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Abstract

This paper studies what large linear factor models learn when estimating stochastic
discount factors (SDFs) from factor libraries that may contain many noisy or weak signals.
This question is particularly relevant in empirical asset pricing, where researchers increas-
ingly work with large characteristic-sorted, machine-learned, or otherwise constructed
factor sets. We analyze the all-inclusive ridge estimator, which uses all candidate factors
without ex ante screening or dimension reduction, and derive non-asymptotic bounds for
its out-of-sample pricing error in the inherently misspecified SDF estimation. Our theory
yields three main insights. First, adding many low-variance factors generates self-induced
regularization: these factors implicitly increase shrinkage on the high-variance directions
most relevant for pricing, thereby introducing bias into the estimated SDF. Second, exact
interpolation in low-variance directions has a bounded out-of-sample cost: although
the estimator may fit these components perfectly in sample, they behave approxi-
mately like zero out of sample. Third, the all-inclusive ridge estimator is self-adaptive:
even without prior knowledge of the effective dimension, it behaves like a data-driven
principal-component procedure that emphasizes strong directions and downweights weak
ones. These results have direct empirical implications. Overparameterization can harm
out-of-sample pricing performance mainly through implicit bias rather than variance
inflation, so adding noise factors, or even weak but priced factors, need not improve
performance. More importantly, because overparameterization itself creates shrinkage,
the optimal explicit ridge penalty can be negative. Mildly negative ridge penalties can
therefore improve out-of-sample performance by offsetting self-induced regularization.
Simulations and U.S. equity evidence based on large random-Fourier-feature factor sets
support these predictions.
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1 Introduction

The proliferation of proposed asset pricing factors has given rise to an important question:
How can we construct robust stochastic discount factors (SDFs) when the set of candidate
factors is large and potentially noisy? Traditional approaches and conventional wisdom
favor parsimonious models based on carefully selected factors (Ross, 1976; Fama and French,
1993, 2015). Recent advances in machine learning, however, suggest that high-dimensional
models may still generalize well despite overparameterization if appropriately regularized,
or sometimes even in the absence of explicit regularization (Belkin et al., 2019; Bartlett
et al., 2020; Hastie et al., 2022). Motivated by these perspectives, this paper builds on recent
discussions of large, overparameterized linear factor models for SDF estimation (Kozak et al.,
2020; Kelly and Xiu, 2023; Didisheim et al., 2024), focusing on the behavior and performance
of the all-inclusive ridge estimator. It is a ridge-regularized estimator incorporating all
candidate factors without any pre-screening or dimension reduction steps. We establish
non-asymptotic (finite-sample) pricing error bounds for large factor models and use them to
examine our research questions concerning overfitting, model complexity, and regularization
in SDF estimation.

First, we study the role of noise factors. Specifically, we consider a K-factor model and
investigate the impact of adding independent noise factors (defined as factors with zero risk
premium) into the factor space. We ask the following questions: How does the inclusion
of noise factors affect the out-of-sample pricing error? Under what conditions are noise
factors harmful, and when might they be benign? Second, we examine the role of weak
factors. Weak factors are defined as those with small individual risk premia and variances.
Analogous to the previous setting, we analyze the consequences of introducing independent
weak factors into a K-factor model. In particular, we explore whether, in cases where many
weak factors collectively contribute to a substantial aggregate risk premium, large factor
models can correctly price them out-of-sample. Third, we investigate the phenomenon of
negative ridge regularization. We study whether there exist scenarios in which the optimal
ridge penalty is negative, and explore why such scenarios may occur.

1.1 Main Results

Our main theoretical results (see Theorem 1 and its more interpretable Corollary 1) provide
three key insights on what the all-inclusive ridge estimator learns in large factor models, under
appropriate assumptions. These insights emphasizes the structure of principal component
(PC) factors, and we describe them below.

One insight concerns the self-induced regularization that arises in the high-variance PC
factor space. Including many low-variance PC factors implicitly increases the effective penalty
on the high-variance PC factors, shrinking the estimated SDF and biasing performance.
Another insight relates to the bounded cost of overfitting in the low-variance PC factor
space. Despite exact interpolation, the fitted coefficients on low-variance PC factors behave
like zero out-of-sample. As a result, overfitting in this space does not amplify pricing error
beyond what under-specification would incur. The final insight highlights the idea of self-
adaptivity. Without knowing which factors are important, the ridge estimator adaptively
emphasizes top PC factors and suppresses the rest, effectively mimicking principal component



regression with a data-dependent cutoff, modulo a shift due to self-induced regularization.
We then use these results to answer the research questions previously outlined and provide
the following answers.

(i) Role of noise factors. Adding unpriced factors degrades out-of-sample performance
by narrowing the effective tuning range of the ridge penalty and introducing unnecessary
bias. The harm comes not from overfitting but from self-induced regularization.

(ii) Role of weak factors. Even when all factors are priced, the ridge estimator may
fail to recover signals from weak factors. The benefit of large factor models lies not in
capturing every small signal, but in automatically selecting the right number of factors
to recover signal.

(iii) Negative ridge. In the presence of self-induced regularization, the optimal penalty
may lie below zero. Our results suggest the possibility of using negative ridge to offset
self-induced regularization and improve pricing performance.

Lastly, we validate these insights in two complementary ways. First, we run controlled
simulations directly in the PC space. Second, we test the predictions in an empirical study
using U.S. stock markets data. Our results show that adding noise factors systematically
degrades performance through self-induced bias rather than variance inflation. Adding weak
yet priced factors can hurt model performance as well. Perhaps surprisingly, we observe that
mildly negative ridge penalties can enhance out-of-sample pricing performance.

1.2 Comparison to Prior Work
1.2.1 Benign Overfitting in Overparametrized Linear Regression

Our work is closely related to the recent machine learning literature on benign overfitting in
overparameterized linear models (Bartlett et al., 2020; Shamir, 2023; Tsigler and Bartlett,
2023; Barzilai and Shamir, 2024; Lecué and Shang, 2024; Gavrilopoulos et al., 2024), which
investigates how certain estimators that perfectly fit high-dimensional training data can still
generalize well on test data under suitable conditions on the data-generating process (DGP)
and noise structure.

However, existing results largely focus on well-specified linear regression with i.i.d. zero-
mean noise, i.e., Y = BT X + ¢, with E[e] = 0 and ¢ 1. X (with the rare exception of
Shamir (2023)). In contrast, the SDF estimation problem can be written as 1 = 8T F + M,
where M is the SDF. While this superficially resembles linear regression, it is fundamentally
mis-specified linear regression: M is not mean-zero and is dependent on F', violating key
assumptions underlying the first steps in most benign overfitting analyses (e.g., equation (2)
and Lemma 22 in Tsigler and Bartlett (2023)). Indeed, Shamir (2023) shows that benign
overfitting generally fails to hold in such misspecified settings.

Our main theoretical contribution is to extend the logic of benign overfitting to this
inherently misspecified regime, by leveraging the unique structure of the SDF estimation
problem (most notably, the constant outcome Y = 1) and additional economic assumptions
on the DGP, such as Gaussianity and the absence of asymptotic arbitrage. Our results (see
Theorem 1) demonstrate that benign overfitting can still occur under a new set of conditions.
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Methodologically, our approach draws on the comparator-based viewpoint introduced by
Shamir (2023), and probabilistic tools from Lecué¢ and Shang (2024) and Tsigler and Bartlett
(2023) to control the norms and spectra of random matrices.

1.2.2 Asymptotic Characterization of Large Factor Models

The asymptotic properties of ridge regression in large factor models were first studied in
Didisheim et al. (2024), which characterizes the limiting out-of-sample Sharpe ratio and
pricing error. Our non-asymptotic results complement this work in several important ways.

One important difference is the finite-sample validity and convergence rates. Our results
provide non-asymptotic guarantees that hold uniformly for all finite P, T' (i.e., allowing
arbitrary relationships between them). In contrast, asymptotic analyses require P, T — oo
with P/T — ¢, and do not offer convergence rates. Our bounds quantify how fast ridge
estimators approach their “effective” asymptotic limits, enabling meaningful comparisons in
practical sample sizes and dimensions.

A second difference that is central in practice concerns penalty tuning and boundary
regimes. Our framework permits ridge penalties z that vary with P and T, and it covers the
ridgeless and near-ridgeless regimes (z = 0 and z — 0), as well as the negative-regularization
regime (z < 0 whenever the relevant matrices remain invertible). This matters because
in practice z is usually tuned based on observed (P,T’), and finite-sample theory predicts
the optimal choice depends on (P, T") rather than being a fixed constant (Zhang, 2023). In
contrast, asymptotic analyses like Didisheim et al. (2024) typically fix z > 0 independent of
sample size and dimension; as a result, they are not designed to track data-dependent tuning
rules z = z(P,T) at finite (P,T), nor to fully characterize the boundary regimes z — 0 (and
especially z = 0), and they do not address negative regularization.!

Finally, our approach offers interpretability via factor space decomposition. By decompos-
ing factor space into estimation and overfitting components, our approach yields three new
insights (see Section 3.4) that are not visible in asymptotic limits. The notion of self-induced
reqularization, which we quantify explicitly, complements the “implicit shrinkage” phenomenon
observed in Didisheim et al. (2024) by attributing shrinkage to specific components of the
factor space.

Nevertheless, asymptotic analysis provides exact limiting constants, while our bounds are
stated up to universal constants. These perspectives are complementary: we focus on wide
applicability across settings and interpretability, while Didisheim et al. (2024) emphasizes
precision under asymptotic regimes.

Alongside asymptotic characterizations, there has also been a recent debate on how to
interpret “virtue of complexity” evidence when estimation is carried out in very short samples
relative to model dimension. Nagel (2025) argues that in regimes with P > T, random-feature
forecasts can behave like a similarity-weighted average of in-sample outcomes, so strong
backtest performance may partly reflect mechanical recency- and volatility-driven effects rather

IThis distinction is substantive from a theoretical point of view: asymptotic analyses that aim to capture
the boundary z — 0 (and especially z = 0) generally require much stronger assumptions of feature covariance
structures (Wu and Xu, 2020; Hastie et al., 2022; Kelly et al., 2024). In particular, covariance structures
with substantial near-zero spectral mass can fall outside the scope of asymptotic ridgeless/near-ridgeless
characterizations, yet are directly covered by our finite-sample theory.



than stable learning from predictors. Kelly and Malamud (2025) respond with additional
discussion and evidence, emphasizing effective complexity and implicit regularization, and they
also address related critiques concerning aggregation and benchmarking choices (including
intercept restrictions), economic interpretation and the meaning of complexity under shrinkage,
and noisy-signal environments and claims of a reversal of “virtue of complexity.” These
exchanges largely concern return prediction, whereas our paper focuses on SDF estimation.
In terms of methodology, our results also underscore the role of feature-map construction,
since our theoretical results hinge on the decay pattern of its eigenvalues. This perspective is
broadly consistent with the general message in Li et al. (2025) that feature construction can
be a first-order determinant of what high-dimensional methods deliver.

Our analysis in this paper is oriented toward introducing mainstream high-dimensional,
non-asymptotic tools to the SDF estimation problem. Leveraging theoretical results that
allow for finite samples and dimensions and accommodate a broad class of factor covariance
structures, we can address a new set of research questions outlined in Section 1 and uncover a
set of new insights. Furthermore, our empirical framework builds directly on that of Didisheim
et al. (2024), which in turn follows Kelly et al. (2024), enabling consistent benchmarking and
validation on real-world data.

1.3 Additional Literature
1.3.1 High-Dimensional SDF Estimation

Our work contributes to a growing literature on high-dimensional SDF estimation and factor
modeling. A prominent line of research addresses high-dimensionality by imposing explicit
regularization or performing factor selection via principle component analysis (PCA). Kozak
et al. (2020) introduce a robust SDF by applying heavy ridge shrinkage to a rich set of
characteristics, allowing large models while mitigating overfitting. They also introduce a
PCA-based factor selection method that results in small factor models that perform well.
Kelly et al. (2023) develop non-linear shrinkage techniques to deal with high-dimensionality.
Kelly et al. (2019) propose Instrumented PCA (IPCA) to recover latent factors as functions of
observable characteristics, effectively condensing high-dimensional information into a smaller
factor structure. Lettau and Pelger (2020) design a PCA variant that explicitly targets factors
explaining both return covariance and expected returns, further refining factor extraction
toward economically relevant components.

In contrast to methods that select or synthesize a small number of factors, we focus on
all-inclusive ridge estimators that incorporate all candidate factors without ex ante screening,
and study how the ridge estimator inherently adapts to the intrinsic complexity. Our results
show that even without explicit factor selection, ridge regression effectively shrinks weak
components and prioritizes strong ones, thereby achieving self-adaptivity. Furthermore, even
in the absence of explicit regularization, the structure of the DGP can give rise to self-induced
regularization, maintain a bounded cost of overfitting, and in some cases cause the optimal
ridge penalty to be negative.

Parallel to the aforementioned econometric innovations, machine-learning methods have
increasingly been applied to asset pricing. Prominent examples include tree-based ensembles
and deep neural networks (DNNs) (Gu et al., 2020; Bryzgalova et al., 2019; Chen et al., 2024;



Kelly et al., 2025). Despite their impressive empirical performance, theoretical guarantees
remain relatively under-explored, particularly on out-of-sample guarantees and economic
interpretability.

1.3.2 Role of Weak Factors in Factor Models

The financial econometrics literature has extensively studied the impact of weak factors in
small factor models, where the number of factors remains fixed as the number of observations
and /or assets grows. This includes both observable and latent factor settings, and covers
tasks such as risk premia estimation and SDF estimation; see, for example, Anatolyev and
Mikusheva (2022); Lettau and Pelger (2020); Giglio et al. (2025). In contrast, the role of
weak factors in large factor models appears to be theoretically unexplored, particularly in
the context of the all-inclusive ridge estimator. We also note the recent work by Shen and
Xiu (2025), which studies weak signal recovery in a well-specified linear regression model.
Our setting differs in that the SDF estimation problem is inherently a misspecified linear
regression problem.

1.4 Mathematical Notation

For any positive integers n < m, let [n : m] denote {n,n + 1,...,m}, and let [n] denote
{1,...,n}. Let N denote the set of natural numbers excluding 0. Let R denote the set of real
numbers. For any a € R, let (a); := max{a,0}. For any vector v € R", let diag(v) denote
the n x n diagonal matrix with diagonal entries vy,...,v,. For any positive semi-definite
matrix A, we define ||3]|4 := /BT AB, and use \;(A) to denote its i-th largest eigenvalue.

Given two nonnegative functions f(z) and g(x), we write f(x) < g(x) or g(x) > f(x) if
lim, o % = 0. We write f(z) < g(x) or g(x) 2 f(z) if there exists a constant C' > 0 such
that f(x) < Cg(z) for all z. We write f(z) =< g(x) if there exist constants 0 < ¢ < C such
that cg(z) < f(z) < Cg(zx) for all .

2 Model

2.1 Preliminary: Asset Pricing with Characteristics-Based Factors

We begin by outlining the basic asset pricing framework that underpins characteristics-based
factor models, which is extensively studied in recent literature (Kozak et al., 2020; Kozak, 2020;
Didisheim et al., 2024; Kelly et al., 2023) and exposited in detail in the recent monograph by
Kelly and Xiu (2023). Following the setup in Kozak et al. (2020) and adopting the notation
in Kelly and Xiu (2023, Chapter 5), we describe this framework in terms of population
moments in this subsection, and defer estimation considerations to Section 2.2. Focusing on
the population framework at this stage clarifies the economic structure before introducing
statistical complexities.

At each time t, let R; be the N x 1 vector of excess returns of N portfolios. In typical
reduced-form factor models, the stochastic discount factor (SDF) is expressed as a linear



function of portfolio excess returns:
Mt = ]_ — w;_lRt, (].)

where w;_1 is an NV x 1 vector of SDF weights that satisfies the conditional pricing condition
E;_1[M;R;] = 0. Characteristics-based models impose structure by linking the SDF weights
to observable portfolio characteristics:

W1 = Stflﬁ*v (2)

where S;_1 is an N x P matrix of portfolio characteristics, and 3* is a time-invariant P x 1
vector of coefficients. This representation is general, as nonlinearities or time variation
can be incorporated through appropriately transformations of raw characteristics, which is
particularly effective when the S; ; becomes high-dimensional (Kozak et al., 2020; Kozak,
2020; Kelly et al., 2024; Didisheim et al., 2024). Let F, = S, | R; be the factors constructed
from characteristics. We will refer to these “characteristic-managed portfolios” simply as
“factors” throughout this paper. Given the structure of (2), the SDF representation (1) can
be equivalently rewritten as:

M,=1-8""F, (3)

which specifies an unconditional, linear (or affine) relationship between the SDF M; and the
factors F;. This motivates a large body of the characteristic-based asset pricing literature to
focus on the unconditional pricing equation:

E[(1-8""F)F]=0. (4)

The analysis of this paper centers on (4).

In this paper we always make the following assumption on the data generating process
(DGP).
Assumption 1 (Data generating process). Assume that F} big (i, Y), where p = E[F}] €
R” is the factor risk premium vector, and ¥ = E[(F; — pu)(F; — pu)"] = 0 is the factor
covariance matrix.

The i.i.d. assumption is standard in the literature. As noted by Kozak et al. (2020), time
variation in conditional moments can be captured through dynamics in S;. The Gaussian
assumption is also common, and we leave extensions to non-Gaussian settings to future work.
Further assumptions on g and ¥ will be introduced as needed in later sections.

2.2 SDF Estimation and Ridge Estimator

If the population moments were known, the SDF coefficients 3* that satisfy the unconditional
pricing condition (4) would be given by solving the population Maximum Sharpe Ratio
Regression (MSRR) problem (Britten-Jones, 1999; Kelly and Xiu, 2023, Chapter 5 and the
references therein):

min E [(1 — ,BTF)Z} , (5)

BeRP



with the closed-form solution:
* -1 -1
B* = (E[FF')) E[F]= (S+pu") p (6)

In practice, however, the population moments are unknown and must be estimated from
data. We now formally define the SDF estimation problem.

2.2.1 The SDF Estimation Problem

Consider a dataset consisting of empirical observations of F over T' € N time periods:
F,...,Fr. Let F, := (Fy,...,Fp;)", where F;; denotes the i-th factor’s value at time t¢.
Define the T' x P empirical design matrix F := [Fy, Fy, ..., Fy|".

The objective is to use the training samples F to Construct an estimate B € RY of 3,
such that the estimated SDF MT+1 =1 B Frq prices the test-period assets Frpy; as
accurately as possible.? This objective is an out-of-sample objective, as Fr,, is independent
of the training samples.

To make this objective precise, we require a suitable notion of out-of-sample pricing
error. Following a large literature (Hansen and Jagannathan, 1997; Hodrick and Zhang, 2001;
Kan and Robotti, 2008; Chen and Ludvigson, 2009; Kelly and Xiu, 2023; Didisheim et al.,
2024), we adopt the out-of-sample (population) Hansen-Jagannathan distance (HJ distance),
denoted by 4(-), as our metric. The squared HJ distance is defined as:

(52(,@) = (]E |:(]. — ﬁTFT_;_l)FT_,_l])TE[FT+1F;—+1]_1E [(1 — BTFT+1)FT+1 (7)
=B"(C+pun")B-28"p+p" (S+pp’) p.

The HJ distance §(-) has many desirable properties, as discussed in prior work. Most
importantly for our purposes, it equates (excess) out-of-sample pricing error with (excess)
out-of-sample regression error (as shown in Proposition 1), allowing us to frame the SDF
estimation problem as a special case of the well-studied random-design linear regression
problem with squared loss.

Proposition 1. For any ,é € R”, we have
(B) = 0(B) (B =E |1 - BTF)| —E|(1-BTFP| = 18- B3 (8

Remark 1 (Misspecified SDF structure). While we used the linear SDF representation (3) to
motivate the estimation of 3%, note that given the definition of 8* in (6), the unconditional
pricing condition (4) and Proposition 1 hold regardless of whether the true SDF satisfies (3).
None of our theoretical results depend on the correctness of (3). This means that even if the
true SDF is nonlinear in F', one can still interpret 8" as the best linear projection of the true
SDF onto the span of F'. Our bounds on 52(6) remain valid and measure how far 3 is from
this projection in terms of pricing performance on test assets.

2In this paper, the factors in F' serve both as the test assets whose returns we aim to explain and as the
candidate factors that may enter the SDF. Our results can be extended to the case where the test assets are
different from candidate factors.



2.2.2 Ridge Estimator

A natural estimation strategy for obtaining B is to solve the empirical MSRR problem, which
is the sample analogue of (5): ming Er [(1 — BTF) 2] . This approach is well understood and

performs effectively in low-dimensional settings where P < T'. However, in high-dimensional
settings where P > T, it is prone to overfitting and may lead to poor out-of-sample
performance. This challenge parallels the difficulty of estimating mean-variance efficient
(MVE) portfolio weights when the number of assets is large, motivating the use of regularization
or alternative estimation methods.

In this paper, we focus on the ridge estimator, a widely used regularization method for
high-dimensional estimation in both machine learning (Kobak et al., 2020; Wu and Xu, 2020;
Hastie et al., 2022; Tsigler and Bartlett, 2023) and finance (Kozak et al., 2020; Kelly et al.,
2024; Didisheim et al., 2024), with economic interpretations provided by Kozak et al. (2020).
The all-inclusive ridge estimator solves the regularized optimization problem:

B"(2) = arg min Er [(1 - 8TF)?] + 28]

. 2
= arg min [[1r.q — FA; + T=|1B]15 (9)

Lemma 1. For any z > 0, the solution to (9) admits the following equivalent closed-form
eTPTesSIOnS:

B (2) = (F'F+ Tz Ipyp) 'Flpyg
=F " (FF" + Tz Ipxr) ' 1ps. (10)

For any z < 0, we define the all-inclusive ridge estimator as Ball(zz = F'(FF" + Tz -
ITxT)TlTxl, where 1 denotes the Moore-Penrose pseudoinverse. Then Bau(z) 1s well-defined
for all z € R (even when (9) is ill-defined).

The special case Ball(O) is commonly referred to as the minimum-norm least squares
estimator in the literature. The motivation for considering negative ridge penalties z < 0 is
discussed in the following remark.

Remark 2 (Negative ridge). Expression (10) suggests that the negative ridge estimator
could remain stable when z > —\p(FF")/T}; see Section B.1 for details. While the possibility
of negative ridge penalties was noted in earlier work (Hua and Gunst, 1983; Bjorkstrom and
Sundberg, 1999), it remained largely overlooked in the statistics literature. This is likely
because the optimal ridge penalty is provably non-negative (Wu and Xu, 2020) in classical
underparameterized settings. However, negative ridge has attracted considerable attention
in the recent machine learning literature. Contrary to the conventional wisdom that large
models require strong regularization to prevent overfitting, Kobak et al. (2020) showed a
striking empirical finding that, in overparameterized regimes, the optimal ridge penalty can
in fact be negative. This surprising phenomenon has since been rigorously studied in Wu and
Xu (2020) and Tsigler and Bartlett (2023), who prove that negative ridge can outperform
non-negative ridge in certain high-dimensional settings.



3 Theoretical Results: Pricing Error Bounds

We develop a new class of comparator-based bounds that provide non-asymptotic guarantees on
the out-of-sample pricing error of the ridge estimator Bau(z). These bounds hold uniformly over
all finite sample sizes T', model dimensions P, and arbitrary distributional parameters p and
Y. Rather than analyzing performance in isolation, our results compare Bau(z) to a rich family
of economically motivated benchmark estimators based on principal component regression
(PCR), formulated in the rotated principal component (PC) factor space. This comparator
framework is strongly inspired by the work of Kozak et al. (2020), who demonstrated
the economic interpretability and empirical relevance of PCR-based estimators in high-
dimensional characteristic-based factor models. In what follows, we first introduce the PC
factor representation in Section 3.1, then define our benchmark estimators in Section 3.2,
and finally present our main theoretical results in Section 3.3.

3.1 Moving to the PC Factor Space

Our goal is to derive sharp, non-asymptotic upper bounds on the out-of-sample HJ distance
5(8™(z)), as a function of the sample size T, the factor dimension P, and the underlying
DGP parameters p and . These results yield insight into how model complexity, sample
size, and factor structure interact in high-dimensional SDF estimation. A key simplification
follows from the observation that, without loss of generality, we can restrict attention to cases
where the factor covariance matrix is diagonal. This is achieved via a change of basis to the
principal component (PC) factors, as introduced by Kozak et al. (2020).

Let ¥ = UAU" denote the eigendecomposition of X, where A := diag(A, \g, ..., Ap) is a
diagonal matrix of eigenvalues ordered such that \; > Xy > --- > A\p > 0, and U € RP*F is
an orthogonal matrix of corresponding eigenvectors.

Definition 1 (Principal component factors (Kozak et al., 2020)). Define the principal
component factors as F := U'F. Then F ~ N (p, ), where 1 := U p is the risk premium
vector of the PC factors, and A is their covariance matriz.

This transformation rotates the factor space so that the resulting PC factors are uncor-
related, with variances \; and means /i;, ordered by decreasing variance. The optimal SDF
coefficients in this space, 3* := U 3*, admit the closed-form expression:

5 - ! .(& ﬁ_P)
T2, AN )

where B;* denotes the optimal weight on the i-th PC factor. This representation disentangles
the risk-return trade-off in a transparent manner. See Section C for a derivation.

Although PC factors simplify the structure of the estimation problem, they rely on
population quantities (e.g., the eigenbasis U) and are therefore not directly observable in
practice. In high-dimensional settings where P > T, estimating low-variance PC factors can
be highly unstable, and such errors can propagate to inflate pricing errors. This motivates
the truncation approach in Kozak et al. (2020), which eliminates unstable PC factors via
principal component analysis (PCA).

10



Despite the inaccessibility of PC factors in practice, a key observation is that both the
ridge-based SDF and its associated HJ distance §%(8"48°(z)) are rotation-invariant with
respect to orthogonal transformations of the factor space. Specifically, define

ﬁPC all)( ) IF (FFT +Tz- [TXT) ]-T><1>

which is the ridge estimator one would compute if the PC factor realizations ﬁ‘l, . ';,ﬁT were
observable. Also let dpc(+) denote the corresponding HJ distance evaluated on Fr ;. We
have the following proposition.

Proposition 2. For any z € R, we have ch(am(z) = UTBaH(z), and hence
1— Ball(Z)TFT+1 —1— BPC(all)(z)TﬁT+1,

O(B7%(2)) = 18" (2) = B s = 1B (2) = B llaszia = dpc (870 (2)).

Proposition 2 shows that analyzing the out-of-sample performance of Ba“(z) trained on
the original factors Fi, ..., Fr and tested on Fry, is equivalent to analyzing the performance
of BPC(aH)(z) trained on the PC factors Fi, ..., Fr and tested on Fr,;. This equivalence
enables us to carry out the analysis in the rotated PC factor space, noting that all results
translate directly to the original space since the SDF and pricing error remain the same.

3.2 Benchmarks in the PC Factor Space

Rather than relying on the classical bias-variance decomposition (Belkin et al., 2020; Bartlett
et al., 2020; Tsigler and Bartlett, 2023), our analysis is based on the estimation-overfitting
decomposition developed by Bartlett et al. (2021), Shamir (2023), and Lecué and Shang
(2024). Translated into the PC factor space for our setting, the core insight is as follows: when
ridge regression is applied with P > T, there exists a fundamental threshold k* (determined
by the DGP and penalty z) that separates the PC factor space into two orthogonal subspaces:
An estimation space spanned by the top k* PC factors, where meaningful estimation occurs;
and an overfitting space spanned by the bottom P — k* PC factors, where overfitting
dominates.

In the estimation space, the leading k* components of the ridge estimator, ,Blzi*?u)(z), are
expected to approximate the corresponding entries of the optimal SDF coefficients:

R e
[L:k*] = 1+Zp1M2/)\ N )

These components are most critical, as they receive the largest weights in the norm || - — 3|2,
which is a major part of the out-of-sample HJ distance.
In contrast, the overfitting part ,8[129 (alD (2) is not expected to approximate any meaningful

target, not even

+1:P]

5* ) 1 (ﬁk*ﬂ ﬁ_P)
[k*+1:P] = 1+2p1ﬂ2/>\ YRTLAE W
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Instead, it primarily serves to (over)fit noise in the training data. Crucially, the existence
of k* is not merely an assumption on the DGP, but rather emerges from the geometry of
high-dimensional ridge regression (Lecué and Shang, 2024).

This raises a natural question: why not simply retain the top k* components and discard
the rest? This is precisely the strategy of principal component regression (PCR), as explored
in Kozak et al. (2020). However, the difficulty lies in the fact that &* is unknown. Even mild
misspecification of k£ can lead to substantial increases in pricing error (Didisheim et al., 2024).

Nevertheless, PCR estimators offer a useful benchmark. For any k& € [P] and any z > 0,
define the PCR ridge benchmark:

APC(k . . ~
A B ") | Jargminger Br [(1 = BT Fuay?| + 2113
BW(2) = = Sy
APC(k)
ﬁ[k+1:P}(z) 0
which corresponds to solving ridge regression using only the top k£ PC factors, with zero
weights elsewhere.

Remark 3 (Comparison to the PCR estimators in Kozak et al. (2020)). While Kozak et al.
(2020) estimate the eigenbasis U from data to obtain estimated PC factors, our benchmark
estimators (11) assume oracle knowledge of U. As such, the estimators B7C®)(z) are stronger,
in the sense that they are expected to outperform the implementable variants considered
in Kozak et al. (2020). Remarkably, as shown in Section 3.3, the performance of the fully
data-driven ridge estimator Ban(z) can be tightly bounded relative to our family of idealized
PCR estimators even without access to U or knowledge of £*.

3.3 Main Results: Non-Asymptotic Comparator-Based Bounds

In this subsection we present our main theoretical results. To proceed, we first introduce
an economically motivated assumption (Assumption 2) and a definition commonly used in
high-dimensional statistics (Definition 2).

Assumption 2 (No asymptotic arbitrage). There exists a universal constant Cxa such that

P~

Z % < Cna-
i=1 "

The rationale of Assumption 2 is as follows. Suppose Assumption 2 is violated and
~2
limp_, Zle ’j\— = 00, then for any P, consider the portfolio given by the PC factor weights

b e e .
(S E) WA
P 2 -1
i=1 N,

obtain a sequence of asymptotic arbitrage portfolios whose variance — 0 and risk premium
being 1. Therefore, in order to preclude asymptotic arbitrage, it is necessary that Assumption 2

holds.

This portfolio has variance being (Z and risk premium being 1. As P — oo, we
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Lemma 2. Under Assumption 2, ||-||f\+ﬁﬁT < (1+ Cna)|lli- Hence for any benchmark
B € RY, for any k € [P,

A
< TGl o - o, + B - g, )

where Ap.y := diag(Ai, ..., A\p) and Apqr.p) i= diag(Aes1, ..., Ap).

Lemma 2 highlights the role of Assumption 2 in our analysis. It allows us to compare the
HJ distances of two estimators by decomposing the comparison into two orthogonal subspaces.
Intuitively, the norm [ - ||a,,,, captures the “projection” of the HJ distance difference onto the
“top k” PC factor space, while || - |5, reflects the “projection” onto the “bottom P — k”
PC factor space. Since these spaces can be extremely high-dimensional when P > T, we
introduce the following definition to quantify the effective (or intrinsic) dimension.

Definition 2 (Effective rank (Bartlett et al., 2020; Lecué and Shang, 2024)). For anyp X p

X i)

covariance matriz A = 0, we define its effective rank as r(A) := AI(A)

The effective rank coincides with the true rank when all eigenvalues are equal, and decreases
as the spectrum becomes more uneven, i.e., when a few eigenvalues dominate. Intuitively, it
captures how many directions “effectively matter” in a high-dimensional distribution. A larger
effective rank indicates that the variance is more evenly distributed across many directions,
whereas a smaller value reflects concentration along a few dominant components.

We are now ready to state our main theorem.

Theorem 1. Suppose Assumption 1 and Assumption 2 hold. There exists universal constants
Cy,C1,c > 0, such that for any T € N,P € N, u € R, X = 0, we have:

For any k < CoT such that r(Ap41,p)) > CiT, for any z > —:7 Z
least 1 —exp(—cT)/c:

(1) In the “top k7 PC factor space,

i=ky1 Ajs with probability at

PC(all) 5
|IB[1k (2) — ,3[1 k] ( Z )‘> Ses(z, k) (12)
J k+1 Ap.gg
(2) In the “bottom P — k” PC factor space,
PC(all OH < sz, k) (13)
Algy1:P)

(8) Overall,




Here < suppress universal constants that only depend on Cxa, and

( k) )‘/H—l + A/ % Zf:k-i—l)‘? (if Z>*%<Z;D:k+1 Aj) 1
Exlz, = ~ .
EE DpY V(A1 p) /T

The same bounds apply to any k > CyT such that v(Ayy1,p) > CiT, with the additional
condition that z + F Zf:kﬂ A2 A

Theorem 1 shows that the pricing error of the all-inclusive ridge estimator ch(au)(z)
will converge to the pricing error of a PCR estimator ,éPC(k) (z + % Zf:kﬂ /\j>, with a

convergence rate no slower than 1/1/r(Ax41.p)/T. The convergence simultaneously apply to
all k& € [P] such that r(Agy1 p) 2 T, with possibly different convergence rates for different k.
If £ < T, then the requirement on z is very weak and allows negative ridge; if k 2 7', then
the requirement on z becomes stronger.?

3.4 Interpretations of the Main Results

In this subsection, we examine the implications of Theorem 1 in detail and derive three
core insights of the paper: self-induced regularization, bounded cost of overfitting, and
self-adaptive property. To streamline the discussion, we introduce the following structural
assumption on X, which is essentially an assumption on the DGP.

Assumption 3 (Low-dimensional estimation space, high-dimensional overfitting space). As
T, P grow (without any restriction on the growth rate of P relative to T'), there exists a cutoff
k* < CyT (which may grow with 7', but not faster than 7") such that the bottom P — k* PC

factors have a covariance matrix with high effective rank:
T(A[k*—i-l:P]) > T.

Under Assumption 3, we refer to the space spanned by the top k* PC factors as the
estimation space. This space is low-dimensional in the sense that k* < T', which allows for
meaningful statistical estimation. In contrast, we refer to the space spanned by the bottom
P — k* PC factors as the overfitting space. This space is intrinsically high-dimensional as
dictated by the condition 7(Apg«11.p)) > T', making reliable estimation infeasible.

Assumption 3 is very general and is satisfied by the covariance matrices of many economi-
cally relevant DGPs. We illustrate its scope with four canonical examples:

Reciprocal decay. If \; < 1/i for i € [P], then r(Ap1.p) < klog(P/k). Choosing
k* =< T therefore meets Assumption 3 when P > T.

Sub-reciprocal decay. Let \; < 1/i® with a € (0,1). Then r(Ay1.p) =< k(P/k),
so a wide range of k* satisfies Assumption 3. For example, when o = 1/2 one may take
any k* < CoT that also obeys k* > T?/P; if, in addition, P > T2, every k* < CoT
works. We note that o = 1/2 matches the empirical RFF calibration in Didisheim et al.
(2024).

3See Section 1.4 for definitions of =<, <, >, <, >.

YA AU

14



Equal-scale low-variance PC factors. Suppose there exists k* < CyT" such that
A1, ..., \g= are arbitrary while A\g«y; < -+ < Ap < A. Then T(A[k*+1:P]) = P —k*, so
any k* < CyT suffices when P > T, irrespective of the precise scale of \.

Classical small-factor model. Letting A — 0 in the previous example recovers
the classical, under-parameterized factor models (Ross, 1976; Fama and French, 1993,
2015). Here k* (typically a small constant) counts the dominant factors, and making A
arbitrarily small renders the P-factor model arbitrarily close to a k*-factor one.

Under Assumption 3, we can sharpen the interpretations of Theorem 1.

Corollary 1 (What large factor models learn). Suppose Assumption 1, Assumption 2, and
Assumption 3 hold. There exists a universal constant ¢ > 0 such that for any T € N, P €
N,p € RP,)Y = 0, and for any z > —% Zf:k*ﬂ A;, with probability at least 1 —exp(—cT’)/c:

(1)

(2)

(3)

In the estimation space spanned by the top k* PC factors, the all-inclusive ridge
estimator behaves like a PCR estimator using only the top k* PC factors, but with an
effective regularization parameter z + % Zf:k* 41 Aj larger than z:

P
APC(all) APC(k¥) 1
‘szk*] (2) = B (’Z‘LT > Aj)

j=k*+1
This additional penalty arises from the influence of low-variance PC factors and is
termed self-induced regularization.

1

N
A T(A[k*+1zp])/T
[1:k*]

— 0.

In the overfitting space spanned by the bottom P — k* PC factors, the ridge estimator’s
out-of-sample behavior is close to that of the zero estimator:

APC(all) — ” S .
B[k,’ +1.P}( ) A[k*+1¢P] T(A[k*Jrl:P])/T

Although the estimator interpolates noise and perfectly fits the training data, its out-of-
sample pricing performance is similar to simply discarding these components. The fact
that cost of overfitting ~ cost of under-specification is quite surprising; see more
discussions at the end of this subsection.

Overall, the all-inclusive ridge estimator approzimates a PCR estimator that selects
only the top k* PCs and applies a self-induced regularization:

P
5PC(BPC(aH)(Z)) . 5PC (BPC(k*) (z +% Z A]))

j=k*+1

1
S — 0.

r(Apes1:p)) /T

Crucially, the all-inclusive ridge estimator achieves this without knowledge of k* or
explicit PC' factor construction, demonstrating its self-adaptive property. Moreover,
it implicitly competes with all feasible k*, including the best-performing one.
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Corollary 1 establishes three fundamental insights. First of all, there exists self-induced
regularization in the estimation space. During training, the overfitting space absorbs noise,
which indirectly leads to shrinkage of the estimated coefficients in the estimation space, as
part of the signal may be absorbed as well. This mimics an increase in the effective ridge
penalty. Consistent with the double descent phenomenon (Belkin et al., 2019), such implicit
regularization can benefit unpenalized estimators like the min-norm least squares estimator.
However, it can be detrimental when explicit regularization is already optimized, as it restricts
the effective tuning range and introduces additional bias.

In addition, Corollary 1 points to the bounded cost of overfitting in the overfitting space.
In the low-variance PC factor space, the ridge estimator fits noise and loses all signal, so the
cost is real. However, this cost is no worse than that of under-specification (i.e., discarding
the entire overfitting space). As shown in Tsigler and Bartlett (2023) and Lecué and Shang
(2024), when the effective rank is high, training and test data in the overfitting space are
nearly orthogonal. As a result, the interpolated coefficients have negligible projection onto
test data, although they are nonzero and achieving perfect in-sample fit. This geometric
decoupling ensures that overfitting does not substantially amplify the out-of-sample error
and effectively behaves like the zero estimator.

Furthermore, Corollary 1 implies certain self-adaptivity. Although the ridge estimator
does not explicitly perform PCA or know the best cutoff dimension k*, it effectively prices
test assets as if it retained only the top k* PC factors while suppressing the rest. This leads
to performance close to that of a well-tuned PCR estimator with the correct subspace and
certain regularization, though the regularization is not necessarily optimal. The ability to
adaptively focus on valuable components without explicit dimension selection constitutes a
form of self-adaptivity.

4 Applications of Pricing Error Bounds

We now apply the pricing error bounds derived in Section 3.3 to address the research questions
posed in Section 1. For rigor and clarity, all discussions in this section assume Assumption 1,
Assumption 2, and Assumption 3.

4.1 Role of Noise Factors

We consider the setting in Section 3.4, with two additional assumptions on the rotated risk
premium vector p:

(i) Priced top-k* factors: The top k* high-variance PC factors carry strictly positive
risk premia.

(ii) Unpriced noise factors: The bottom P — k* PC factors are noise factors, i.e.,
i1 =+ = fip = 0.

Now consider a model with K = k* (i.e., a well-specified model containing all priced
components). To assess the impact of including noise factors, we compare the performance of

16



the K-factor model and the all-inclusive P-factor model, which is precisely the comparison
addressed by Corollary 1. For any z > —% Zf:k* +1 4, the z-penalized ridge estimator in the

P-factor model is approximately equivalent to a (z + % Zf:k* +1Aj)-penalized ridge estimator
in the K-factor model in terms of pricing error.

This leads to some notable implications for the role of noise factors. Most prominently,
noise factors restrict the tuning range. The effective tuning range of z in the K-factor model

is R>(, whereas in the P-factor model, it becomes [% Zf:k* 1A oo) which is a strictly

more restrictive interval due to self-induced regularization. Since all other aspects remain
approximately the same, this narrowing of the tuning range directly implies that adding noise
factors strictly worsens model performance in our setting.

Also, the extent of harm caused by noise factors grows with their aggregate variance.
Noise factors are especially damaging when % Zf:k* 417 is large. They are asymptotically
benign if this quantity vanishes as P — oc.

The result also implicates a surprising origin of performance loss. While it may seem
intuitive that noise factors hurt performance, our results clarify the mechanism. In the
current noise factor setting, the cost of under-specification is zero (noise factors carry no
risk premium), hence the cost of overfitting is also approximately zero. Therefore, the harm
does not stem from the overfitting space. The harm arises from self-induced regularization in
the estimation space, which biases the estimated coefficients on the top £* PC factors and
reduces the attainable risk premium.

Our analysis further highlights that self-adaptivity provides value when K < k*. Under-
specifying the model (K < k*) leads to unrecoverable loss in pricing error and Sharpe ratio,
which persists even with infinite samples. In this context, self-adaptation via the all-inclusive
model offers a valuable tradeoff, in particular when K < k* and the aggregate variance of
noise factors is small.

4.2 Role of Weak Factors

Next, consider the setting in Section 3.4 but assume
fieg1 = - > pip > 0,

meaning that the bottom P — k* PC factors are weakly priced. While each may carry a small
risk premium, their aggregate contribution could be significant.

Since Corollary 1 makes no assumption on g, all insights from the noise factor setting
apply but with one difference: the cost of overfitting is now non-negligible, as true signals
are lost despite interpolation. Nonetheless, the principle “in the overfitting space, cost of
overfitting ~ cost of under-specification” still holds.

In addition to the implications from Section 4.1, further takeaways emerge regarding the
behavior of all-inclusive model. First, all-inclusive model fails to recover weak signals. In our
setting, even when all factors are priced, the P-factor model performs worse than the K = k*
model. This is due to Corollary 1 part (2): although interpolating the in-sample data, the
estimated coefficients on the bottom P — k* PC factors are approximately equivalent to a
zero estimator, in terms of the out-of-sample pricing performance. Second, benefit lies in
self-adaptation, not in signal recovery. Identifying £* ex ante is difficult. The strength of the
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all-inclusive model lies in its ability to automatically prioritize valuable components, not in
recovering Sharpe ratio from the bottom P — k* PC factors.

4.3 Negative Ridge

In Section 2.2, we define the ridge estimator ,[;'a”(z) for negative ridge penalties z < 0,
following earlier works by Hua and Gunst (1983); Bjorkstrom and Sundberg (1999); Kobak
et al. (2020); Wu and Xu (2020); Tsigler and Bartlett (2023). Further interpretations of
negative ridge, along with numerical considerations, are provided in Section B.1.

Negative ridge may seem counterintuitive at first, but it emerges naturally in our setting.
The phenomenon of self-induced reqularization, in which noise and weak factors introduce
additional regularization and bias in the estimation space, motivates the use of negative
penalties to counteract this implicit bias. Specifically, can a negative ridge penalty correct
the bias introduced by overparametrization and thereby improve estimation?

This idea becomes particularly relevant when considering the optimal penalty z* for the
PCR estimator. If z* falls below the level %Zf:k* 414y, then achieving the appropriate
shrinkage for the full P-factor model requires a negative ridge penalty. Our Corollary 1
supports this possibility, consistent with recent theoretical results (Wu and Xu, 2020; Tsigler
and Bartlett, 2023) showing that negative ridge can outperform standard non-negative ridge
in certain high-dimensional regimes. More precisely, under Assumption 1, Assumption 2,
and Assumption 3, if we aim for the ridge estimator ,[;’a“(z) to compete with ch(k*)(z*), the
appropriate choice of z is around

1 r

j=k*+1

which can be negative if the cumulative variance of low-variance PC factors is large. Moreover,
as P grows, the need for negative penalties becomes even more pronounced.

However, negative ridge can only partially offset the effects of self-induced regularization.
Its corrective power has inherent limits: once z becomes too negative, both statistical and
numerical instabilities may arise.

From a statistical standpoint, although the scale of self-induced regularization in Corollary 1
is £3°0 Aj, the penalt t satisf

T D jmkrt1 A p y z must satisfy

1 P
Z>_ﬁ Z )\j

j=k*+1

in Corollary 1 to guarantee controlled out-of-sample behavior.® This implies that the

effective regularization remains strictly positive at % Zfzk* 1Ay > 0. In cases where
ZF < % f:k* 11 A4, negative ridge alone cannot fully replicate the ideal penalty level.

Why is this stricter threshold necessary, compared to the broader condition z > —% Zf: 1 A

in Theorem 1?7 The key reason is that the error term ex(k, z) decreases strictly as z increases

4Replacing —ﬁ Zf:k* 1 Aj by —A%T Zf:k* 41 Aj for any fixed v > 1 would yield the same convergence
rate.
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within (—% Zf:kﬂ Aj, oo). Pushing z too close to —% Zf:kﬂ A; causes ex(k, ) to diverge,
undermining the convergence rate. Empirical results in Section 6 corroborate this insight:
negative ridge can improve SDF estimation quite significantly, but only up to a point. Beyond
that point, instability behavior sets in.

From a numerical standpoint, computing 3*!(z) requires inverting the 7' x T’ matrix
FFT +Tz Ip.r. If z becomes highly negative, the condition number of this matrix deteriorates,
rendering the numerical solution sensitive to small perturbations. This degradation can
cause the numerically computed Bau(z) to deviate from its theoretical statistical guarantee.
We explain this issue further in Section B.1. As a practical guideline, we recommend
selecting z sufficiently larger than —\7(FF")/T, ensuring numerical stability. Encouragingly,
Lemma 4 implies that this numerical threshold is of the same order as the statistical threshold
z>—5 Zf:k* +1Aj under mild conditions.

5 Simulations

We use three Monte Carlo simulations as analytically tractable examples to illustrate each of
the three points made in Section 4. For simplicity, all simulations are implemented directly
in the PC space. In all simulations we draw 7" i.i.d. Gaussian samples to construct a T x P
matrix F with diagonal covariance A = diag(Aq,...,Ap), consistent with Assumption 1 and
Definition 1. An oracle cutoff k* separates the estimation space and the overfitting space.
We set T' = 200, k* = 20, and number of Monte Carlo replications to be 300 unless otherwise
stated. Pricing performance is evaluated using the squared HJ distance §2 as in (7).

5.1 Simulation for Noise Factors

To match the noise factor design in Section 4.1, the leading PCs are assigned unit variance

while the remaining PCs follow a sub-reciprocal tail,

Ak am = 0.1 m %2 meN.
For the risk premia, we set j; = \/\;/k* for i < k* and pi; = 0 for ¢ > k*. This design satisfies
Assumption 2 (no asymptotic arbitrage) in a trivial way since

k*

»
}liir;o;ﬁ?/)\i =Y 1/k" =1.

=1

We calibrate a baseline penalty 2y that approximately minimizes the baseline top-k* error,
then hold z, fixed while varying P. Using the calibrated z; is not essential. Any fixed z value
in an appropriate range suffices for the qualitative comparisons here. We run 300 replications
and report the mean squared HJ distance.

Figure 1 compares the all-inclusive ridge estimator at the fixed penalty zy to the “shifted”
top-k* proxy from Corollary 1, which uses only the first £* PCs but increases the penalty
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by the empirical shift term %Zf:k* +1Aj- The close agreement between the circle-marked
and square-marked curves supports the self-induced regularization mechanism. When adding
unpriced factors, they mainly acts as an effective increase in the penalty applied to the leading
PCs. The no-shift baseline is flat, consistent with the fact that the added factors have zero
risk premia.

Noise factors: all-inclusive at zg = 0.252

—e— All-inclusive: Ban(zo) /E
i ~ 4
0.25 PCR(K™): Bpc(iy (ZO + 73 e /1./') /
. 4
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g
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3
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Number of added noise PCs m = P — k*

Figure 1. Simulation for the Noise Factors Case

5.2 Simulation for Weak Factors

To examine the role of weak factors discussed in Section 4.2, we repeat the same A design
but assigns strictly positive, yet decaying, risk premia to the bottom PCs. Concretely, we
parameterize risk premia through per-PC Sharpe ratios s; = f1;/v/A;. To ensure the design
satisfies Assumption 2, we take s; = 1/ VE* for i < k* and

Skepm = 0.8 (1/VE*)m ™%, meN.

This gives
P

R ST L S
P—oo v k* '

i=1 m=1
This is why we choose the decay exponent 0.55. Since 2 x 0.55 > 1, the series > °_ m=2X0-%
converges and Assumption 2 holds.

As in Figure 1, we compare the all-inclusive ridge estimator with the penalty-shift proxy
in Figure 2. Consistent with Section 4.2, the all-inclusive estimator behaves largely like a
top-k* PCR with a penalty shift, so weak premia in low-variance directions are difficult to
recover in such a setting even though they are priced. Notably, the top-k* PCR baseline that
omits weak signals in Figure 2 is no longer flat, which is exactly what we would expect when

the priced tail factors are omitted.
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Weak factors: all-inclusive at zg = 0.252
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Figure 2. Simulation for the Weak Factors Case

5.3 Simulation for Negative Ridge

We use a separate design to show when the optimal ridge penalty becomes negative. We
set P € {107, 25T, 50T, 1007"} and consider two eigenvalue regimes: a reciprocal spectrum

Aj=1J"
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Figure 3. Simulation for Negative Ridge

For each P, we compute the mean §2(z) over replications on a grid that extends into
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negative values down to

P
1
Zmin — — K * ? E )‘j
j=k*+1

with £ = 0.9 to avoid numerical instability. For risk premia, we adopt a design analogous to
the weak factor simulation to ensure Assumption 2 holds. Specifically, we set f; = /A, - i 79
for i < k* and g1; = (v/Ai/2) - i7%% for i > k*r. We note that using a noise factor design here
yields similar results.

Figure 3 plots §%(z) and marks the minimizer z*. In the sub-reciprocal simulations, the
self-induced shift grows with P and z* becomes negative for sufficiently large P, suggesting
the role of negative ridge as a partial correction for self-induced regularization as we discussed
in Section 4.3. Besides, the ridgeless case (i.e., z = 0) seems to work reasonably well under
reciprocal decay and in some sub-reciprocal cases.

6 Empirical Results

6.1 Factor Construction

In our empirical experiments, we closely follow the framework developed in Didisheim et al.
(2024). To transform a limited set of stock characteristics into an arbitrarily large number of
factors, we employ Random Fourier Features (RFF), as in Didisheim et al. (2024), which
builds on earlier work by Kelly et al. (2024). Although RFF represents only one possible
architecture for factor construction, we focus on RFF in this paper to ensure consistent
benchmarking against existing results.

Originally introduced by Rahimi and Recht (2007), RFF provides an explicit feature
mapping to approximate shift-invariant kernels (e.g., the RBF/Gaussian kernel) using a
finite number of random features. Conceptually, RFF can be viewed as a shallow neural
network with a single hidden layer, potentially with very large width (when P is large), where
the weights feeding into the hidden layer are randomly drawn rather than learned through
optimization.

In this paper, we adopt the same RFF structure as in Didisheim et al. (2024), as specified
in equation (16).

P/2
Si1 = {{Cf}smz“gp)}} / (16)
sin(Zi16)) |
where «y is a scaler; Z;_; is the stock-characteristic at time ¢; and &, are i.i.d. drawn from the
standard normal distribution A/(0,1). Denote N, ; the total number of stocks we have in

data at time t — 1, then S;_; is an N;_; x P matrix with a sin part and a cos part vertically
stacked.

6.2 Empirical Estimation

Consistent with previous notations in Section 2.1, once we have S;_; we are ready to get
the “factors” by F; = (Ntill/ )ST | Ry, here scaled by N:l/ ? for adjusting with the difference

22



of number of stocks vary across sample period. Our empirical design matrix, as defined in
Section 2.2, would be F := [Fy, Fy, ..., Fr|". We set the estimation sample size T' = 360 (i.e.,
360 months rolling window) unless otherwise specified, again this is identical to Didisheim
et al. (2024). Plug this P x T' matrix F into the closed-form solution (6), we get the empirical
estimation B!(z) for ridge regression with regularization parameter z.

Following the empirical setup in Didisheim et al. (2024), we obtained the U.S. 1963-
2024 stock-month data used in Jensen et al. (2023) from their WRDS repository. De-
tailed documentation of this dataset can be found on their website®. The stocks include
NYSE/AMEX/NASDAQ securities that have CRSP share code in 10, 11, or 12. “Nano-cap”
stocks are excluded. There are in total 153 characteristics for the stocks. Out of the 153
characteristics, only the least-missing 130 characteristics in the sample period are selected.
After fixing the list of 130 characteristics, we drop any stock-month observations that have
> 30% missing values (i.e., > 39 characteristics). Next, each of the 130 characteristics are
standardized to the [—0.5,40.5] interval by ranking of the value. Lastly, missing values are
filled by zeros. This is the Z; we used for RFF input.

6.3 Evaluation Metrics

For out-of-sample evaluation, we report two metrics: the squared HJ distance, which quantifies
pricing error, and the Sharpe ratio of the factors’ tangency portfolio. We use the squared
HJ distance rather than the standard (non-squared) version, with the purpose to align with
the empirical metrics in Didisheim et al. (2024) and to ensure consistency in comparison.
Following a rolling window approach, we estimate the SDF using past data and evaluate
its performance over the subsequent one-month period, ensuring a genuinely out-of-sample
assessment.

Consistent with the setup in Section 2.2, the estimated SDF in each test period takes the
form R K

Mtest(z) =1- IBall(’z>TF‘tes‘c-

By construction, the HJ distance is unit-free, while Sharpe ratios are annualized by scaling
the monthly Sharpe ratios by v/12. Because the one-month-ahead excess returns are available
in the Jensen et al. (2023) dataset through November 2024, we obtain a total of L = 383
rolling estimation-evaluation rounds. For each evaluation metric, we report the average across
these 383 rounds. For HJ distance evaluation, we use as test assets the U.S. monthly data of
153 anomaly factor-mimicking portfolios (capped value-weighted) constructed by Jensen et al.
(2023), also downloaded from the same source. The empirical formula we use to estimate the
out-of-sample squared HJ distance is

~ ~ ~ T . ~
IEL [Mtest<z)ﬂest]T (EL [»F’test-F'tl—st]) EL [Mtest('z)»F’test]u (17>

where E.[-] denotes the empirical average across the L = 383 rolling periods.

It is important to highlight a difference between the empirical estimate (17) and the
theoretical out-of-sample squared HJ distance defined in (7). The empirical estimate (17)
aggregates L. = 383 different SDFs, each estimated on a distinct rolling training window

Shttps://jkpfactors.com, accessed February 2026.
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and evaluated on a single one-month test period. In contrast, the theoretical definition (7)
conceptually evaluates a single SDF across many independent test samples. As a result
of the rolling window construction, the L = 383 estimation-evaluation rounds are highly
correlated. This induces a constant-scale, non-vanishing sampling bias in (17) relative to the
idealized expectation in (7). However, because this bias affects all estimators simultaneously,
comparisons across different methods remain fair. Thus, the empirical estimate (17) can
be interpreted as an estimate of the theoretical squared HJ distance (7), up to a common
sampling bias across all estimators.

With a trade-off between randomness and replicability, we ran all our empirical analyses on
20 independent random seeds spawned from a base seed 42. We report averaged results across
the 20 seeds wherever randomness is involved in the estimation process, unless otherwise
noted. We did not observe any substantial differences in values or trends across the random
seeds we tested.

6.4 Experimental Results

Our empirical experiments aim to validate the theoretical insights developed in Section 4. It
is important to note that we do not claim that our theoretical results can be directly applied
to the empirical data in a literal sense. Specifically, we do not assert that the data perfectly
satisfies Assumption 1, Assumption 2, or Assumption 3, nor that the theoretical bounds hold
exactly. Rather, our goal is to test the insights suggested by the theory using real-world data.

Reassuringly, we find that the qualitative predictions developed in Section 4 are strongly
supported by the empirical results. We view this as evidence that the underlying insights
are broadly applicable beyond the stylized assumptions made in our theoretical analysis.
Establishing a more precise connection between theoretical guarantees and empirical behavior
is left for future work.

6.4.1 Adding Noise Factors Can Hurt Pricing Performance

Y

We begin by establishing two baseline models that separately illustrate the behavior of “strong’
and ‘“noise” factor constructions. Figure 4 presents the results for v = 0.5, with 7" = 360 and
P ranging from 1 to 120,000. This setting corresponds to a strong model, slightly different
from the original specification in Didisheim et al. (2024) due to our use of a fixed v = 0.5
instead of v ~ Unif({0.5,0.6,...,1.0}). Consistent with the “virtue of complexity” hypothesis
(Kelly et al., 2024), we observe a nearly monotonic improvement in out-of-sample performance
as P increases.

Figure 5 presents the results for v = 2 under otherwise identical conditions. In stark
contrast, out-of-sample performance is very poor not only relative to strong large-factor
models such as Figure 4, but also compared to classical few-factor models.® An examination
of the factor structure reveals that the constructed factors carry near-zero individual risk

5The stark contrast between v = 0.5 and v = 2 also highlights that, under the RFF architecture, tuning
v may be more critical than tuning P. While this observation does not affect our subsequent experiments
(in fact, our experiments build upon this contrast), it points to an interesting direction for future research:
exploring alternative factor construction architectures to better understand the role of complexity in factor
models.

24



Mean Standard Deviation

0.7 1 1.6
0.6-7’ ——————————————————————————————— 1.4
P 1.2
0.51 /// :
1.01
0.4/ 0
I 0.8 1
0.3 0.6 - "===———
0.2 1 0.4-,
0.41 0.2 Parameter
10°°
0.0 . , ‘ . ‘ . 0.0 . ‘ | . ‘ . —_ 10
0 50 100 150 200 250 300 0 50 100 150 200 250 300 —_ 1073
P /360 P /360 2
— 10
———- 107!
Sharpe Ratio Pricing Error (52) T 101
3.51 _— 1.41 102
ol 1.2] 10°
25 7 1.0 4
2.0 0.8
1.5 0.61
1.0
0.4
o5 -
0.21
0.0
: - ; . ; . 0.0 , ; . : , .
0 50 100 150 200 250 300 0 50 100 150 200 250 300
P /360 P /360

Figure 4. Baseline model with v = 0.5 and P varying up to 120,000.
Note: Curves correspond to different ridge penalties z.

premia, and even the tangency portfolio formed from all 120,000 factors fails to achieve a
significantly positive Sharpe ratio. Thus, the v = 2 factors behave similar to near-pure “noise
factors,” as defined in Section 4.1.

Building on these two baseline cases, Figure 6 implements a controlled experiment designed
to directly test the impact of adding noise factors to an otherwise well-performing model.
Specifically, we first sequentially add 30,000 strong (v = 0.5) factors, then progressively
introduce 90,000 noise (v = 2) factors. This allows us to isolate and measure the incremental
effect of noise factor inclusion on out-of-sample performance.

The patterns in Figure 6 conform with several of our theoretical predictions. First,
noise factors induce a clear out-of-sample performance deterioration. As shown in Figure 6,
out-of-sample performance improves steadily up to approximately P = 30,000, after which it
begins to decline. This turning point coincides with the addition of noise factors, validating
a core prediction of Section 4.1 that adding noise factors can hurt out-of-sample performance
in a way that cannot be corrected even with optimal regularization.

Moreover, Figure 6 aligns with our theoretical expectation that the magnitude of degra-
dation grows with the aggregate variance of noise factors. As P increases, the cumulative
variance of the newly added noise factors rises, leading to an upward drift in the self-induced
regularization term %Zf:k* +1Aj- This systematic bias shrinks the SDF loadings on eco-
nomically meaningful factors, directly reducing the attainable Sharpe ratio. The empirical
patterns in Figure 6 also shows that the performance declines gradually, without abrupt
collapses, consistent with a smooth but persistent increase in regularization burden.
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Figure 5. Baseline model with v = 2 and P varying up to 120,000.
Note: Curves correspond to different ridge penalties z.

A natural concern when adding noise factors is extreme variance inflation, following
the classical bias-variance trade-off. Figure 6 suggests that adding noise factors does not
increase the volatility of estimated SDFs. Instead, the variance of the tangency portfolio
declines as P increases. The dominant effect is excessive shrinkage of priced exposures,
reducing the attainable risk premium. This indicates that the mechanism of performance
loss is bias-induced shrinkage, rather than variance inflation, consistent with the theoretical
explanations in Section 4.1 and highlighting the distinctive nature of overfitting costs in
high-dimensional factor models.

The sensitivity to noise factors, as illustrated in Figure 6, depends on the ridge penalty
z. Larger z values “absorb” the impact of added noise factors, while small z values become
nearly indistinguishable after noise is introduced. As in Corollary 1, when z is large relative
to the self-induced regularization term %Zf:k* .14, noise has negligible marginal effect,
whereas when z is small, self-induced regularization dominates and erodes the distinction
across nearby penalties.

Another notable pattern is the robustness of ridge estimator, driven by self-adaptivity.
Despite the introduction of 90,000 noise factors, the degradation in performance is moderate.
Even when P = 120,000, the model substantially outperforms conventional small factor
models where T'/P < 1. Two mechanisms can explain this robustness. First, the variances
of individual noise factors are very small, resulting in a relatively slow accumulation of self-
induced regularization as P increases. Second, as predicted by Corollary 1, the all-inclusive
ridge estimator automatically prioritizes high-variance, priced components while suppressing
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Figure 6. Controlled experiment. First 30,000 factors generated with
~v = 0.5, followed by 90,000 factors generated with v = 2.
Note: Curves correspond to different ridge penalties z.

the impact of noise factors, effectively mimicking oracle factor selection without explicit
screening (modulo some cost).

One potential concern is that by P = 30,000 the model is already “saturated,” with the
kernel limit effectively achieved, so that adding more factors would not improve performance
regardless of their quality. However, our robustness tests suggest that this is not the case.
We conducted an experiment using a much smaller setting with P = 7,200. Figure Al and
Figure A2 show the model’s performance up to 7,200, while Figure A3 presents the controlled
experiment in which the first 1,800 factors were generated with v = 0.5, and the remaining
5,400 factors with v = 2. The figures are qualitatively similar to those in main results,
confirming that the observed patterns are not artifacts of saturation.

Taken together, these results provide strong empirical validation for the theoretical insights
developed in this paper. They illustrate that the “virtue of complexity” can fail in practice,
not because of classical overfitting, but because of systematic bias introduced by self-induced
regularization. Nonetheless, the all-inclusive ridge estimator exhibits considerable resilience
to noise, offering a compelling trade-off between flexibility and robustness in high-dimensional
SDF estimation.

6.4.2 Adding Weak Factors Can Also Degrade Performance

We now examine the consequences of adding weak factors, complementing the noise factor
analysis. Throughout this section, we refer to “weak factors” as those that are weaker relative
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Figure 7. Baseline model with v = 1 and P varying up to 120,000.
Note: Curves correspond to different ridge penalties z.

to the strong factors generated with v = 0.5, although they still carry economically meaningful
risk premia.

Figure 7 presents results for a new baseline model with v = 1, with 7" = 360 and P
varying up to 120,000. Out-of-sample performance remains strong as P increases, indicating
that v = 1 factors are reasonably priced and valuable when used alone. However, compared
to v = 0.5 factors, their signals are significantly weaker: the risk premium of the tangency
portfolio constructed from v = 1 factors is less than half that of v = 0.5, and the Sharpe
ratio is also substantially lower.

Similar to the noise factor experiment in Section 6.4.1, we conducted a controlled experi-
ment where we first added 30,000 strong factors generated with v = 0.5, followed by 90,000
weak factors generated with v = 1. The results are presented in Figure 8.

Adding weak factors degrades performance, similarly to adding noise factors. Performance
peaks after the inclusion of the 30,000 strong factors and deteriorates steadily as v = 1 factors
are added. The magnitude of performance decay is comparable to that observed when adding
~ = 2 noise factors, despite v = 1 factors performing much better than v = 2 when used alone.
This phenomenon is intriguing. A potential explanation is that although v = 1 factors carry
positive risk premia, they have substantially larger variances than v = 2 factors (as seen by
comparing Figure 7 and Figure 5). Consequently, the cumulative self-induced regularization
term %Ef:k* 11 A; grows more rapidly, leading to a trade-off between added risk premia and
increased regularization burden.

In addition to the effects of weak factor inclusion, the results further reinforce the role of

28



Mean Standard Deviation

0.7 1 1.6
06y, = 1.4
[ T T — 1.2
0.51 /// :
1.01
0.4/ 0
I 0.8 1
0.3 0.6 —-="=——
0.2 1 0.4-,
0.41 0.2 Parameter
10°°
0.0 . , ‘ . ‘ . 0.0 . ‘ | . ‘ . —_ 10
0 50 100 150 200 250 300 0 50 100 150 200 250 300 —_ 1073
P /360 P /360 10-2
———- 107!
Sharpe Ratio Pricing Error (52) T 101
3.51 = 1.41 102
ol 1.2] 10°
25 7 1.0 4
2.0 0.8
1.5 0.61
1.0
0.4
o5 -
0.21
0.0
: - ; . ; . 0.0 , ; . : , .
0 50 100 150 200 250 300 0 50 100 150 200 250 300
P /360 P /360

Figure 8. Controlled experiment: first 30,000 factors generated with
~v = 0.5, followed by 90,000 factors generated with v = 1.

Note: Curves correspond to different ridge penalties z.

self-adaptivity. The all-inclusive ridge estimator seems to primarily benefit from prioritizing
strong v = 0.5 factors rather than aggregating many weaker ones. This behavior is consistent
with Corollary 1, which emphasizes that the advantages of large factor models stem mainly
from self-adaptivity and prioritization of strong signals, rather than from recovering and
combining weaker ones.

As a robustness check, we perform the same smaller-scale experiment with P up to 7,200
and find similar patterns (see Figure A4 and Figure A5). Overall, these results highlight that
even weak factors, defined relative to a stronger benchmark, can degrade pricing performance
when introduced in large numbers. Moreover, in terms of their marginal contribution when
added, they do not exhibit significant advantages compared to noise factors, even though
they perform much better when used alone. This observation is intriguing, and we plan to
explore additional variants of weak factor constructions in future experiments.

6.4.3 Negative Ridge Can Be Optimal in Practice

We now investigate the potential benefits of using negative ridge penalties in large factor
models, as motivated by the theoretical results in Section 4.3. To be as close as possible
to setups previously studied in the finance literature (where negative ridge has not been
considered), we adopt the specification of Didisheim et al. (2024), generating factors using
v ~ Unif({0.5,0.6,...,1.0}) and setting P = 360,000. The only modification is that we
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Figure 9. Negative ridge performance with a 60-month window and P = 360,000.

Note: Each curve corresponds to a fixed ridge penalty z.

reduce the training window size to T = 60, making the self-induced regularization more
pronounced and facilitating the observation of negative ridge effects, consistent with the
threshold characterization in Corollary 1.

Figure 9 shows several of our benchmark results. First, negative ridge can significantly
outperform standard ridge. Across a wide range of P, the best-performing ridge penalties
are negative. Both the Sharpe ratio and HJ distance improve substantially by introducing
a moderately negative z, demonstrating that negative ridge is not merely a theoretical
hypothesis but can meaningfully enhance out-of-sample pricing performance.

Second, the optimal level of negativity increases with P. Consistent with the bias-
correction formula in (15), larger P magnifies the self-induced regularization and thus requires
more negative ridge penalties to offset it. For example, in Figure 9, when P =~ 18,000, z = —1
delivers noticeable improvements; when P =~ 72,000, z = —5 becomes preferable; when
P =~ 144,000, z = —10 achieves the best results; and when P = 210,000, z = —15 performs
the best. This systematic shift confirms that in the current setup, the optimal penalty level
becomes increasingly negative as P grows.

Third, the benefits of negative ridge have intrinsic limits. For any fixed P, there exists a
threshold level of negativity beyond which performance collapses. For instance, at P ~ 72,000,
z = —b improves performance relative to z = —1 and z = 0, but pushing further to z = —10
sharply degrades both the Sharpe ratio and HJ distance. This pattern aligns precisely with
the theoretical predictions in Section 4.3 and Section B.1: if z falls below —% Zf:k* 1N
the effective regularization becomes negative and destabilizes the model.
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Figure 10. Negative ridge performance with a 60-month window and P = 360,000.
Note: Each curve corresponds to a scaled penalty z = 2o P, with 2y indicated in the legend.

Fourth, optimal penalty choices are inherently P-dependent. A penalty z that is effective
at large P may destabilize the model at smaller P. This sensitivity reflects the dependence of
the self-induced regularization level on the number of factors included. Thus, while negative
ridge can enhance performance, its effectiveness is inherently model-dependent, and careful
calibration accounting for both the model size and the underlying DGP is essential.

Motivated by these findings, we explore whether a simple scaling rule for z can consis-
tently capture the gains from negative ridge across all P. Figure 10 shows an alternative
parametrization where z is chosen proportionally to P, with each curve corresponding to a
fixed 2y value where z = 2y P. As Figure 10 shows, selecting z proportional to P with an
appropriate negative zy leads to uniform improvements in out-of-sample performance. In
particular, negative ridge with a fixed zy dominates non-negative ridge across nearly all P.

To sum up, our findings in Figure 9 and Figure 10 empirically confirm the theoretical
logic of Section 4.3. In large, overparameterized factor models, optimal regularization must
balance both explicit and implicit sources of shrinkage, and allowing for negative penalties
can offer an effective correction for self-induced bias.

To the best of our knowledge, this is the first empirical documentation of the practical
advantages of negative ridge in the finance literature. Given the foundational role of ridge
estimators in asset pricing and economic modeling, we view this finding as a major empirical
contribution of this paper. Moreover, the close alignment between our theoretical predictions
and the empirical evidence further validates the relevance and robustness of our theoretical
framework.
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7 Discussions

This paper analyzes the out-of-sample performance of large, overparameterized linear factor
models for SDF estimation. Factor libraries in finance keep expanding. Meanwhile, machine
learning theory has identified high-dimensional regimes where even unregularized, interpolating
estimators can generalize well. In this context, we investigate the behavior of the all-inclusive
ridge estimator, which incorporates all candidate factors without any ex-ante screening or
dimension reduction. Through new non-asymptotic pricing error bounds, we uncover several
important insights into the mechanisms governing the performance of such models.

Our theoretical results reveal three key phenomena: self-induced regularization, where the
inclusion of numerous low-variance PC factors implicitly biases estimation of high-variance PC
factors; the bounded cost of overfitting, where exact interpolation in the low-variance space
does not materially amplify out-of-sample pricing error compared to under-specification; and
self-adaptivity, where ridge regression effectively prioritizes the most economically meaningful
components without explicit dimension reduction. These findings extend the theory of benign
overfitting to the inherently misspecified setting of SDF estimation, where existing benign
overfitting conditions fail.

Evidence from both simulations and U.S. stock market data supports our theoretical
results. In the simulations, we isolate the predicted mechanisms under controlled spectral
designs in the PC space. In the empirical analysis, we use RFF constructions to generate large
numbers of factors following prior literature. We show that adding noise factors systematically
degrades out-of-sample performance through bias rather than variance inflation, and that
adding weak but priced factors can similarly hurt model performance. These experiments also
provide evidence that mildly negative ridge penalties have the potential to enhance pricing
accuracy, consistent with the theoretical prediction that negative penalties can partially offset
self-induced regularization.

Many interesting directions remain open for future exploration. First, while the current
experiments in Section 6.4.1 validate the predicted role of self-induced regularization (in
setups closely following prior work with minimal adjustments), one can also go beyond the
“minimal adjustments” and extend the analysis by introducing more severe noise structures.
Specifically, if one constructs settings where added noise factors have substantially larger
individual variances, then the aggregate noise variance can grow faster with P. We believe this
can induce stronger self-regularization and lead to a sharper deterioration in out-of-sample
performance. These experiments would further validate the theoretical insight that the harm
from noise factors scales with their cumulative variance (in the PC factor space) and highlight
the practical limits of model complexity in overparameterized factor models.

Beyond this specific extension, several broader directions remain open and highly valuable.
Refining the theoretical error bounds under more general (possibly non-Gaussian) factor
structures would strengthen the link between theory and empirical observations. Exploring
alternative architectures for factor construction could further illuminate the role of complexity
in affecting the out-of-sample performance. Moreover, developing principled methods for
adaptive penalty selection could improve empirical performance, especially when self-induced
regularization is significant.
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Appendix

A Proof of Proposition 1

Proof of Proposition 1. Since

B =B"(C+upn")B-28"p+p (S+pp’) p (18)
and
E[(1- B8 F)2] = B'E[FF|3 - 28 E[F] + 1= 87(S + up")B— 28"+ 1,
we have 0%(8) — 62(8*) = E[(l - BTF)ﬂ —E[1-BTF).

Since (18) defines a quadratic function of 3, we can apply Taylor expansion around
B = (3* to obtain

3(B) - (B) =2 [S+pu B —n'] B-B)+B-8)(E+pu")B-5)
=0+ (B-B8) (Z+pu")B -8
=118 = B3

where the second equality uses the fact that 8" = (X + pp')~'p, which makes the linear
term vanish.
Finally, since 3* satisfies (4), by (7),

5*(B) = (E [(1 - IB*TFT+1)FT+1]>TE[FT+1F;+1]_1E (1—B""Fr ) Fry | =0.

~ A

Hence §(3) — 6%(8*) = 6*(9). O

B Proof of Lemma 1

Proof of Lemma 1. When z > 0, F'F + Tz - Ip,p is invertible and (9) admits a unique
solution. Applying the first-order condition gives

BN(z) = (FTF + Tz Ipep) ' F gy,
For F'F + Tz - Ipyp, apply the Sherman-Morrison-Woodbury formula:

(F'F+ Tz Ipxp) ' = (T2) " pxp — (T2)*F (T2)'FF' + Ipxr)”'F
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Therefore we can rewrite the ridge expression (10) with the algebraic identity:
(F'F+Tz-Ipyp) 'Flp,g
—1
— (T2) " YF gy — (T2)2FT ((Tz)—le n ]TxT> FFT 17,

-1
— (T2)"FT Lpyr — ((Tz)_lIFIFT + ITXT) (Tz)‘llFIFT) 11

-1
— (T2)'FT | Ipyer — ((Tz)_lFIFT v ITxT> ((Tz)-le 4 Iy — ITxT)> T

1
= (T2)'F" | Irsr — Irsr + ((TZ)AFFT + ITXT) [T><T>) 17y

-1
= (TZ)_IFT <(TZ)_1FFT + IT><T> IT><T> 1T><1
-1
—F" (FIFT YTz ITxT) Tr. (19)

We note that (19) is a standard result; the proof here is adapted from Appendix B of Tsigler
and Bartlett (2023).

When z = 0, the objective in (9) admits multiple minimizers, and 32!(0) = FT(FF " )17,
corresponds to the minimum-norm solution among them. In this case, the identity

(FTF)F Ly = B (FF) 1y

holds by a standard property of the Moore-Penrose pseudoinverse, which can be viewed as
an extension of (19) to the case z = 0.

When z < 0, although the objective in (9) may become non-convex and ill-posed, the
expression Bau(z) =F"(FF" + Tz Iry7) 17y remains well-defined. Moreover, for all z € R,

we have
(FTF + Tz Ipup) Fllg =F (FFT + T2 Iner) 17

almost surely. This follows because both FTF 4+ Tz - Ipyp and FFT + Tz - Ipp are invertible
almost surely (as Fi, ..., Fr are drawn i.i.d. from a continuous distribution), and (19) holds
whenever these two matrices are invertible. Since (F'IF + Tz - Ip, p)'F ' 17, represents the
minimum-norm solution to the linear system

(FTF+ Tz Ipgp) B=TF 1py,

which coincides with the first-order condition for the objective in (9), we conclude that 32!(z)
is the minimum-norm stationary point of the objective in (9), almost surely. O

B.1 Additional Explanations for Negative Ridge

In this subsection, we provide additional insights into the interpretation of ﬁall(z) and explain
why it can remain numerically stable (i.e., insensitive to small errors in matrix inversion)
even when z < 0, provided that z is not “too” negative.

37



First, when 2z < 0, the objective in (9),

11751 — FB|[5 + T2 8|2,

may be ill-posed in the sense that its minimum may be attained at infinity. Nevertheless, as
shown in the proof of Lemma 1, Bau(z) corresponds to the minimum-norm stationary point
of the objective, which need not be a global minimizer due to the nonconvexity introduced
when z < 0. When 2 is negative but close to zero, this minimum-norm stationary point tends
to be close to the minimum-norm least squares estimator Bau(O), whose statistical properties
have been well studied and shown to yield strong empirical and theoretical performance in
certain overparameterized settings (Belkin et al., 2019; Bartlett et al., 2020; Kelly et al., 2024;
Didisheim et al., 2024). This perspective offers additional theoretical motivation for exploring
negative ridge penalties.

Second, when z < 0, the numerical computation of Ba“(z) only requires inverting the
T x T matrix FF' + Tz - Ipyp, rather than the P x P matrix F'F + Tz - Ip,p. Since
rank(FF") = rank(F'F) = min{T, P} almost surely (because Fi,..., Fr are drawn i.i.d.
from a continuous distribution), in the overparameterized regime P > T, FF' is almost
surely of full rank T, and hence positive definite. The eigenvalues of FF™ + Tz - I r are

MEF) + Tz, ..., M(FF") 4Tz,

and its condition number is given by (A (FF") + Tz)/(Ap(FFT) + Tz). Therefore, as long as
z remains “sufficiently” larger than —Ap(FF ") /T, the condition number can remain moderate,
and the numerical computation of 3*!(z) can remain stable.

C Closed Form of the Optimal SDF Coefficients in the
PC Factor Space

The purpose of this section it to show EZ* is proportional to ji;/\; in the PC factor space. We
have

B* _ UTIB*
=UT (S+pu’)
—UT(UANUT + U U)o
—UT(UA+pa)UT) "
—UTUA+pa")  UTUR

-1 ~

=A+pp')  p
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By applying the Sherman-Morrison-Woodbury formula,
Br=A+pa") 'k
_ (A*I A 1ﬁﬁTAl>~
Il+p"A 1k
_ AlppnTA'n
1+p"A'n
~TA_1~
(g AATR
“( 1+ ﬁTA1p,>
AR
Cl+pTA

So we have,
1 + Zp 1 )\

D Proof of Proposition 2

Proof of Proposition 2. Since BPC(aH (2) = ﬁT(ﬁ]ﬁT + Tz - Iryr) 17y and

F = [ﬁl,...,ﬁT}T —[UTF,... .U F]' =[F,... F]'U=FU,

we have BPC@N(2) = UTF (FUUTFT + T - Iryr) 1y = UT B (2). Hence

_ Bau(z)TFT+1 —1_ Bau(z)TUUTFTH —1_ BPC(all)(z)TﬁT+17
OH(B(2)) = [B™(2) = B 2 = 187 () = B3 -
Finally, since
~ ~ T  ~ o~
0pc(B) = (]E [(1 - 5TFT+1)FT+1D E[Fr 1 F/ )]
=B'AN+pp")B-28"p+p"(A+pp") '

“'E [(1 - BTﬁT-&-l)ﬁT-&-l

defines a quadratic function of B, we can apply Taylor expansion around 8 = 3* to obtain

e (BPON) = B3 (B7) — 6o (B)
=2 [(A+ GETIB" — p] (B0~ BPED) 4 (B - FYT(A+ BET)(ETO -~ B)

— 0+ (BPC(all i 5*>T(A+ ﬁﬁT)(BPC(all) N B’*)
= ”EPC(aH) -8 HA+[;,7T7
where the second equality uses the fact that 8% = (A + ")~ x, which makes the linear

term vanish.
O
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E Proof of Lemma 2

Proof of Lemma 2. For any 8 € R”, by the Cauchy-Schwarz inequality, we have

L
~ Hi

1612 = la'ol3 < (Z ;) 18113 < Cnall®]3-
i=1 "

Hence (|03, 2z = 1013 + 101125+ < (14 Cxa)l0]13-
For any benchmark 3 € ]RP for any k € [P],

9p0(B7° (2)) = bpc(B)|
= 187N (2) = Blla gz — 18 = B lasn
< |87 (2) — Bllasaar

B L)
m(uﬂlﬁ]au 2) — Buixg H + Hﬁi;ilalllv] — Bik+1:P) HA[HLP]).

The second inequality uses the fact ||-||3 capr S (1 + Cxa)|lI-|I% which we just proved, and the
last inequality uses the fact that A is diagonal. m

F  Proof of the Theorem 1

F.1 Definitions

We begin by introducing some definitions and notation.

Matrix notation Let I,, denote the n x n identity matrix, and let 1,, denote the n x 1
vector of ones. For any matrix A € R™*", let ||A|| denote the Euclidean-induced operator
norm of A (i.e., its largest singular value), and ||A||r denote its Frobenius norm.

De-meaned PC factors Let G; = F, — p. Then G; ~ N(0,A). For any i € [P], let
Gi,t = -Fi,t — /71 Then Gt = (Gl;tu SN ,Gp;t) .

Estimation-overfitting decomposition As discussed in Section 3.2, for some k € [P]
we decompose the PC factor space to two subspaces: the “top k7 PC factor space and the
“bottom P — k” PC factor space. This corresponds to split the coordinates [1 : P] into two
subgroups: [1: k] and [k + 1 : P]. Thus we introduce the following notation.

o Let ﬁ[l:k] = (/71, Ce 7ﬁk) and ﬁ[k—l—l:P} = (ﬁk+1> Ce ,ﬁp). Recall that A[l:k} = diag()\l, .
and A[k_;,_l:p] = diag()\kH, ey )\p)

o Let 17’[1:@;75 = (E;t, e ﬁk;t)T and FN’[kH:p];t = <ﬁk+1;t, e ﬁp;t)T. Similarly, let
G[l:k};t = (Gl;t7 ceey Gk;t)T and G[kJrl:P];t = (Gk+1;t7 cee 7GP;t)T~
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o Let

%;1 Em o B
Py o= g gl = |12 200 Fal
Fur Foyr - Fir
Emm Ek+2;1 Epg
ﬁ{kﬂzp] = [ﬁ‘[kJrl:P];l, A ,Ek+1:P];T]T = FkJ.rl;Q Fk,H;Q FI-D;Q
Firvr Frpor -+ Fpo
Similarly, let
Gin Gog - Gpa
G = Gpuagar . Gpagrl = |77 2 O
i Gar - Cur
Gryin Gry2a -+ Gpy
Clrr) = Crrrns o o] = | 72 e o G
Gk:-'&-l;T Gk-;-Q;T - Gpr
o Let Apyr.p. == F[k+1 P]]F[k+1 I Tz Ir. Let Byiip = G p](G?rk+1 Pl Then we
have
E[Biy1,p)] = (Z A) 7,
j=k+1
A1 = Bisrr) + | Bgsrp 3 - 1217 + 2Gpi1.pigrp 1y + T2 - Ir (20)

Define the effective ridge penalty z := 2 + % Z] 1 Aj and

[Ok+1:P];z L= A[k—l—l:P];z —-Tz- IT

F.2 Algebraic Identities

Since we focus on the overparameterized regime, we assume P > T and restrict attention
to k < P — T this is essentially without loss of generality, as Theorem 1 becomes either

standard or trivial when P <T or k > P —T.
Because Fl, .. FT are drawn i.i.d. from a continuous distribution, the matrix F[kH p]IF[k 1P

is almost surely of full rank 7". Consequently, the matrices Aj41.p),, and FFT + Tz - I are
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almost surely invertible.” Since events of zero probability do not affect the value of the
out-of-sample HJ distance, we condition throughout the proof on the event that A 1.p;
and FFT + Tz - Ir are invertible.

Our analysis relies on the following algebraic identities, extensively used in prior work
(Tsigler and Bartlett, 2023; Shamir, 2023; Lecué and Shang, 2024).

Lemma 3. For any k € [P] and any z € R, the following hold:

5PC(all) =T ~ =T -1
Buy  (2) =Fupy (F[I:k]F[lzk] + A[k+1:P];z> 17, (22)
4P C(all ~ -1
6[k+1 P)]< ) = F[k—i—l P (F[ltk]FH:k] + A[k+1:P];z> 1r, (23)
and
o 4PC(all _
(Ik‘ + ]F[l k A[k+1 Pl; F[lk}) ﬂ[1:k§ )( ) [1 k A[k‘—l—l Pz 1 (24)

The proof of Lemma 3 can be found in Appendix F of Tsigler and Bartlett (2023) and in
the proof of Proposition 3 in Lecué and Shang (2024).
(24) becomes especially revealing when set beside the PCR benchmark. By definition,

(11 + Flg(T2 - Ir) " Fpag ) BR(2) = FlLy (T2 - 1) 1 (25)

A term-by-term comparison of (24) with (25) shows that, once Ap,11.p);. is “sufficiently close”

to T'z - I, we can show that ﬁ[l;i (all) (z) must also lie close to their PCR comparator ﬁﬁiﬁk)(i)

Demonstrating precisely this proximity is the focus of Section F.4.

F.3 Concentration Inequalities

Our analysis relies on several concentration inequalities to control the norms and eigenvalues
of random matrices, which we introduce in this subsection. This is the only part of the proof
that involves randomness; all subsequent arguments are purely algebraic and deterministic,
conditional on the high-probability events established here.

Lemma 4 (Dvoretzky-Milman theorem). There exist universal constants Cy,Cy > 0 such
that whenever r(Ap11.p)) > CiT, with probability at least 1 — exp(l — CQT(A[]C+1:P}))7

1 & 3 &
1 Z A < >\T<G[k+1:P]GF/;+1;P]) < >\1(Gk+1 P]Gka < B Z Aj.

j=k+1 j=k+1

Lemma 4 is Proposition 1 in Lecué and Shang (2024); see that paper for a proof. For later
use, we fix C > 16Cxa (which is always feasible) and only use the following consequence of
Lemma 4: conditional on the event in Lemma 4,

1

M(Aptr:p)z) > ETZ (26)

"Invertibility is a very weak requirement for matrices formed from i.i.d. rows or columns drawn from
continuous distributions; it holds almost surely and does not require positive definiteness at this stage

(high-probability lower bounds on the minimum eigenvalues of A4 1.p);. and FFT + T2z - It will be established
later).
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Indeed, deterministically,
/\T(A[k+1:P];z) = AT(IAF[HLP]IFF;;H;}:}) +Tz

1 ~
> (5)\T<G[k+1:P]GEI|;+1:P]) - HF[kH:P] - G[k+1:P]H2) + Tz

1 ~
= —)\T(G[k+1:P]GEI;+1:P]) - TH“UCH:P] Hi +T1%

2
1
> 5)\T(G[k+1:P]GF];+1;P}) — TCOnAM1 +T'2

k+1 P k1

Combining this with the lower bound in Lemma 4 and T(A[k+1; p)) = C1T > 16CxAT yields
(26).

Lemma 5 (Alternative upper bound of the Dvoretzky-Milman theorem). For all T € N,
with probability at least 1 — exp(—T):

P
M (Gppst:p A s1:PGryrpy) < T2TA L, +72 ) 0 A2
j=k+1

Lemma 5 is equation (53) in Lecué and Shang (2024), which is a corollary of Proposition
2 in Lecué and Shang (2024). The proof can be found therein.

Lemma 6 (Random matrices with independent Gaussian rows.). Let D := Gy, k]A[ElkZ =

(ﬁ[lik] — lTﬁ[Tl:kOA[llk{Q then D has T i.i.d. rows following N'(0, I}). There exists universal
constants Cs, Cy > 0, such that for all T,k € N, with probability at least 1 — exp(—C3T):

T 3VT
\/T_ - 04\/E S Smin(D> S SmaX(D> S %_ + 04\/E7
where Smin(+), Smax(+) denote minimum and mazximum singular values. Consequentially, there
exists a universal constant Cy > 0 determined by C3, Cy and Cxa, such that for all T > 1,

T — k/(2C - T o= -
—é( 0) < M <A[11k/]2F[1 k]]F[lzk}A[lzlk/ﬁ) < /\1<A[1;11§/]2F[T1:k]F[ltk]A[1:1k/]2) < (9+4Cna)T+2C7k

for all k < T, with probability at least 1 — exp(—CoT")/C.

The proof of Lemma 6, provided below, relies on Theorem 5.39 from Vershynin (2010),
with necessary algebraic modifications introduced to manage the non-centered nature of the
PC factors.

Proof of Lemma 6. The proof proceeds in two steps. First, we bound the singular values for
the standard Gaussian matrix D using standard concentration inequalities. Second, we use a
geometric projection argument to control the eigenvalues of the Gram matrix involving the
non-centered principal component factors ;).
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Step 1: Singular values of D. Let D := (Elzk] — 1T[1,[T1:,€])A[1 A - By Assumption 1, the

rows of ﬁ[lzk] are independent Gaussian vectors. Consequently, D is a T' X k random matrix
with independent standard normal entries, D;; ~ N(0,1).

We invoke Theorem 5.39 in Vershynin (2010), which provides non-asymptotic bounds for
the singular values of matrices with sub-Gaussian entries. It says that there exists universal
constants C3 > 1 and C} (corresponding to ¢/8 and C' in Theorem 5.39 in Vershynin (2010)),
such that for any ¢ > 0, with probability at least 1 — 2 exp(—(8C3)t?):

VT — CiVk —t < 8in(D) < $max(D) < VT + CiVk + . (27)

We choose the deviation parameter ¢ = £. Substltutlng t into (27), we obtain: with
probability at least 1 — 2exp(—2C5T) > 1 — exp(—C5T),

g - C14\/E S Smin(D> S SmaX(D) < %_ + 04\/E

Thus, the singular value bounds in Lemma 6 are proved.

Step 2: Eigenvalues of the Gram matrix. Let Q) := A[_llk QF[l k]IF 1. k]A L k] We verify
the bounds on A\ (@) and A\z(Q). Decompose the normalized factor matrix as:

ﬁ[l g A[_lle D+17v", where v = A[_lzlk/]zﬁ[lzk].

By Assumption 2 (No Asymptotic Arbitrage), |[v|3 = S5, ’E\—f < Cna-

Upper Bound: By the triangle inequality for the operator_norm:
M(Q) = 1D+ 17T < [[D]| + |1 ]l2[v][o-

Using ||17l2 = VT, ||v]|2 < v/Cna, and the bound on || D|| = smax(D) from Step 1:
VT 3
A (Q) < <%_ + 04\/E> + 1/ OnAT = (5 + CNA) VT + CyVk.

Squaring both sides and utilizing the inequality (a + b)* < 2a? + 2b* gives:
M (Q) < 2(3/2 + /Cxa)?T + 2C%k < 2(9/2 + 20xa)T + 2C%k = (9 + 4Cxa)T + 2C2k.

Lower Bound: We use the variational characterization: \y(Q) = infj, =1 ||(D+17v ")z |
Let P+ = Iy — £1717 be the orthogonal projection onto the subspace orthogonal to 1.
Since projections are contractions, we have:

I(D + 17v al* = |[PHD + 17v "],
Since P17 = 0, the non-zero mean component is eliminated:

1P (D + 19v )z ||* = [|Pi-Da||* > 3, (Pi D).

min
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We now establish the distribution of the singular values of D := P{-D. Since Pj is a
rank-(T" — 1) projection matrix, there exists an orthogonal matrix U € RT*T such that
Pi- = Udiag(1,...,1,0)U". Let Z := U"D. Since D has i.i.d. N(0,1) entries and the
Gaussian distribution is rotationally invariant, Z also has i.i.d. N(0, 1) entries. We observe:

D'D=D"PtPD = D"Udiag(1,...,1,0)U" D = Z"diag(1,...,1,0)Z.

Let Z}1.7—1) denote the first T'— 1 rows of Z. The equation above simplifies to ZH:TA] Zpnr—1).
Since Zjy.r—1) is a (T — 1) X k matrix with i.i.d. N(0,1) entries, the non-zero singular values
of D are exactly the singular values of a (T — 1) x k standard Gaussian matrix.

Applying Theorem 5.39 from Vershynin (2010) to the (T'— 1) x k matrix D: for any ¢ > 0,
with probability at least 1 — 2 exp(—8Cj5t?),

Smin(D) > VT — 1 — CyVk — t.

We choose t = ¥ T4’1. Since T' > 2, we have T'—1 > T'/2, so the failure probability is bounded

by 2exp <—803 T/ 2) = 2exp (—%T). Substituting ¢ into the singular value bound yields:

16
Smin(D) > Z\/T —1-CwWk > %\/T — k.

Squaring this result yields a lower bound for the eigenvalue:

N(Q) 2 (D) 2 (VT -20E) 2 5 (7~ 5

+ 8 QC()
for C() < ﬁ.
Combining Step 1 and Step 2, the lemma holds with probability at least 1—2 exp(—2C5T)—
2exp(—(C3/4)T) > 1 — exp(—C,T)/Cy for Cy < min{1/4,C5/8,1/(16C%)}. O

Lemma 7 (Deviation of Gram matrix). There ezists a universal constant Cs > 0 depending
only on Cxa, such that with probability at least 1 — Csexp(—T/Cs5):

P
[Afsr ppa]] € CsT e + CsVT | ) A2

j=k+1

Lemma 7 adapts Lemma 23 from Tsigler and Bartlett (2023) (which controls B11.p] —
E[Bpg+1:p)] in (21) with high probability) to our setting, combined with using Assumption 2
to control ||ty y1.pll3 < Cxadigr and [|Bgi1:p)l|Ap 10 < VONAAR11. The proof of Lemma
23 can be found in Appendix D of Tsigler and Bartlett (2023).

Proof of Lemma 7. Recall the decomposition of the deviation matrix Afk 2P defined in
(21):

Al = \(B[;Hl:p] — E[B[k+1:P]]) +Uﬁ[k+1zp]||§ 1r1; +?G[k+1:P}ﬁ[k+1:P]1;;a

-~
E 1 Es E3

where Bjyi1.p) = G[k+1:p]GElz+1:P] and E[Bj41.p] = (Zf:kﬂ A;)Ir. We bound the operator
norm of each term separately. Let ¥ := Apy1.p) and v := fig11.p). Note that [[3[| = Apyq

and [Sllr = /37,0 X2
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Part 1: Bounding F;. The matrix E; represents the deviation of the Gram matrix of the
centered Gaussian factors. The rows of Gy1.p) are i.i.d. draws from N(0,%). We invoke
Lemma 23 from Tsigler and Bartlett (2023), which provides a concentration inequality for
such matrices. Specifically, for any ¢ > 0, with probability at least 1 — 2 exp(—t):

IEA S IZIT + 1) + [15] VT + 2.

Setting ¢t = T, there exists a universal constant ¢; > 0 such that with probability at least
1 —2exp(=T):

P
IB < e | TArgs + VT Z A3

j=k+1

Part 2: Bounding E,. This term is deterministic. The operator norm of the rank-1 matrix

~2
1717 is T. Thus, | Es|| = T||v||3. Using Assumption 2, we have Zle ’;—J < Cna. Since )
J

are non-increasing, for any j > k + 1, we have \; < A\pyq. Therefore:

P P~ P ~9
N W s
VI3 = Z i = Z )\_]')‘j < A1 Z )\—j < ONaAg+1
j=k+1 j=k+1 " j=k+1 "7
Consequently,
[ Bl < OxaT Agqr. (29)

Part 3: Bounding FE3. Let z := Gg41.p)v. The term E3 = 221; is a rank-1 matrix with
operator norm || B3| = 2||z|2[|17]2 = 2v/T||z||2. Since G11.p) has ii.d. N(0,%) rows, the
vector z follows a multivariate normal distribution A/(0, 02I7), where the scalar variance is

02 i=vIYv = Zf:kﬂ 1i52;. We bound o7 using Assumption 2 and the fact that A; < A1

P ~9 P ~9
2 _ Hjy2 2 Hj 2
0l = ) A S Ak > S Onadig
j=k+1 " j=k+1 "7

Thus, ||z]|3/(CnaAZs,) is stochastically dominated by a x7 variable. Using standard concen-
tration bounds for x? variables (e.g., Lemma 1 in Laurent and Massart (2000)), for any ¢ > 0,
P(||z]l5 > o2(T + 2Tt + 2t)) < exp(—t). Setting t = T"
P <||z||2 > \/5Taz> < exp(=T).
Conditional on this event:
|Bs]| = 2VT||z]|2 < 2V'T - VBT \/Crxadesr = 20/50NaT A1
Defining c3 := 24/5Cxa, we have with probability at least 1 — exp(—T):

||E3|| S CgT/\k+1. (30)
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Conclusion. Combining the bounds (28), (29), and (30), there exists a constant C5 depend-
ing only on Cya (and universal constants) such that with probability at least 1 — 3exp(—T1):

[ AL eyl < B+ [[Es ] + (1Bl

P
< (Cl + CNA + C3)T)\k+1 + Clﬁ Z )\3

j=k+1
Pick C5 > max{3,¢; + Cna + c3} yields the result. O

Since each of the events described in Lemmas 4 to 7 fails with exponentially small
probability (in —7', independent of P), there exichsts a universal constant ¢ > 0 such that
the events in Lemmas 4 to 7 simultaneously hold with probability at least 1 — exp(—cT')/c.
We assume throughout the rest of the proof that all these events hold.

F.4 Analysis of the Top-k PC Factor Space

The analysis in this section builds on techniques developed in Appendix A of Shamir (2023)
and Appendix H.1 of Tsigler and Bartlett (2023). Compared with Tsigler and Bartlett

(2023), the key difference is that we use 3, . k] (’) as the comparator, motivated by Kozak

et al. (2020) and Shamir (2023) (see Section 3.2), and bound ﬁﬁ%aﬂ) - B[I;C;(]k)(z) rather

than B[Fl’:(;g(]au) — ,[;[kl: K- This allows us to avoid the well-specified linear regression assumption
required by Tsigler and Bartlett (2023). Compared with Shamir (2023), we extend their OLS
analysis to the ridge estimator and improve the convergence rate by focusing on pricing error
rather than /5 distance.

Recall that z = 2 + = Z Aj. By (24), we have

j=k+1

<Ik + IE“‘[1 k]A[k—H PJ; IF[1:161) BES@(]ELH)(Z)
IF[l k}A[klﬂ :P);z 17
[1 k A[k1+1 :PJ; F[l:k}B[P;%k)(g) + IF[ ]A k+1:P);z <1T - ﬁ[ltk]é[};%k)(z)»
hence
(B + FlgAismeFun) (Bho" () - 8550 (2))
= IFT1 k]A k+1:Pl;z <1T - F[ltk]/@[m}k)(z)) - B[Fi(;g(]k)@)
=] [1:k] <A[k}u P);z —(Tz- [T)A) <1T — A klﬁ[ﬁckﬁk (2 ))
= 7} F[l *] <Tz A klﬂ Pl — L ) <]—T - ﬁ[l:k]é[};k}k (5)>

= APC(E) /-
T3 FTl W AR 1P, A[k}&-l :Pliz (1T - F[lrk}ﬂ[hk(] )(Z)>a (31)
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where the second equality uses the fact that

i APC(k) /= . i e _ T i =
IF[l k‘] <1T - F[l:k]ﬁ[1:k§ )(Z)> == ]Filik:]]‘T - ]Fak‘]]F[lk] <TZ . Ik + Fak]]F[lk}> Fak‘]lT

~ ~ ~ ~ —1
= ([k — FplgFr (Tf I + F[lek]F[Lk}) )F[Tl:k]]-T

-~ ~ -1

_ APC(k) /-
=Tz B (2).
Now we apply the techniques in Appendix H.1 in Tsigler and Bartlett (2023), with a

APC(k)<Z)

modified error vector determined by the comparator. Define £ := B[lj%an)(z) — B

Multiplying both sides of (31) by £ from the left, we obtain

1 o _ ~  APC(k), -
E € + €TFT k;]A/.H_l :Pl;z 1:k:]€ < T_E €TF[1 k)4 k+1:Pl; A[k+1 :P);z <1T - F[l:k]ﬁ[l;k(] )(Z)> ‘

Next, divide and multiply by A[1 %] in several places to get quadratic forms:

1/2 1/2 12 ~1/2F AZY2p1/2
5TA[1/1<; A[l e 5TA[1 )1k Fix A[k:—l PJ; FugA g M€
1/2 —1/217 o — _
€TA[1/k 1: k/] IE‘[1 k] 4 k+1:P;2 AR [k+1:P);z (1T - F[I:k]ﬁ[m} (Z)> ‘ (32)

We lower bound the two quadratic forms on the LHS by extracting the appropriate
minimum eigenvalues via the Rayleigh-Ritz variational principle (equivalently, Rayleigh
quotient bounds). In particular, for any symmetric matrix B and any v,

v' ' Bv > A\un(B) ||v]|3, and  Apin(X"BX) > Apin(B) Amin(X T X).

AL2

Let u=A 1]

&, so that [|ul? = ||£||A[1 .- Then the first term on the LHS of (32) becomes

ETALTAL AT LE = ARk u > Aan(Aph)llul = AT €N,

[1:k] P [1:A] [1:k]

For the second term on the LHS of (32):

TAl/2 1/27=T —1/241/2
13 Alk]Alk] F[ k]Ak+1P Flk]Au k] A[uc}s
- 1/27 _
- (A[l k] IE‘[1 k]A[kJrlP 1k]A1k]>

1/27
2 )‘min(Au K] FT ]Ak+1 :P]; IF[1 k]A[lk ) H“’Hg
. ~1/2 ~1/2
= Amln((F 1: k]A [1:k] ) A[ki—l :Pl;z (F[lk}A[l k] )) ||’LLH2
-1/ ~ _
> )\min(A[ki_l :PJ; >/\min<A [1:k] IFT ]]F[lk]A 1;k] > Hul|2

- —-1/2
= M (A7) M F LB ) 1615,
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For the RHS of (32), we apply Cauchy-Schwarz to obtain an upper bound. Let

PC(k)
¢ =10 —FuuBis (2):
Then

TAL2 A-L2F o
5 A[1 )PV [1:K) F[l KA k4 1:P);z Al

—TzHA[ll/iS” HAllk/]2F[lk] Fk-i—lP Al

7||£||A[1 k]

Fu A1 A

[k+1:P);z

1/2 1/27 o -
T ‘ €)M Tl At pe Al 1y C)‘

2

Combining the lower bound for the LHS and the upper bound for the RHS of (32), yielding

||£||?\[1:,€] (Al_l + AT(A[kirl Pz ) )‘k<A[1 K] IE?[1 k]IF 1: k]A[l k] ))

1 ) i
< €l | |Fl A 1o Ay (U - Fuubia’” ()

—1
A[l:k]

Hence

T o 1
. FragAfesnpieAprapil|,
”€||A[1:k] SE 1 1 —1/2%T ~[1:k] —-1/2

AL )‘T(A[k—f—l :PJ; )Ak<A[1:k} ]F[lzk F[lik]A[lzk} )

1 >\1<A[k+1:P];z) /\1 ]F A

[1:k] A [k+1:P);2
Ap; k]

T2\ (Agege) + M (A IF“HIFM]AM]>

L M (Aperrppe) A ([ AT AS

(1:k] 1K) A k41 P);2

Al

—-1/2

M (Apgrpz) + A >\k</\[_11k Fly Fi. k]Au K] )
1/275
1(A[k+1¢P] )M ”Alk] FT k]H HA[k—H PJ;z H HA[kJrl :PJ;z H 1€l
Tz /\1(,4[“1:13}%) + A\ )\k<A—11k]2FT1 k]ﬁ 1: ’“]A?kf)

| =
>

1 MApsrre) AL TRl 4R el IS
Tz )\T(A[k—‘rl:P];z) )\ (A[kJrlP )+ )\1 )\k<A71 ZIF F[lkAfl 2)

[1:k] T [1:4] [1:K]

—1/2 -1/2
1 M(Apsupgz) A \//\1 <A [1:K] F [1: k]F[l H A ) [ Afe vzl 1€ 12

Tz )\T(A[kH:P];z) )\1(A[k+1:P];z) + A A (A

N

1/27%
[1:k] F[l k:]IF L: k]A[l k] >

/2%
1 N\ (A[k+1P} 2) A \/)‘1<A1k] F[M]F[lk} 1: k] ) HA[k‘—l-lP] H 1|2

T2 Ar(Apsrpyz) /\1(AU€+1¢P];Z)+)‘1/\k(A[_11k2F[1kF[1k]A[_llk)

<

>/
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where ¢ = 17 — F[M] Bﬁck(]k)(i) Here the first inequality is obtained by dividing the (33) by

1€l|a,.y on both sides. The second line uses )‘T(A[k}f—l ppiz) = 1/A1(Apeyrippiz). The third line

rewrites the norm || - || AT = ||A 11k/]2 ||2. The fourth line applies submultiplicativity of the

operator norm || - || (See Sectlon F.1 for the operator norm notation). The fifth line uses that
A is symmetric positive definite thus ||A[k+1P | = M(A [k+1:P];z) = 1/Ar(Ag41.p;2). The
sixth line uses [|A 1116/]21[??1 il = >\1(A[_1 ] F[Tl k]F 11 Ay, k] /2). The last inequality follows from
(11) which implies

~  APC(R) /-
HlT - ]F[l:k}ﬁ[l;k(] )(Z)HQ < 1z,

Note that ||17||2 < +/T, which is a good property of the SDF estimation problem.
Conditional on the events in Lemmas 4 to 7, we can further upper-bound the RHS of (34)

and obtain
1 T2+ Ther + \/_\/ j=k+1 )‘? T <T>‘k+1 ™ \/_\/ j=k+1 )‘32>

T_ Tz + (T 0. 5k/00)+>\1
Thir + VTS N
< M _ k+1 v J—k+1 J < ol
A1<1 —]f/(2COT))++Z Tz

where the last < holds for both k < CyT" (only requiring z > 0) and k > CyT (requiring
zZ2 M)

HEHA[L/@]

F.5 Analysis of the Bottom-(P-k) PC Factor Space

The analysis in this section combines ideas from Appendix A in Shamir (2023) and Appendix
A.3 in Lecué and Shang (2024). Compared with Shamir (2023), we extend their OLS
analysis to the ridge estimator and improve the convergence rate by focusing on pricing
error rather than ¢, distance. Compared to Lecué and Shang (2024), we do not need their
well-specified linear regression assumption; as a result, we obtain a slower convergence rate,
which nonetheless suffices for proving Theorem 1.

By (23), we have

APC(all) =T ~ o~ -1
[k+1:P] OH F[k+1:P] <F[1:k]]F[1;k] + A[k+1:P};z) 1r
Alky1:p) Aps1:P]
1
S == H]F[kﬂ P]‘ 1172
AT (F[lzle[Tl:k] + A[k+1:P};z) Ak
< | Fprnt]| 10
S v ||MErp T2
AT (A[k+1:P];z) A [k+1:P)

Conditional on the events in Lemmas 4 to 7, we can further upper-bound the RHS of
(34), up to a universal constant, by

Lz. (ﬁmw > A§> VT Ses(k, 2).

j=k+1
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F.6 Final Step

We have established (12) and (13) in the preceding subsections. The final step is simple:
combining these with Lemma 2 yields (14). We note that the condition r(Ap41.p)) > CiT

. . . P
in Theorem 1 arises directly from Lemma 4. Moreover, when z > —% > i=k41j» we have

ex(k,2) $1/4/r(A41,p)/T because

P P
Zj:k+1 Aj > ijkJrl Aj

P - TX )
v D icki A} s
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G Robustness Empirical Tests

G.1 Smaller-Scale Experiments with P up to 7,200

Mean Standard Deviation

0 5 10 15 20 0 5 10 15 20
P /360 P /360
Sharpe Ratio Pricing Error (52)

. . . . 0.0 . . . .
0 5 10 15 20 0 5 10 15 20
P /360 P /360

Figure A1l. Baseline model with v = 0.5 and P varying up to 7,200.
Curves correspond to different ridge penalties z.
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0.3 1
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0.0

3.51
3.0
2.5
2.0
1.5
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0.0

Mean
0 5 10 15 20
P/ 360

Sharpe Ratio

0 5 10 15 20
P /360

1.6
1.4
1.2
1.0
0.8
0.6 1
0.4 1
0.2
0.0+

1.4
1.2
1.0
0.81
0.6
0.41
0.2

0.0

Standard Deviation

Parameter
c/”_—— 10-5
- ' : — 107*
0 10 15 20— 193
P /360 10-2
— 10—1
] 2 [ 1
Pricing Error (62

9 (6°) e 10t
10?2
103

0 10 15 20

P /360

Figure A2. Baseline model with v = 2 and P varying up to 7,200.
Curves correspond to different ridge penalties z.

53



Mean Standard Deviation

Parameter
1073
1074
1073
1072
107!
1
10t
102
103

0 5 10 15 20 0 5 10 15 20
P/ 360 P /360

Sharpe Ratio Pricing Error (62)

0.0

. . . . 0.0 . . . .
0 5 10 15 20 0 5 10 15 20
P /360 P /360

Figure A3. Controlled experiment: first 1,800 factors generated
with v = 0.5, followed by 5,400 factors generated with v = 2.
Curves correspond to different ridge penalties z.
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3.51
3.0
2.5

Mean

Sharpe Ratio

1.4
1.2
1.0
0.8 1
0.6 1

5 10 15 20

0.0
P /360

Standard Deviation

0.41
0.2

Pricing Error (62)

20

P /360

20

Figure A4. Baseline model with v =1 and P varying up to 7,200.
Curves correspond to different ridge penalties z.
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Mean Standard Deviation

Parameter
1073
1074
1073
1072
107!
1
10t
102
103

0 5 10 15 20 0 5 10 15 20
P/ 360 P /360

Sharpe Ratio Pricing Error (62)

0.0

. . . . 0.0 . . . .
0 5 10 15 20 0 5 10 15 20
P /360 P /360

Figure A5. Controlled experiment: first 1,800 factors generated
with v = 0.5, followed by 5,400 factors generated with v = 1.
Curves correspond to different ridge penalties z.
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