual objective becomes (dropping the factor 1

2
)

min
{
0, Rf − ξ̃1

}
R−1

f +
Kasset∑
j=2

((
min

{
ξ+,j − ξ−,j, Rf − ξ̃1

}
−min

{
0, Rf − ξ̃1

})
p̃j

− ξ+,j pa,j + ξ−,j pb,j

)
. (A11)

We wish to maximize the objective function (A11) with respect to (ξ+, ξ−) ∈ (R+)
2Kasset ,
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subject to the constraints in (A6).

Let Ia ⊂ {2, . . . , Kasset} denote the indices for which p̃j > pa,j. Thus, Ia is empty if

p̃j ≤ pa,j for all j ∈ {2, . . . , Kasset}. Similarly, let Ib ⊂ {2, . . . , Kasset} denote the indices

for which p̃j < pb,j. Evidently, it is optimal to choose ξj,+ = 0 unless j ∈ Ia and ξj,− = 0

unless j ∈ Ib. Moreover, inspection of the objective shows that for j ∈ Ia, it is optimal

to set ξ+,j = max{Rf − ξ̃1, 0}, and for j ∈ Ib it is optimal to set ξ−,j as large as possible,

subject to the constraints in (A6). These choices satisfy the complementarity constraint

(ξ+)
′ξ− = 0.

In order that essinf((ξ+ − ξ−)
′Z) ≥ −1 hold, it is necessary and sufficient that

ξ̃jR
−1
f ≥ −1 for j = 1, . . . , Kasset. Taking j = 1 this means we need ξ̃1 ≥ −Rf . Addi-

tionally, for j ∈ Ia, we need ξ̃j ≡ ξ̃1 +max(Rf − ξ̃1, 0) ≥ −Rf , which is always satisfied.

Moreover, for j ∈ Ib, we need ξ̃j ≡ ξ̃1 − ξj,− ≥ −Rf . Hence, ξj,− = ξ̃1 +Rf for j ∈ Ib.

For these choices, the objective (A11) becomes

min(0, Rf − ξ̃1)R
−1
f +max(0, Rf − ξ̃1)

∑
j∈Ia

(p̃j − pa,j)

+ (ξ̃1 +Rf )
∑
j∈Ib

(pb,j − p̃j)−
∑
j∈Ib

min(0, Rf − ξ̃1)p̃j,

with the understanding that a sum over an empty index is zero. It remains to optimize

this quantity with respect to ξ̃1 ≥ −Rf . Now, as
∑

j∈Ib p̃j < R−1
f , it is never optimal to

set ξ̃1 > Rf , as we could do strictly better by choosing ξ̃1 = Rf . Hence, ξ̃1 ∈ [−Rf , Rf ].

For such values, the objective (A11) becomes

(Rf − ξ̃1)
∑
j∈Ia

(p̃j − pa,j) + (ξ̃1 +Rf )
∑
j∈Ib

(pb,j − p̃j),

which we want to maximize for ξ̃1 ∈ [−Rf , Rf ]. As the objective is linear in ξ̃1, the

optimal value will be at an endpoint of the interval. Setting ξ̃1 = −Rf yields the value

2Rf

∑
j∈Ia(p̃j − pa,j), whereas setting ξ̃1 = Rf yields the value 2Rf

∑
j∈Ib(pb,j − p̃j).
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B.2 Statistical Guarantees

For brevity we only prove the results for the case q = 1, as it is more novel. Proofs

for the case q = 2 follow similarly. As in Appendix B.1, we present proofs for the case

in which all assets except the risk-free asset have a positive bid-ask spread to simplify

notation. We first prove consistency of the “dense” estimator η̂1,Kfactor
from Problem 4.

We then establish consistency of the Best Subset Selection and the estimator η̂1,kmax

from Problem 1.

We begin with two assumptions on the data-generating process. The first is a mild

stationarity and integrability condition.

Assumption 2 The state st is stationary and ergodic and the random vectors (ft,Rt, ct)

are measurable functions of st with finite second moment.

Note that requiring (ft,Rt, ct) to be functions of st is without loss of generality, since

we can always augment the state with (ft,Rt, ct).

The second regularity condition is a constraint qualification condition on the set of

admissible SDFs. This is an unconditional counterpart of Assumption 1 reframed for

returns. We maintain the notation from Appendix B.1, but now take expectations under

the stationary distribution. Let Ř and č denote the vectors R and c with their first

element (corresponding to the risk-free asset) removed. Analogously to (A5), define

E = {(E[n]− 1,E[nŘ]′ − (1+ E[č])′, (1− E[č])′ − E[nŘ]′)′ : n ∈ L2
+}

+ {0} × (R+)
2(Kasset−1).

Assumption 3 The set E contains the origin in its interior.

Assumption 3 ensures that the finite-sample constraint 1 − c̄T ≤ 1
T

∑T
t=1 ntRt ≤

1 + c̄T is feasible with probability approaching one, precluding the existence of what

Gospodinov et al. (2016) refer to as an in-sample arbitrage portfolio.

Notation: In what follows, we abbreviate “with probability approaching one” to wpa1.

We also drop the (1) superscript on the distance measure Q(1)(η) in display (12) and
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simply write Q(η). The estimators η̂1,Kfactor
and η̂1,kmax

minimize its sample counterpart

QT (η) = min
{nt}Tt=1

1

T

T∑
t=1

|nt − f ′tη|

subject to 1− c̄T ≤ 1
T

∑T
t=1 ntRt ≤ 1+ c̄T ,

nt ≥ 0, t = 1, . . . , T,

without and with the sparsity constraint (13), respectively.

Proof of Theorem 2. At least one admissible SDF exists by Assumption 3, and so

Q(η) < ∞ for all η. We establish further properties in a sequence of claims.

Claim 1: Q is convex.

Proof of Claim 1: Take η1,η2. Let ϵ > 0. Choose n1, n2 ∈ L2
+ with 1 − E[c] ≤

E[niR] ≤ 1 + E[c] so that E[|ni − f ′ηi|] ≤ Q(ηi) ≤ E[|ni − f ′ηi|] + ϵ for i = 1, 2. Then,

for τ ∈ (0, 1), because n := τn1 + (1 − τ)n2 also satisfies 1− E[c] ≤ E[nR] ≤ 1 + E[c],
we have

Q(τη1 + (1− τ)η2) ≤ E[|τ(n1 − f ′η1) + (1− τ)(n2 − f ′η2)|]

≤ τE[|n1 − f ′η1|] + (1− τ)E[|n2 − f ′η2|] ≤ τQ(η1) + (1− τ)Q(η2) + ϵ .

Convexity follows because ϵ is arbitrary.

For the next claim we first introduce some notation. Let

q(η, ξ+, ξ−) =
1

2

(
E
[
min

{
(ξ+ − ξ−)

′R, 1
}
f ′η
]
− ξ′+(1+ E[c]) + ξ′−(1− E[c])

)
,

where ξ+, ξ− ∈ RKasset .

Claim 2: In what follows, let essinf denote essential infimum with respect to the

stationary probability measure. We have the equivalent representation

Q(η) = max
(ξ+,ξ−)∈(R+)2Kasset :(ξ+)′ξ−=0,

essinf((ξ+−ξ−)′Z)≥−1

q(η, ξ+, ξ−),

where, for any η, the set of maximizing (ξ+, ξ−) is compact and nonempty.

Proof of Claim 2: The proof uses identical arguments to those of Lemma 2, replacing

y with f ′η, Z with R, pa with 1 + E[c], and pb with 1− E[c].

11



Claim 3: Wpa1, the equivalent representation

QT (η) = max
(ξ+,ξ−)∈(R+)2Kasset :(ξ+)′ξ−=0,

mint≤T ((ξ+−ξ−)′Zt)≥−1

qT (η, ξ+, ξ−)

holds uniformly in η, where

qT (η, ξ+, ξ−) =
1

2

(
1

T

T∑
t=1

min
{
(ξ+ − ξ−)

′Rt, 1
}
f ′tη − ξ′+(1+ c̄T ) + ξ′−(1− c̄T )

)
.

Moreover, for each η, the set of maximizing (ξ+, ξ−) is nonempty and compact.

Proof of Claim 3 : By Assumption 3, we can choose finitely many n(1), . . . , n(M) ∈ L2
+

and vectors v(1), . . . ,v(M) ∈ R2(Kasset−1) such that the origin is in the interior of the

convex hull of

{(
E[n(m) − 1],E[n(m)Ř]′ − (1+ E[č])′, (1− E[č])′ − E[n(m)Ř]′

)′
+ (0,v(m)′)′ :

m = 1, . . . ,M
}
.

It follows by Assumption 2 and the ergodic theorem that wpa1 the origin is in the interior

of the convex hull of

{(
1
T

∑T
t=1 n

(m)
t − 1, 1

T

∑T
t=1 n

(m)
t Ř′

t − (1+ ¯̌cT )
′, (1− ¯̌cT )

′ − 1
T

∑T
t=1 n

(m)
t Ř′

t

)′
}

+ (0,v(m)′)′ : m = 1, . . . ,M
}
,

where ¯̌cT = 1
T

∑T
t=1 čt. The result follows analogously to Claim 2, replacing the stationary

probability measure with the empirical measure.

Claim 4: For any fixed η, we have |QT (η)−Q(η)| →p 0.

Proof of Claim 4: First, note by Claim 2 that Q(η) = q(η, ξ+, ξ−) for some vectors

(ξ+, ξ−) ∈ (R+)
2Kasset for which (ξ+)

′ξ− = 0 and ess inf((ξ+ − ξ−)
′R) ≥ −1. Then,

by the ergodic theorem, we have that qT (η, ξ+, ξ−) →p q(η, ξ+, ξ−) = Q(η). Also note

that mint≤T (ξ+− ξ−)
′Rt ≥ ess inf((ξ+− ξ−)

′R) with probability one. It then follows by

Claim 3 that wpa1,

QT (η) ≥ qT (η, ξ+, ξ−),

from which we conclude that QT (η) ≥ Q(η) + op(1).

12



To prove the lower bound, fix ϵ > 0 and choose n(0) ∈ L2
+ with 1−E[c] ≤ E[n(0)R] ≤

1 + E[c] such that E[|n(0) − η′f |] ≤ Q(η) + ϵ. Let n(1), . . . , n(M) and v(1), . . . ,v(M) be

as in the proof of Claim 3. But note that 1
T

∑T
t=1 n

(0)
t Rt →p E[n(0)R] and c̄T →p E[c]

by the ergodic theorem. This means that wpa1 there exists a convex combination n̂ =∑M
m=0 τ̂mn

(m) of n(0), . . . , n(M) that satisfies 1− c̄T ≤ 1
T

∑T
t=1 n̂tRt ≤ 1 + c̄T and where

the weight τ̂0 →p 1. Then since n̂ is feasible for the sample problem, we have

QT (η) ≤
1

T

T∑
t=1

|n̂t − η′ft|] ≤
1

T

T∑
t=1

|n(0)
t − η′ft|+

1

T

T∑
t=1

|n̂t − n
(0)
t |

≤ 1

T

T∑
t=1

|n(0)
t − η′ft|+ (1− τ̂0)

M∑
m=1

(
1

T

T∑
t=1

|n(m)
t − n

(0)
t |

)
→p E[|n(0) − η′f |] ≤ Q(η) + ϵ .

Hence, QT (η) ≤ Q(η) + op(1).

Claim 5: Fix any bounded subset B of RKfactor . Then, for all ϵ > 0, we have

Pr

(
sup
η∈B

(Q(η)−QT (η)) > 2ϵ

)
→ 0 .

Proof of Claim 5: The argument follows Section 6 of Pollard (1991). Note from the

definition of QT (η) that, whenever there exists {nt}Tt=1 with 1 − c̄T ≤ 1
T

∑T
t=1 ntRt ≤

1 + c̄T (which is true wpa1 in view of the proof of Claim 3), we have that for any

η1,η2 ∈ RKfactor ,

|QT (η1)−QT (η2)| ≤

(
1

T

T∑
t=1

∥ft∥

)
∥η1 − η2∥,

where 1
T

∑T
t=1 ∥ft∥ ≤ C wpa1 by Assumption 2. Cover B by a finite grid of points G

separated by at most δ = ϵ/C, so that the cubes formed by joining points in G have their

edges all parallel to the coordinate axes. Take any η ∈ B and write it as η =
∑

i τiηi,

where the ηi ∈ G are vertices of the δ-cube containing η. Then by convexity (Claim 1),
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whenever 1
T

∑T
t=1 ∥ft∥ ≤ C, we have

Q(η) ≤
∑
i

τiQ(ηi) =
∑
i

τiQT (ηi) + τi(Q(ηi)−QT (ηi))

≤ QT (η) + max
i

|QT (ηi)−QT (η)|+max
i

(Q(ηi)−QT (ηi))

≤ QT (η) + ϵ+max
η̃∈G

(Q(η̃)−QT (η̃)).

But maxη̃∈G(Q(η̃)−QT (η̃)) ≤ ϵ wpa1 by Claim 4, so we have that

sup
η∈B

(Q(η)−QT (η)) ≤ 2ϵ wpa1,

which completes the proof of Claim 5.

With these claims established, we now turn to proving the first result. Note by

construction that the parameter space [−B,B]Kfactor for η is compact. Hence, by Claims 4

and 5 and definition of η̂1,Kfactor
that for any ϵ > 0, the inequalities

Q(η1,Kfactor
) + ϵ ≥ QT (η1,Kfactor

) ≥ QT (η̂1,Kfactor
) ≥ Q(η̂1,Kfactor

)− ϵ

hold wpa1.

For the second result, note that as Q is finite-valued and convex on RKfactor by

Claim 1, it is continuous (by Rockafellar (1970, Corollary 10.1.1)) on [−B,B]Kfactor . As Q

is uniquely minimized at η1,Kfactor
, we have infη:∥η−η1,Kfactor

∥>δ Q(η) > Q(η1,Kfactor
) for all

δ > 0. Hence, in view of the first claim, we have Q(η̂1,Kfactor
) ≤ infη:∥η−η1,Kfactor

∥>δ Q(η)

wpa1, and so ∥η̂1,Kfactor
− η1,Kfactor

∥ ≤ δ wpa1.

Proof of Theorem 1. Let Bkmax denote the subset of RKfactor where at most kmax

elements of η are non-zero. Note that we may express Bkmax as the union of sets B(ℓ),

ℓ = 1, . . . , L with L =
∑kmax

k=1

(
Kfactor

k

)
where each η ∈ B(ℓ) has the same Kfactor − k

elements fixed to zero and the remaining k ≤ kmax elements are allowed to vary. We

let ℓ⋆kmax
denote the index of the set to which η1,kmax

belongs, indicating the best subset

of factors. Similarly, we let ℓ̂⋆kmax
denote the index of the set to which η̂1,kmax

belongs,

indicating the best subset selection.

First, note that η̂1,kmax
can be expressed as

η̂1,kmax
:= η̂(ℓ̂⋆kmax

), QT (η̂(ℓ̂⋆kmax
)) ≤ QT (η̂(ℓ)), ℓ = 1, . . . , L, η̂(ℓ) = arg min

η∈B(ℓ)

QT (η) .
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Similarly,

η1,kmax
:= η(ℓ⋆kmax

), Q(η(ℓ⋆kmax
)) ≤ Q(η(ℓ)), ℓ = 1, . . . , L, η(ℓ) = arg min

η∈B(ℓ)

Q(η) .

Arguing as in the proof of Theorem 2, for any ϵ > 0 we have QT (η(ℓ)) ≤ Q(η(ℓ)) + ϵ

wpa1 for all ℓ = 1, . . . , L (by Claim 4) and QT (η̂(ℓ)) ≥ Q(η̂(ℓ)) − ϵ for all ℓ = 1, . . . , L

wpa1 (by Claim 5). Hence, wpa1 we have

Q(η1,kmax
) ≡ Q(η(ℓ⋆)) ≤ Q(η̂1,kmax

) ≡ Q(η̂(ℓ̂⋆)) ≤ QT (η̂(ℓ̂⋆)) + ϵ

≤ QT (η(ℓ⋆)) + ϵ ≤ Q(η(ℓ⋆)) + 2ϵ ≡ Q(η̂1,kmax
) + 2ϵ,

which proves (16).

We now establish result (17). To this end, note that establishing χ̂1,kmax
= χ1,kmax

is

equivalent to establishing ℓ̂⋆ = ℓ⋆. As Q is uniquely minimized over Bkmax at η1,kmax
, we

have Q(η1,kmax
) < minℓ̸=ℓ⋆ Q(η(ℓ)). Hence, by (16), we have Q(η̂1,kmax

) < minℓ̸=ℓ⋆ Q(η(ℓ))

wpa1, and, hence, that ℓ̂⋆ = ℓ⋆ wpa1.

Finally, consistency of η̂kmax
follows analogously to the proof of Theorem 2.

Appendix C Sequential Best Subset Selection

As already alluded to in Section 3.5, the factors chosen through the best subset selection

method show a pattern of robustness across q = 2 and q = 1, as seen in Tables III and

IV. However, there are instances where a factor is present in the best five- or six-factor

model but is excluded from the seven-factor model. This raises the question of whether

it is prudent to select the best factors sequentially. In other words, we ask: If a factor is

selected in the J-factor model, can we ensure that it will also be selected in the (J +1)-

factor model? A second question we ask is whether this approach would yield better

empirical results out-of-sample.

This sequential feature is incorporated in our methodology by iterating Problem 2,

increasing the value of kmax in each iteration. As we progress, we modify the constraint

χk ∈ {0, 1} in display (20) of Problem 2 to be χk = 1 for all factors that have already

been selected in previous iterations. Thus, at each iteration, the optimization involves

only a single nonzero integer rather than kmax nonzero integers.

Results for sequential selection are presented in Table C1. In this approach, the

constant factor (representing the risk-free rate) is always chosen and the nonconstant

15



factors are selected in a specific order, as shown in Table C1. There are some similari-

ties, with the results in Table III, such as the presence of market (always in the guise

of MKT∗), size, and momentum factors. However, comparing the alphas reported in Ta-

bles III and C1, we see that factor models selected sequentially generate substantially

lower out-of-sample alphas than models selected by solving Problem 2 directly.

Table C1 shows that the out-of-sample alphas across all benchmarks are generally

lower with larger models chosen sequentially. A potential explanation is that errors

made early on with sequential selection become baked-in, leading to sub-optimal choices

of factors at subsequent iterations. Overall, the best subset selection method is more

effective than selecting factors sequentially.
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Table C1: Sequential Best Subset Selection Alpha

Panel 1A: MIQP Panel 1B: MILP
(Problem 2, q=2) (Problem 2, q=1)

Factors 7 6 5 7 6 5

Benchmark Out-of-sample Alpha (%) Out-of-sample Alpha (%)

FF5 -1.4 2.6 3.5 -2.0 2.2 -0.1
BS6 -1.4 2.4 3.1 -2.0 1.7 -0.6

FF5+MOM -2.8 0.8 1.4 -3.8 -0.3 -2.6

Factors Panel 2A: MIQP (Problem 2, q=2)

7 SMB∗, BAB, MKT∗, HMLdevil, PPE, MOMt−6:t−1, R&D/Sales,

6 SMB∗, BAB, MKT∗, HMLdevil, PPE, MOMt−6:t−1

5 SMB∗, BAB, MKT∗, HMLdevil, PPE

Panel 2B: MILP (Problem 2, q=1)

7 BAB, MKT∗, PPE, R&D/Sales, MOMt−12:t−1, MOMt−12:t−7, SMB∗

6 BAB, MKT∗, PPE, R&D/Sales, MOMt−12:t−1, MOMt−12:t−7

5 BAB, MKT∗, PPE, R&D/Sales, MOMt−12:t−1

Note: This table presents the alphas, expressed in annualized percentage units, calculated from time-
series regressions of the excess returns of the SDF-implied MVE portfolio on those of the three bench-
marks:

1. FF5: The five-factor model of Fama and French (2015);

2. BS6: The six-factor model of Barillas and Shanken (2018);

3. FF5+MOM: The six-factor model resulting from adding the momentum factor to the Fama and
French (2015) model;

over the out-of-sample period. We select factors and estimate loadings sequentially, as described in
Section 3.5, using data from January 1972 to December 1997. The composition of each factor model
is shown in the lower panel. The factors and loadings are held fixed over the out-of-sample period of
January 1998 to December 2022. As in Kozak et al. (2020), we map estimated SDF loadings onto the
excess returns of the MVE portfolio and leverage the MVE portfolio excess returns to have the same
volatility as that of the market.
We regularize rewards-for-risk by setting bglr = 9, which corresponds to a maximum allowable Sharpe
ratio of four.
We set the value of c̄T at 0.0028. This value corresponds to a bid-ask spread of 0.56% of the mid-price,
and is consistent with, for example, Corwin and Schultz (2012, Table III).
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Appendix D In-sample arbitrages

In this appendix, we expand upon the theme of Section 2.9 by recalling Farkas Lemma

(Rockafellar (1970, p201)) and its application to the issue of “in-sample arbitrage”

(Gospodinov, Kan, and Robotti (2016, section 4)).

An in-sample arbitrage refers to a situation in which ex-post it may be possible to

form a portfolio of the assets with negative initial cost such that the payoffs of the

portfolio are always non-negative.

An in-sample arbitrage most commonly occurs when there are no (or very low) bid-

ask spreads and there are a large number of assets (relative to T (the number of time

periods)).

Introducing notation, let w+ and w− be vectors of dimension Kasset, whose elements

are denoted w+,i and w−,i, for each i = 1, . . . , Kasset. Assume w+,i ≥ 0 and w−,i ≥ 0,

for each i = 1, . . . , Kasset and that w+ and w− are complementary (that is, whenever

w+,i > 0, one has w−,i = 0 and that whenever w−,i > 0, one has w+,i = 0).

Farkas’ lemma (Rockafellar (1970, p201)) immediately shows that:

Either:

(a) the equations 1− c̄T ≤ 1
T

∑T
t=1 ntRt ≤ 1+ c̄T have a solution for nt,

with nt ≥ 0, for all t = 1, . . . , T ; (A12)

Or

(b) the equations (w′
+Rt)− (w′

−Rt) ≥ 0, for all t = 1, . . . , T , have a solution for

(w+,w−), with (w′
+(1+ c̄T )− (w′

−(1− c̄T ) < 0, (A13)

(but not both).

In the special case that c̄T = 0 (i.e., no bid-ask spreads), (A12) and (A13) are

standard: Given a system of asset returns and prices, either (a) there exists a nonnegative

SDF that prices the returns or (b) there exists a portfolio which admits an arbitrage. In

(A12) and (A13), this statement is generalized to the presence of bid-ask spreads (i.e.,

non-zero c̄T ), with w+ playing the role of long portfolio positions bought at the ask

prices and w− playing the role of short portfolio positions sold at the bid prices.

This is not just a theoretical issue. In our data-set, if the bid-ask spread were to be

set to zero, there would be an in-sample arbitrage. This is also true for other data-sets.
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For example, we verified that there is also an in-sample arbitrage in the data-sets used

in Giglio and Xiu (2021) and in Preite, Uppal, Zaffaroni, and Zviadadze (2024).

When there is an in-sample arbitrage, by Farkas’ lemma, there is no nonnegative

SDF that prices the asset returns. Any model estimated with a data-set containing an

in-sample arbitrage is likely to be mis-specified since the apparent arbitrage will almost

certainly not persist out-of-sample.

This in-sample arbitrage is an apparent arbitrage because, in reality, no investor could

have actually made a guaranteed profit. The in-sample arbitrage is a happenstance – an

artefact of the data. In reality, bid-ask spreads preclude investors from actually making

an arbitrage profit. Our methodology takes into account bid-ask spreads. We find that,

with our data-set (and also with the data-sets used in Giglio and Xiu (2021) and in

Preite, Uppal, Zaffaroni, and Zviadadze (2024)), even modest levels of bid-ask spreads

remove the in-sample arbitrage, which ensures (by Farkas’ lemma) that there exists a

nonnegative SDF.
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