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Abstract

This paper studies optimal executive pay when the CEO has fairness concerns: if his
wage falls below a perceived fair share of output, he suffers disutility that is increasing in the
discrepancy. Fairness concerns do not lead to fair wages always being paid; instead, the firm
threatens the CEO with unfair wages for low output to induce effort. The optimal contract
sometimes involves performance shares: the CEQ is paid a constant share of output if it is
sufficiently high, but the wage drops discontinuously to zero if output falls below a threshold.
Even if the incentive constraint is slack, the optimal contract features pay-for-performance,
to address the CEQO’s fairness concerns and ensure his participation. This rationalizes pay-

for-performance even if the CEO does not need effort incentives.
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Standard executive compensation models assume that CEOs care about pay only for the con-
sumption it enables. As a result, the marginal consumption utility of the bonus from improving
performance must weakly exceed the marginal cost of effort to do so. Such models have contributed
substantially to our understanding of executive compensation and inspired a stream of empirical
research.

However, it is not clear that consumption utility is the only, or even the most important, driver
of pay, given that CEOs are typically wealthy and most of their consumption needs are already
met. Edmans, Gosling, and Jenter (2023) survey directors and investors on how they set executive
contracts. Both sets of respondent highlight how pay is also driven by the need to ensure the CEO
feels fairly treated, consistent with experimental evidence that agents have fairness concerns (see
Fehr, Goette, and Zehnder (2009) for a survey). They also suggest that firm value is an important
determinant of what the CEO views as a fair level of pay. If firm value has increased due to
CEO effort, he expects to be rewarded. If firm value has increased (decreased) due to luck outside
his control, he should share in this good (bad) luck. These findings echo the widely-replicated
ultimatum game (e.g. Roth et al., 1991). If one party has been gifted an endowment, the other
believes he should be offered a sizable share.

This paper studies optimal contracts when the CEO is motivated by both consumption utility
and fairness concerns. We model the latter by specifying a perceived fair wage that is linear in the
firm’s output, i.e. the CEQO believes that he deserves a certain percentage of output. If the CEO’s
wage falls below this fair wage, he suffers disutility that is linear in the discrepancy. If the wage is
above the fair wage, his utility is either linear or concave in the wage. The principal is risk-neutral
and both parties are protected by limited liability.

When the agent’s utility is linear above the fair wage, the optimal contract involves a threshold
below which the CEO is paid zero, and above which he receives the fair wage. This contradicts the
intuition that fairness concerns should lead to the CEO receiving a fair wage for all output levels;
instead, they mean that unfairness can be a powerful motivator. If output is sufficiently low that
it is unlikely that the CEO has worked, he receives the most unfair possible wage of zero. Only if
output exceeds a lower threshold is he paid the fair wage.

Innes (1990) showed that, with a risk-neutral agent, the optimal contract is “live-or-die” — zero
if output is below a threshold, and the entire output above it. Such a contract is inefficient under
fairness concerns. Even if the CEO works, output may fall below this threshold due to bad luck.
If the CEO is paid zero, he perceives significant unfairness, which erodes his incentives to work.
Thus, it is efficient to pay him a fair wage once output crosses a threshold. Such a contract —
zero below a threshold and linear above it — resembles performance shares, which are common
in reality. Standard models, such as Holmstrom (1979), do not predict discontinuous contracts.
Innes (1990) predicts a sharp discontinuity where pay jumps from zero to the entire output, but
such sharp discontinuities do not exist in reality. We predict a milder and thus more realistic
discontinuity — when performance crosses a threshold, the wage jumps from zero, but not to the

entire output. Intuitively, performance shares provide fair wages if performance is good and unfair



wages if performance is bad, thus motivating good performance. If fairness concerns are sufficiently
low, there is an additional upper threshold above which the CEO receives the entire output.

When the agent’s utility is concave above the fair wage, the basic features of the linear model
remain robust — the payment is zero below a lower threshold, the fair wage above this threshold,
and the entire output above a higher threshold. However, there is an additional fourth region, in
between the regions in which the CEO receives the fair wage and the entire output. In this region,
his payment exceeds the fair wage, and is generally convex in output. Intuitively, if performance
is strong, the principal wishes to pay the CEO more than the fair wage. However, since the CEO
is risk-averse, it is inefficient to give him the entire output.

In both the linear and nonlinear models, pay is increasing in output even when the incentive
constraint is slack. Intuitively, satisfiying the participation constraint at least cost involves paying
the fair wage over a range of outputs, to avoid the disutility from unfair wages. Since the fair
wage is increasing in output, this generates a positive sensitivity of pay to performance. That
pay is increasing in output even without an incentive constraint means that the firm can induce
effort “for free”. In a standard moral hazard model, implementing higher effort is always costly to
the firm. In our model, since pay is increasing in output to secure participation, it automatically
induces effort. Critics of high incentives argue that they should not be necessary — the CEO should
be intrinsically motivated, and/or the board should monitor the CEO. Our model demonstrates
that incentives may be used not to induce effort, but to retain a CEO with fairness concerns.

This paper is related to the theoretical literature on executive compensation, surveyed by
Edmans and Gabaix (2016) and Edmans, Gabaix, and Jenter (2017). The vast majority of these
theories feature moral hazard and only consumption utility. More closely related are CEO pay
models that feature reference points. For example, De Meza and Webb (2007) and Dittmann,
Maug, and Spalt (2010) study optimal CEO compensation in the presence of loss aversion. In
our model, the fair wage is a reference point; the CEQO is also loss-averse as his utility is steeper
below the fair wage than above it. Our key innovation is that the fair wage depends on output,
which leads to a very different optimal contract[] Some other models feature the CEO’s utility
depending on variables other than pay, although not output. For example, DeMarzo and Kaniel
(2023) and Liu and Sun (2023) incorporate relative wealth concernsE]

An important literature, surveyed by Sobel (2005), studies the effect of fairness concerns on non-
CEO contracts. Fehr and Schmidt (1999) explore inequity aversion, where an agent dislikes another
agent receiving less than him, and dislikes even more another agent receiving more than him. In
these models (as well as most experiments in this literature), subjects are ex ante symmetric, and
so it makes sense for them to compare their consumption. They do not apply to a CEO setting,

where the firm’s objective function is shareholder value, which is orders of magnitude in excess

In Akerlof and Yellen (1990), the agent’s effort is reduced if his wage is below the fair wage, which is not
contingent on output. In Hart and Moore (2008), the agent’s reference point is outcomes permitted by the contract,
rather than output. Neither model features loss aversion.

2We thus do not include peer firm pay as a potential reference point, as it will lead to similar results as a model
of relative wealth concerns.



of CEO pay. An inequity aversion explanation for rewarding CEO for performance is that the
board feels sorry for the CEO as his pay is so low, which seems at odds with real-life perceptions.
(If the board represents individual shareholders rather than the firm, and the CEO always earns
more than individual shareholders, inequity aversion would have no bite as shareholders would
always want to lower pay as in a standard model). In our model, it is the CEO who has fairness
preferences, not the board or shareholders. Moreover, the CEO is only concerned for his own

utility, unlike in social preference models where agents are concerned with others’ utility.

1 The Model

We consider a standard principal-agent model with one added feature: the agent (manager,
“he”) has fairness concerns, specified below.

At time t = —1, the principal (firm, “she”) offers a contract to the agent. At t = 0, the agent
privately chooses an effort level e € Ry at cost C(e), where C(-) is continuously differentiable
with C'(e) > 0 and C”(e) > 0 for e > 0, C'(0) = 0, and lim, »oc C'(e) = 00. At t = 1, output
q € [0,7] is realized, where § may be finite or infinite, and the agent is paid a wage w (¢). Output
is distributed according to a twice continuously differentiable density function ¢(g|e) with full
support that satisfies the monotone likelihood ratio property (“MLRP”). Both the principal and
agent are protected by limited liability, so that 0 < w(q) < ¢ Vq.

Due to fairness concerns, the agent’s utility u (w,q) depends on both his wage w and output
¢, and is increasing and continuously differentiable in the former. His reservation utility is U.

For each target level €T, the principal’s problem is to find the cheapest contract that induces

an effort of at least e’

min, [ w(gotale)dy )

5.t € € argmax {/OqU(w(q),q)qﬁ(QIe)dq - 0(6)} > el (2)
| wtw.otalerdg - o) = T 3)
0<w(q) <qVq (4)
w(q) > w(d') Vg > ¢ (5)

where ([2)) is the incentive compatibility constraint (“IC”), (3)) is the individual rationality constraint
(“IR”), are the limited liability constraints, and ([5) is the agent’s monotonicity constraint which
ensures that the wage is non-decreasing in output (otherwise he would “burn” it). If the IC is
slack, the effort chosen by the manager e* will exceed e’

The above formulation is the standard moral hazard model in which the agent first exerts effort

and then receives pay, similar to Holmstrom (1979) and Innes (1990), with the only departure being



the agent’s utility function. As a result, any deviation in the optimal contract can be attributed
to fairness concerns. Another formulation would be to have a single-period model in which the
agent first receives pay and then chooses effort, or a multi-period model where the agent responds
to first-period pay by choosing second-period effort. Then, if offered unfair pay, he may withhold
effort and reduce total surplus, as in the ultimatum game. However, such a formulation would be
more ad hoc, as we would need to hard-wire the link between perceived unfairness and next-period
effort, rather than fairness entering the utility function. It would also be less comparable with
standard models.
Define the likelihood ratio LR (g|e) as follows:

% (gle)
o(qle) ’

and let ¢§ be the output for which the likelihood ratio is zero: LR(g§le) = 0. By MLRP and the
differentiability of ¢, ¢f exists and is unique.

LR(qle) =

Lemma below derives a sufficient condition for the validity of the first-order approach (“FOA”),
which allows us to replace the IC by its first-order conditionf]| Let K (¢) and K (¢) denote

the positive and negative parts of the second derivative of ¢(g|e) with respect to effort:

) = max { 5500, 0} (6)

2

Ko@) = min { G5 0l 0} 7)

Lemma 1 (First-Order Approach): The FOA is valid if

/Oq (K7 (@u(0,q) + K (q9)ulg, q)) dg < C"(e) (8)

for alle € Ry.

We henceforth assume that condition holds.

The perceived fair wage for output ¢, w* (q), is given by:

w*(q) = pq, 9)

where p € (0,1] is the agent’s perceived fair share. One determinant of p is the importance of
agent effort for firm output. Edmans, Gosling, and Jenter (2023) find that “how much the CEO
can affect firm performance” is the most important driver of pay variability. Another potential
determinant is incentives in peer firms — the third most popular response is “the split between

fixed and variable pay in peer firms.”

3This is related to the condition for the FOA in a model with limited liability in Chaigneau, Edmans, and
Gottlieb (2022). The difference is that, in Lemma (1} the utility function also depends on output.

5
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Figure 1: Function u(w,q) as defined in equation as a function of w for vy =1, p = %, and
output ¢ € {0,1,2,3,4}. Top row: v(w) = w. Bottom row: v(w) = In(w + 1).

The agent’s utility function is:

e, q) = { v(w) if w(g) > w(g)

2w (10)
v(w*(q)) + (1 +7) (w—w*(q)) if w(q) <w*(q)

where v > 0, v < 0, and 7y > 0 parametrizes fairness concerns. If the wage is fair (w > w* (¢)),
the agent’s utility is v(w). If the wage is unfair (w < w* (¢)), the agent suffers disutility which is
increasing in both the discrepancy w—w*(¢) and his fairness concerns v. We assume lim,,_,o v'(w) <
1 + 7, so that the utility function is always steeper below the fair wage than above it. The kink
at the fair wage means that the agent is loss-averse: his sensitivity to losses exceeds his sensitivity
to gains. The unique feature of our fairness model is that the fair wage depends on output and
is thus endogenously determined ex post, in contrast to loss aversion models where the reference
point is independent of output and thus known ex ante.
A special case of is where the agent is risk-neutral above the fair wage (v(w) = w), and
so:
u(w, q) = w —ymax {w*(q) — w,0}. (11)

This utility function is piecewise linear with a kink at the fair wage, a slope of 1 above and a slope
exceeding 1 below. This is the simplest and most transparent specification for fairness concerns,
and allows us to conduct comparative statics with respect to v and p.

Figure 1| displays the agent’s utility as a function of w for various output realizations and two
different utility functions. The Online Appendix extends the analysis to a nonlinear fair wage and
a convex utility function below the fair wage, as in prospect theory; all results are qualitatively

unchanged.



To simplify the analysis, we assume:

T

[ w00 [ a5 e 2 e (12)

/0 "u(0,q)é(gl0)dg — C(0) < T (13)

q
/ u(pq, q)¢(qle*)dqg — C(e*) > U, where e* satisfies (2) with w(q) = w*(q) Vq. (14)
0

These assumptions are not crucial for our results, but reduce the number of cases we need to
consider. Assumption ensures that an incentive-compatible contract that elicits e’ exists
even if the firm never pays more than the fair wage. Assumption implies that, even if the
cost of effort were zero, a contract that always pays zero would violate the IR. Assumption
implies that a contract that always pays the fair wage satisfies the IR.

2 Analysis

We first consider the problem of inducing the agent’s participation. As we show below, the

optimal contract may end up inducing effort even when the target effort level is zero.

Proposition 1 (Zero target effort level): Fiz e’ = 0. If U and v are sufficiently high, the agent
exerts e > 0 and the contract is characterized by w'(q) > 0 for some q. If U is sufficiently low,
the principal implements e* = 0 and the following contract is optimal:
w*(q) forq<q
w(q) = , (15)
pge  Jforq = qe

where q. 1s set so that the IR in equation (@ binds.

Perhaps surprisingly, an agent with a high reservation utility (threshold defined in the Ap-
pendix) chooses a strictly positive effort level even though the principal does not request any
effort. Intuitively, the principal satisfies the IR by offering the fair wage for a range of outputs,
and thus a wage that is increasing in output. Note that a wage increasing in output does not au-
tomatically induce effort, because even though output increases the agent’s wage, it also increases
the fair wage. If U is low, the principal can satisfy the agent’s IR even if she only provides fair
wages for a small subset of outputs. To minimize effort incentives and the required compensation
for effort, she pays the fair wage for ¢ < ¢. and a fixed wage (which does not rise with output and
is thus unfair) for ¢ > g.. This capped compensation structure means that, if ¢ > ¢., the actual
wage pq. is below the fair wage of pq and so the agent suffers a disutility.

In contrast, if U is high, the principal needs to pay fair wages for a wider range of outputs

to ensure the agent’s participation. Since the fair wage is increasing in output, it induces effort



as a by-product. The agent exerts e > 0 even though the principal requested e’ = 0; she gets
effort “for free”. This result is in stark contrast to the case without fairness concerns. In the
standard model of Holmstrém (1979), eliciting higher effort is always more costly to the principal
as it requires an output-contingent wage and thus inefficient risk-sharing. As a result, any effort
level in R, can in principle be optimal, depending on model parameters.

This is not true with fairness concerns. Providing low effort incentives either requires paying
unfair wages for high outputs (which fails to satisfy the IR) or paying above the fair wage for
low outputs (which is costly). Without fairness concerns, it is costly to incentivize high effort
levels; with fairness concerns, it may be costly to incentivize low effort levels as doing so requires
offering unfair pay. A by-product of fair pay is that it incentivizes effort, even if such incentives
are unnecessary. This result may extend beyond the C-suite; for example, equity might be given
to rank-and-file employees, despite their limited incentive effect, if they believe it is fair to share
in the firm’s fortunes[q

We now move to the optimal contract when the IC binds. Define ¢™™® as the highest value that

m

satisfies the following equation:

min

q

a7 9 9
[ 0G| o a5 = 0 (16)

If there exists a contract that implements e” without paying the agent above the fair wage for any

output, ¢ is the threshold below which the payment is zero and above which it is the fair wage.

We start with the case where the agent is risk-neutral above the fair wage (v” = 0).

Proposition 2 (Binding incentive constraint, v" = 0): Fiz el sufficiently high. The principal

implements e* = e and offers the following contract:

0 for q < qpm
w(q) =S w*(q) forq € [gm,qm) - (17)
q for q > qu

Moreover:
LR(gleT

(a) If v < %—1 and U is sufficiently low that the IR is slack, then LR (gm|e”) (147) =

LR (qule’) and ¢, > @ .
(b) If U is sufficiently high that the IR binds, then LR(qn|e?) (1 +7) < LR(qaleT).
LR(qle™
(c) If v > %—1 and
_ e 7 . :
U< —w)/ qo(qle )dq+p/ qé(gle” )dg — C(e”),
0 q

min
m

40yer (2004) offers a different explanation for this practice — that equity-based pay ensures that wages constantly
match outside opportunities. A model of retention predicts that pay is not sensitive to performance on the downside
(when outside opportunities are irrelevant) but is sensitive to performance on the upside, similarly to the payoff of
an option (Chaigneau and Sahuguet, 2018).



then ¢m = q™™ and qy = q;

Without fairness concerns (y = 0), the model is similar to Innes (1990). Due to MLRP, the
principal concentrates rewards on very high outputs only. Parts (a) and (b)|show that, regardless
of whether the IR is binding, v = 0 leads to ¢,, = ¢qas: the optimal contract is “live-or-die”. There
is a single threshold below which the agent is paid the minimum (zero) and above which he is paid
the maximum (the entire output).

With fairness concerns (v > 0), parts (a) and (b) establish that, when 7 is low or the IR binds,
the optimal contract has a third region: for intermediate outputs ¢ € [gmn, ), the agent is paid
the fair wage, and the size of the region is increasing in 7 (since g,, and gy are determined by
(1+7)LR (gn|e*) = LR (qar|e*)). The reason for this third region is that the Innes (1990) contract
is suboptimal when v > 0 on two grounds. First, it does not satisfy the IR efficiently, which is
a concern if it is binding (i.e. part (b) applies). The agent receives an unfair wage (zero) for
outputs below the threshold, which causes disutility. Second, it does not satisfy the IC efficiently.
The agent receives an unfair wage even for some output levels that are associated with positive
likelihood ratios and indicate that he has worked, reducing his incentives to do so. Since the
utility function is steeper below w* (¢) rather than above it, it is efficient to increase the rewards
for moderately low outputs (that nevertheless have positive likelihood ratios) from 0 to w* (¢), and
simultaneously to reduce the rewards for moderately high outputs from ¢ to w* (q).

While the above explains the optimal contract by starting from a model of moral hazard and
adding fairness, another way to view the intuition is to start with a pure fairness model and
add moral hazard. One may think that fairness concerns would lead to the agent always being
paid the fair wage w*(q), to secure his participation efficiently, but such a contract does not
provide incentives efficiently. Since the agent suffers disutility from an unfair wage, it is efficient
to “threaten” him with the most unfair possible wage of zero for low output: fairness concerns
can justify unfair wages because avoiding unfairness is a motivator. In addition, if output is
sufficiently high, the agent is paid the entire output rather than the fair wage, because efficient
incentive provision involves concentrating rewards in the highest likelihood ratio states.

For ¢ € [gm,qun), pay-performance sensitivity (“PPS”) p is determined by what the CEO
believes to be a fair reward for performance; as explained earlier, p might depend on how much
his effort affects output, or PPS in peer firms. In standard models with risk neutrality (e.g. Innes
(1990)), PPS is 1, which is not the case for any CEO (except for 100% owner-managers). In
standard models with risk aversion (e.g. Holmstrom (1979)), PPS is determined by a trade-off
between incentives and risk aversion. However, Edmans, Gosling, and Jenter (2023) finds that
CEO risk aversion is the least important out of seven determinants of PPS, and Becker (2006)
documents a weak relationship between risk aversion and PPS.

Part (c) shows that, when + is sufficiently high and U is sufficiently low, ¢ increases all the

way to g. The highest region disappears, so the agent is never paid the entire output. The optimal

SPart (c) is inapplicable with v = 0 due to MLRP and ¢™" < 7.



contract thus only has two regions — zero for low outputs and the fair wage for high outputs.
Intuitively, the disutility v from unfairness is sufficiently high that the gains from paying fair
wages outweigh the standard desire to pay only for very high outputs (Innes (1990)). Thus, gy
increases to the highest possible level of . Since the agent is never paid above the fair wage,
incentive compatibility is achieved by setting ¢, = ¢™ as in equation |j The condition on U
means that a contract as in equation (17)) with ¢, = ¢™" and ¢y = g satisfies the IR.

This contract represents performance shares, where the agent is given shares worth pg that
are forfeited if ¢ < ¢,,. In standard models where the likelihood ratio is a continuous function of
output, such as Holmstrom (1979), the optimal contract is also a continuous function of output
and so does not involve discontinuities. In our model, the likelihood ratio is also a continuous
function of output, yet discontinuities are optimal because the threat of the most unfair possible
wage incentivizes effort. In the Innes (1990) model without a monotonicity constraint, the optimal
contract is discontinuous but the agent receives either nothing or everything; we are unaware of
such a contract being offered in reality. To obtain more realistic contracts, Innes (1990) assumes
that the principal’s payoff cannot be decreasing in output, otherwise she would “burn” it or the
agent would secretly inject his own funds into the company to inflate it. Innes’ theory can be
interpreted as either a financing model where an entrepreneur (agent) raises funds from an outside
investor (principal), or a compensation model where a company (principal) offers a contract to
a CEO (agent). While the two justifications for the monotonicity constraint are realistic for the
financing application, they may be less relevant for the compensation application. Dispersed
shareholders cannot coordinate to burn output, and while the board acts on shareholders’ behalf,
burning output violates directors’ fiduciary duty to the company. Similarly, it would likely be illegal
for the CEO to inject his own funds into the company to manipulate the stock price. Our paper
obtains realistic contracts without the need for a monotonicity assumption on the principalﬁ In
addition, in Innes (1990), the monotonicity constraint leads to a continuous contract; our contract
features a mild discontinuity as is common in reality.

Proposition [2| shows how whether the IR binds affects the optimal contract. When the IR does
not bind, as in parts (a) and (c), we have g,,, > 0, so that the contract has a discontinuity between
zero and positive payments. Paying zero for low outputs incentivizes effort, but may fail to ensure
the agent’s participation. Thus, when the IR binds, the contract may not have a discontinuity part
(b) allows for g, = 0). Overall, the IR binding is a necessary condition for pay to be a continuous
function of output. The increasing use of performance shares, which do contain discontinuities,
is consistent with the participation constraint no longer binding for many CEOs — that they are
willing to accept unfair pay for low output levels suggests that they are above their outside option.

Corollary [1] shows how the contract depends on the intensity of fairness concerns.

50ur model does feature a monotonicity constraint on the agent (expression ) Standard models do not
require this as monotonic contracts are automatic given the MLRP, but this need not be the case with fairness
concerns. A justification is that, if the agent’s payoff were decreasing in output, he would “burn” output. Innes
(1990) makes a similar justification for the principal, who has less control over output than the agent.

10



Corollary 1 When v" =0, U, v, and e* are sufficiently high, then the threshold q,, above which

the manager is paid a fair wage w*(q) is decreasing in ~y.

In the case considered in Corollary (IR and IC bind, and ¢, < qST: the agent is only paid
zero for outputs which are bad news about effort), the threshold ¢, above which the manager is
paid a fair wage is decreasing in 7. Intuitively, the stronger fairness concerns are, the stronger the
disutility the agent suffers from receiving zero. This reinforces effort incentives, but also reduces
the agent’s expected utility from the contract. The principal will therefore change the thresholds
qm and gy to reduce effort incentives and to increase the agent’s expected utility. This is achieved
by decreasing ¢,,, because this increases the range of outputs (g, qST) over which the agent receives
the fair wage even though they are bad news about effort. The effect on ¢,/ is ambiguous.ﬂ

Proposition [3| gives the optimal contract for the case where the agent is risk-averse above the

fair wage (v” < 0).

Proposition 3 (Binding incentive constraint, v" < 0): Fiz el sufficiently high. The principal

implements e* = eI and offers the following contract:

0 for q €10, ¢m)
e for q € [qm, ]
(9) (1) (M + MLR(qle®)))  forq € (g, qn] -
¢ for q € [qn. 7]

The optimal contract is now given by four regions. As with v” = 0, there are three regions in
which the agent is paid zero, the fair wage, and the entire output. However, there is an additional
region, given by ¢ € [qu, gn], where output is sufficiently high that the principal pays more than the
fair wage. It is inefficient to give the entire output, since the agent exhibits diminishing marginal
utility and so does not value this additional reward highly. Thus, unlike in the model with v" = 0,
the optimal contract is continuous at ¢,;. As output rises above q,/, the likelihood ratio increases
further and so the actual wage exceeds the fair wage by more. The contract will generally be convex
between ¢y, and qNE| For ¢ > qu, the likelihood ratio is so high that the principal pays the entire
output.

Example [1] illustrates how the optimal contract is affected by underlying parameters. When
the agent’s utility is concave above the fair wage, the optimal contract’s payoff structure is similar
to stock with conditional vesting provisions, which is widely used in practice (see Figure 2 in Bettis
et al. (2018)).

7If instead we had g, > qST, the effect of increasing « on effort incentives would be ambiguous: it would raise
the disutility of receiving zero payments, which would arise not only for all bad news outputs (¢ < qST) but also
for some good news outputs ¢q € (q8T7qm).

8However, the contract will be concave if the likelihood ratio is concave, so that very high output is only
slightly more indicative of effort, and if risk aversion is sufficiently important compared to prudence (see Chaigneau,
Sahuguet and Sinclair-Desgagné, 2017). The latter condition will typically not be satisfied for CEOs who have low
relative risk aversion due to their wealth.
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Example 1 The agent’s preferences are given by v = 2, p = %, Cle) = {5 X el?.
v(w) = w, and output follows a truncated lognormal distribution on [0, 10] with parameters e* = 1,
and o = 1. Optimal contract for (a): U = —0.5 and ¢ = 1.8. (b)) U = —0.6 and ¢ = 2.25.
Second row: v(w) = In(w + 1), and output follows a truncated normal distribution on [0,10] with
parameters ¢ = 1 and o = 1. Optimal contract for (c) U = —0.5 and ¢ = 0.4. (d) U = —1 and

c=0.4>5.

First row:

(@) (b)

w(a) w(a)
5- B
4 4
3k 3
2 2
0 1 2 4 5 6 470 1 2 3 4 5 6 7
(c) (d)
w(q) w(q)
25- 251
200 2.0
1.5/ 1.5}
1.0F 10k
0.5 05l
. ‘ ‘ ‘ q . ‘ ‘ ‘ " q
0.5 1.0 15 2.0 25 307 05 1.0 15 2.0 25 3.0

Figure 2: The contract w(q) as a function of ¢ for parameter values described in Example

3 Conclusion

This paper studied optimal contracting under fairness preferences, where the agent’s perceived
fair wage depends on output. We showed that fairness concerns do not lead to the agent being
paid fair wages for all output levels; in contrast, unfair wages can be effective to induce effort.
When the agent’s utility function is linear above the fair wage, the optimal contract involves
two thresholds for output. The agent receives zero below the lower threshold, the entire output
above the upper threshold, and the fair wage in between. When fairness concerns are sufficiently

strong, the upper region in which the agent receives the entire output disappears, and the contract
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becomes performance shares. The model thus rationalizes the common usage of performance shares
in reality; most other contracting theories predict continuous contracts, or extreme discontinuities
where the agent’s pay switches from zero to the entire output.

When the agent’s utility is concave above the fair wage, the contract now involves an additional
fourth region, in-between the regions in which the CEO receives the fair wage and the entire output.
In this region, his payment exceeds the fair wage, and is generally convex in output.

In both models, we show that, even if the incentive constraint is slack, pay is increasing in
output — by paying the agent the fair wage over a greater range of outputs, this reduces perceived
unfairness and allows the participation constraint to be satisfied at least cost. As a result, the
firm can induce CEO effort “for free”, potentially rationalizing why incentives are given even to
intrinsically motivated agents.

This paper is a first step in modeling CEO pay under fairness preferences, using the standard
model to make transparent how fairness concerns affect the optimal contract. For future research,
it may be fruitful to explore the other potential determinants of the fair wage suggested by the
survey of Edmans, Gosling, and Jenter (2023), such as peer firm pay in a model of multiple firms,

employee pay in a model of multiple agents, or last year’s pay in a dynamic model.ﬂ

9The results of Edmans, Gosling, and Jenter (2023) also suggest that shareholders, not just the CEO, also have
fairness concerns. However, this may be a less promising research direction as the principal makes no decisions
beyond offering the contract, and so fairness concerns do not affect effort incentives. In addition, fairness concerns
for the principal are similar to a restriction on the space of contracts. Such constraints have been explored in prior
work, e.g. Innes (1990).
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A  Proofs

Proof of Lemma [1k

For a given contract w(q), the effort choice problem of the agent can be written as

max / " (wlq), @) dlale)dq — C(e).

e

The second derivative of the agent’s objective function with respect to e is negative for any e if

and only if:
q 2
/0 u(wle).0) 22 (gle)dq < O'(e) Ve € (0,2) (19)

With principal limited liability (see equation (4))), since the utility function increasing in w, the
maximum value of u for a given ¢ is u (g, ¢). In addition, with agent limited liability (see equation
(4))), the minimum payment is w(g) = 0; with a utility function increasing in w, this implies that

the minimum value of u for a given ¢ is u (0, ¢). Therefore, for any given ¢:

u(w(q),q) € [u(0,q),u(q,q).

Using notations K (q) and K (q) defined in equations @ and , the expression on the left-hand
side (“LHS”) of equation can then be rewritten as:

/Oqu(w(Q)»Q) min {%@@ﬂ}dq + /Oqu (w(g), q) max {%(qle),o}dq. (20)

(w(q),q) < u(g, q) for any q.
Therefore, for any q such that (q| ) <0 we have u(w(q), q) 2 Er1 (q| ) < u(0, )M(q| ); and for
any g such that 5% (gle ) > 0 we have u(w(q), q) 52 (ale) < ulg, q)55 (gle
implies that expressmn is less than:

As established above, we have u (w(q) q) > u(0,q) for any g, and u

). Integrating over ¢, this

q
/ (K2 (@)u(0,q) + KX (q)ulq, q)) dg,
0
which completes the proof.

Proof of Proposition [T}

We describe the optimal contract when e’ = 0, i.e. the IC does not bind for any contract. In
the optimization problem with a nonbinding IC, the IR for e* > 0 must be binding. Suppose that
it is not. Then, the contract that solves the optimization problem in equations , , and is
simply w(q) = 0 for any ¢, which gives utility «(0, q) at a given ¢, so that the IR is not satisfied
because of equation , a contradiction.
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The relaxed optimization problem with a nonbinding IC, a binding IR, and the FOA, is:

i [l o)
st. [ utwla) olaler)dg - Oe) =T (22)
[ w5 aleryin = ') 2
0<w(q) <gq (24)
w(q) > w(q') Vg > ¢ (25)

At first, we hold effort constant. We then consider the effects of the contract on the effort choice,

which matters because it affects the equilibrium effort e*, and therefore the LHS of equation (22)).

Lemma 2 If the optimal contract induces e* = 0, it is such that w(q) < w*(q) on any non-empty
subinterval of [0,q|.

Proof. With e > 0 and C’(0) = 0, a contract w(q) that induces e* = 0 is such that:

[ w5 a0 <. (26)

By contradiction, suppose that the contract induces e* = 0 and is such that w(q) > w*(q) on
a non-empty subinterval of [0,g]. Consider the following perturbation: on one of these subin-
tervals, denoted by Q7, decrease w(q) by an arbitrarily small e. On another subinterval where
w(q) < w*(q), denoted by @~ , increase w(q) by € which is such that the agent’s expected utility
is unchanged:

/Q+ v(w(q) —€) dlgle)dg + /_ (v(w™(g)) + (1 +7)(wlg) + & —w'(q))) ¢(gle”)dg
= /Q+ v(w(g))plale”)dg + / (v(w*(q)) + (1 +7)(wlq) — w*(q))) dlale”)dg
< (v(w(g) — v (wlq) =€) ¢(gle”)dg = (1 + 7)8/ ¢(qle”)dg
Q Q-

where / (v(w(q) — v (w(q) —€))) dlgle")dg <'(0)e | dlgle”)dg < (1+)e | dlgle”)dq (27)
Qt Q Qt

because of the assumption v(0) < 1 + «. The implied change in expected pay is:

—€ e*)d ep(qle)dq,
| ostleyin+ [ zotaleri

which is strictly negative because of equation . [ ]
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When the IC is nonbinding, holding effort constant (at a given e = e*), the optimization
program has an infinity of solutions: any monotonic contract such that w(q) € [0,w*(q)] Vq and
equation holds would solve the optimization problem. Indeed, this type of contract is such
that:

Elu(w(q),q)le*] = Efv(w*(q)) + (1 +7) (w(q) —w*(q)) [e*]
= (L+7)E[w(g)le] +E[v(w (q))le’] — (1 +7)E [w*(q)le"], (28)

i.e., holding effort constant, the agent’s expected utility only depends on E [w(q)le*]. Let the
threshold ¢! be such that:

*

[ ot @yetaods+ [ utoaz, otaloyds = T+ c10) (29)

Note that this threshold exists and is unique because of the assumptions in equations and
and because the LHS of equation is continuous and strictly increasing in q.

Lemma 3 The contract:

w*(q) ifq<q;
- , 30
wla) { pq;  ifq=>q; (30)

where ¢ 1is implicitly defined in equation (@), induces e* = 0 if and only if U < U,. Moreover,
for U < U,, this contract is optimal.

The threshold U, is the value of reservation utility U such that e* = 0 solves the FOC to the
agent’s effort choice problem with the contract in equation (30) with a binding IR. Formally, let
G. be implicitly defined by (uniqueness is established in the proof of Lemma |3]):

| etw @520+ [ @)+ (04 9) (od = (@) G0N = C0),

qc

Then, given . as in the equation above, U, is implicitly defined by:

/0 " o (@) $lql0)dq + / " dpio )o(al0)da = T+ C0).

dc

Proof. Because of equation (28), with a contract such that w(q) € [0, w*(q)] V¢ and a given effort

e*, the binding IR can be rewritten as:

(L +E[w(@)le] +E [v(w (@)le’] — (1 +1E[w(g)le’] - C(e") = U, (31)
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so that an optimal contract is such that:

Ew(@le] = Bl @l + 15— (0 + C(e) ~Ep(w(@)]e”). (32)

With a contract of the type

P4 if ¢ > q.

w<q) :{ w*(Q) if ¢ <q. 7 (3?))

there is only one ¢, such that the IR in equation ([22)) is satisfied. Indeed:

(9(?10 {/oq vl @)plale")da + /q (v(w™(q)) + (1 +7) (pge — w*(q))) ¢(QIe*)dq}

gc

e [ slaleydg 0. (34)

With a contract as in equation , an increase in ¢. leads to an increase in the LHS of the IC in
equation ([23)):

aaqc {/Oqc U(w*(Q))%(ﬂe*)dq + /q (v(w*(q)) + (1 + f),) (PQC _ w*(q))) %@’e*)dq}

qc

96
= (L) [ 5 ale)da > 0.

where the inequality follows from the definition of a density function and MLRP. For g. = 0, the
LHS of the IC is strictly negative. By a continuity argument, it follows that e* = 0 when ¢, is
sufficiently low. Moreover, the agent’s expected utility on the LHS of equation is strictly
increasing in ¢, (see equation ); for equation to be satisfied, the LHS of the equation must
be strictly increasing in ¢.. Therefore, with a contract as in equation (33)), q. is strictly increasing
in U. Since an increase in ¢, leads to an increase in the LHS of the IC in equation and equation
(26) must be satisfied for e* = 0 to be the effort level optimally chosen by the agent, it follows
that the contract in equation induces e* = 0 if and only if U is sufficiently low: U < U,. =

Lemma 4 Effort e* =0 can be induced by a feasible contract such that w(q) < w*(q) if and only

if it can be induced by a contract as in equation @

Proof. We will show that a contract as in equation (30) minimizes the LHS of IC conditional on
e* = 0 and the constraints on contracting. Given w(q) < w*(q) and equation (28)), E[u(w(q))|e*] =

U is equivalent to E[w(q)|e*] = W for a given e* (here e* = 0) and some W, and u(w, ¢) is linear
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in w. Thus, the effort minimizing contract solves:

: ¢ 0l =TT
win [w@3 @0y st Bl =0 =T
0 < w(g) <w(q)
w(g) = 0
Let z(q) = w(q). The Hamiltonian and Lagrangian are:
o= —ula) g (al0) + bula)o(al0) + Aa)o(a) (35)
L = H+p(g)z(q) +v(gw(g) +w(w(q) —wlq)) (36)

The optimality condition with respect to the control variable x is:

oL

9. =0 © Aa)=-nla) (37)
T

By complementary slackness, u(q) > 0, and u(q) = 0 if z(q) > 0. Thus, A(¢) <0, and A(q) = 0 if

z(q) > 0. The equation of motion for the costate variable is:

oL 96

Mg) = -5 Mg) = 5 -(al0) = 06(q|0) — v(q) +w(q) (38)

The transversality condition is A\(g) = 0. By complementary slackness, if w(q) € (0,w*(q)) and
w(q) > 0 then:

3a) = 22(4l0) — 00(al0) (39)

Moreover, as already established, A(¢q) = 0 if #(¢) > 0 < w(q) > 0, which implies A(g) = 0.
: 00
Thus, with equation , A(¢) = 0 would imply that the likelihood ratio -2 (al0)

¢(q|0)
is impossible by MLRP. In sum, we cannot have w(q) € (0,w*(q)) and w(g) > 0 on any non-empty

is constant, which

subinterval. This implies that, on any non-empty subinterval, either w(q) = w*(q) or w(q) = 0
(the latter allows for w(q) = 0).

Finally, we have to show that w(q) = w*(q) for g less than a threshold and w(q) = 0 for ¢
higher than this threshold. By contradiction, suppose that the contract is such that w(q) = 0
(and w(q) < w*(q)) for ¢ € Q1 and w(q') = w*(¢’) for ¢ € Q3 where Q1 and Q5 are such that
g < ¢'. Note that the utility function is linear in w for w(q) < w*(¢q). Standard arguments show
that it is possible to perturb the contract by increasing payments on (), and decreasing payments
on (), to maintain the same expected payment [ w(q)¢(¢|0)dg while reducing effort incentives
[ w(q)%2(q|0)dg because of MLRP. m

Lemma 5 Ife” =0 and U < U,, then the principal implements e* = 0.
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Proof. First, in this case, an optimal contract cannot be such that w(q) > w*(¢q) on a non-empty
subinterval. As already established, a contract as in equation (30 with g. such that IR binds
induces e = 0 when U < U,, i.e. in this case there exists a contract such that w(q) < w*(q)

*

for any ¢ that induces e* = 0. Now consider a contract w”(q) such that w?(q) > w*(¢q) on a
non-empty subinterval. There are two cases. If this contract induces e* = 0, then this contract is
dominated (see Lemma . If this contract w*(q) induces e* > 0, holding effort constant at e* = 0

for now, we have:
E[w(q)le* = 0] > E[w(q)|e" = 0], (40)

where the contract w(q) is as in equation , so that it induces e* = 0. The inequality in equation
can be established as in the proof of Lemma . In addition, for any feasible contract w*(q)

(is which nondecreasing in ¢ for all ¢ given the constraint in equation (25))), we have:
Elw”(g)le” > 0] > E[w’(q)[e" = 0], (41)

which follows because MLRP implies FOSD. In sum, the contract w*(q) is dominated.

Second, consider a contract w(q) such that w(q) < w*(q) for all ¢ that does not induce e* = 0,
and which is such that IR is satisfied as an equality as in equation (22)) (we already showed that IR
must be binding). As established in equation , holding effort constant, the agent’s expected
utility for this type of contract only depends on the expected cost of the contract, Elw(q)|e*],
which is as in equation . Moreover, for any feasible contract, a reduction in effort leads to a
lower expected cost since MLRP implies FOSD (see equation ) Therefore, a contract such
that w(q) < w*(q) that induces e* = 0 dominates a contract such that w(q) < w*(q) that induces
e* > 0. Finally, a contract as in equation (30) with g. such that IR binds induces e¢* = 0 when
U < U., and this contract is optimal for e¢* = 0 (see Lemma . |

In sum, if U < U,, then e* = 0 and an optimal contract is as in equation (30)) (see Lemmas

and [4).
Conversely, if U > U,, Lemmas |3 and 4] imply that any contract that induces e* = 0 must be

such that w(q) > w*(¢) on non-empty subinterval(s). Moreover, some of these subintervals must
be in [0,¢]: if U > U, and w(q) < w*(q) for all ¢ < ¢, then e* > 0 because of Lemmas |3| and

and because the LHS of the IC conditional on e* = 0 writes as:

[ utwtar. 0 3 al0 (42

with 22(g|0) < 0 if and only if ¢ < ) by MLRP.
Still in the case U > U,, we compare two contracts. Contract A is the contract that induces
e* = 0 at the minimum cost. Contract B is the contract defined in Lemma [3] where ¢. is such that

IR is binding subject to incentive compatibility. As already established, this contract is such that
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e* > 0 when U > U,. Because of MLRP and the monotonicity constraint, contract A takes the

form:

pqr  ifqg<qy
w(q) =< w*(q) ifq€ g, q4) , (43)
pga  ifqg>qq

where g4 is such that IR binds for a given ¢, and gy is the lowest value such that e* = 0 with this
contract. We have g > 0 since with U > U, there does not exist a contract as in Lemma |3 that
induces e* = 0. As v — oo, with the full support assumption we have g; — g so that ¢y >> 0 for
incentive compatibility.

In the rest of the proof, we denote by é the strictly positive effort level induced by contract B.
We have:

Elu(wa(g))le” = 0] = Ev(w"(q)) + (1+7) (walg) —w"(q)) e = 0]
+/0 (v(wal(q)) = (v(w™(q) + (1 +7)(walg) — w*(q)))) #(ql0)dq
Elu(wp(g))le” =¢] = Ev(w (q) + (1+7) (ws(q) —w (q)) |e" = €]

We also have E[u(wa(q))|e* = 0] = U and E[u(wp(q))le* = é] = U + C(é). With v sufficiently
high, we have §. — g so that é — 0 and with C"(0) = 0 we have C'(¢) — 0. Thus:

E[wa(g)le* =0] = Efws(q)le” = &) +E[w*(q)le” = 0] — E [w*(q)|e" = ¢]
s Bl @)l = ¢ - Elufw(@)le = 0)

+ /:f (v(w™ () + (1 +7)(walg) — w*(q)) — v(walq))) #(¢l0)dg  (44)

We have E [w*(q)|e* = 0] — E [w*(¢q)|e* = é] < 0 and this term is independent of . We also have
E [v(w*(q))|e* = €] — E[v(w*(¢))|e* = 0] > 0. Finally, with wa(q) = pgr > w*(q) for ¢ < gy, we
have v(wa(q)) < v(w(q)) +v'(w* (@) (walg) —w*(q)) < v(w*(q)) + (1 +7)(walg) —w*(q)), so that
v(w*(q)) + (1 4+ v)(walq) — w*(q)) — v(wa(q)) > 0, for ¢ such that ws(q) > w*(g). In sum, when
~ is sufficiently high, we have E [wa(q)|e* = 0] > E [wp(q)|e* = é] so that it is optimal to induce
e* > 0. Any contract that induces e* > 0 must be such that w’(q) > 0 for some ¢ (a contract
such that w'(q) = 0 for all ¢ results in the corner solution e* = 0 to the agent’s effort optimization

problem).

Proof of Propositions [2] and [3}
When the condition from Lemma[I]holds so that the FOA applies, a binding IC can be rewritten
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as:

[ w03 e = e (4

with e* = e” since the IC binds.
Lemma 6 The optimal contract is such that w(q) ¢ (0,w*(q)) for any q.

Proof. This proof is by contradiction. Suppose that for some ¢ we have w(q) € (0,w*(q)).
Consider any given initial incentive-compatible contract and the following perturbation for any
g > ¢ in this subinterval, increase w(q) by €/¢(q|e*), and decrease w(q’) by €¢/¢(q'|e*), where €
is positive and arbitrarily small. By construction, for a given effort this perturbation does not
change the principal’s or the agent’s objective function (note that the agent’s objective function is
linear in w for any w and ¢ such that w > w*(q)). Now consider the effect on the LHS of the IC in
equation (45). With w(q) € (0,w*(q)) and w(q’) € (0,w*(¢')), the change in the LHS of the IC is:

(I+7v)e(LR(qle”) — LR(qle")),

which is strictly positive by MLRP. Since the LHS of the IC increases and the IC is binding,
standard arguments show that it is then possible to construct a contract that leaves the LHS of
the IC and IR unchanged compared to the initial contract and reduces the cost of the contract
to the principal, which establishes that the initial contract was suboptimal. This rules out any

contract such that w(q) € (0,w*(q)) for any ¢q. =
Case 1 (Proposition [2)): v" = 0.

In this case, we have v(w) = a + bw for b > 0. We normalize v(w) = w (as in equation ([11})).

The first step in this part of the proof establishes that a contract as described in equation ((17)
is optimal. To this end, we rely on the agent’s monotonicity constraint in equation and on
Lemma [7] below.

Lemma 7 Let the utility function be as in equation and suppose that the IC is binding. The
optimal contract is such that w(q) ¢ (w*(q),q) for any q.

Proof. This proof is by contradiction. Suppose that for some g we have w(q) € (w*(q),q).
Consider any given initial incentive-compatible contract and the following perturbation for any
g > ¢ in this subinterval, increase w(q) by €/¢(gle*), and decrease w(q') by €/¢(¢'|e*), where €
is positive and arbitrarily small. By construction, for a given effort this perturbation does not
change the principal’s or the agent’s objective function (note that the agent’s objective function is
linear in w for any w and ¢ such that w > w*(¢q)). Now consider the effect on the LHS of the IC in
equation ([45). With w(q) € (w*(q),q) and w(¢') € (w*(¢'), '), the change in the LHS of the IC is:

¢ (LR(qle”) — LR(q'|e")),
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which is strictly positive by MLRP. Since the LHS of the IC increases and the IC is binding,
standard arguments show that it is then possible to construct a contract that leaves the LHS of
the IC and IR unchanged compared to the initial contract and reduces the cost of the contract
to the principal, which establishes that the initial contract was suboptimal. This rules out any

contract such that w(q) € (w*(¢),q) for any ¢. m

The second step of the proof establishes the values of ¢, and gy, for a given effort e* to be
induced.

The relaxed optimization problem with ¢,, € [0,q] and gy € [gm, q] is:

min [ (ool (46)
st [ utwlo) )G aler)dg = ') (47)
/ “u(w(e), 9)dlale’)dg — C(e") > T (18)
0 for ¢ < qm,
w(q) = w*(q) for q € [gm, qu] (49)
q for ¢ > qu

With the utility function defined in equation , this can be rewritten as, for ¢, € [0,g] and
qm € [Qmaq]:

[min / h pq9(qle’)dg + / qp(qle”)dgq (50)
s.t. /0 " (=vpg) %(b(q]e*)dq—ir /q pq%(qle*)dQnL /qM q%cﬁ(qle*)dqzc’(e*) (51)
| rmotaienda [ motaleraa+ [ aotaleraa = e > (52)

Denote by n;c and 1y the Lagrange multipliers associated with the constraints in equations
and , respectively. The FOC for an interior solution are:

0 0
— P4 ®(am|€*) — Nic <—7pqma—f(qm|e*) — pqm§¢(qm|e*))

—11R (=P P(Gm|€") — Pam®(gmle”)) = 0 (53)
. . ¢ . ¢ .
pamd(amle”) — amd(qmle™) — nic (qu%(que ) — qMa(qme ))
—nrr (pqud(qurle”) — qud(qule”)) =0 (54)
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which for ¢, # 0 and qp; # 0 is equivalent to:

le] *
% (qmle”)

—1+n0c amle™) (T+7) +nmr(l+7)=0 (55)
26 ]
—1+n1c (?;(i](i\/[" *)> +nr=0 (56)

The optimal value of ¢, is generically not described by a corner solution. We have ¢,, = 0 in
a nongeneric case: when equation (14)) is satisfied as an equality at e* = €. Now suppose that

equation ([14)) is not satisfied as an equality at e* = 7

, 1.e. it is satisfied as a strict inequality. This
implies that the IR is nonbinding when ¢,, = 0 (indeed, it is nonbinding for ¢,, = 0 and ¢ = G,
and the LHS of the IR in equation is decreasing in ¢ps). Moreover, a contract with ¢, = 0
does not provide incentives at the minimum cost, since increasing ¢,, would increase the LHS of
the IC in equation while reducing the cost of the contract in equation (50)). Finally, since the
IR is nonbinding at ¢,, = 0 and its LHS is continuously differentiable in ¢,,, the increase in ¢,, can
be small enough that the new contract still satisfies IR. In sum, if equation is not satisfied as
an equality at e* = T, then we cannot have ¢,, = 0 at the optimal contract.

Likewise, we cannot have ¢,, = ¢, which would imply q,; = ¢, at the optimal contract. Indeed,
this would violate the IC in equation since the LHS would then be negative and the RHS
positive; this would also violate the IR in equation according to equation ({13]).

Thus, the optimal value of ¢,, is generically given by the first-order condition in equation ,
which can be rearranged as:

1 1
LR(gyle") = — | —— — ,
(gmle”) no (14_7 771R>
where n;c > 0 and n;g > 0.

There are two cases.

Nonbinding IR. In the optimization problem with a nonbinding IR, the IC for ¢’ > 0 must
be binding. Suppose that it is not. Then, the contract that solves the optimization problem in

equations , , and is simply w(q) = 0 for any ¢, so that u(0,q) = —ymax{pq,0} = —ypq
for any ¢ € [0,9], and:

/0 U(QQ)%(Q’e)dq = —w/o q%(q\e)dq <0< C'(e),

for any e > 0, i.e. the IC is not satisfied, a contradiction.
If the optimal values of ¢, and q,; are interior solutions, equations and with n;g =0
(nonbinding IR) and n;¢ > 0 (binding IC) immediately give:

5 (gmle”)

O(qmle”)

( )= % (qurle”)

= Sl (57)
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With a nonbinding IR, we establish that ¢, > q¢ , where e* = ¢?. Consider any given initial
compensation contract such that ¢, < ¢5 and the following perturbation: increase g, by an
arbitrarily small amount. This perturbation increases the LHS of the IC and reduces the cost of
the contract to the principal. Standard arguments show that it is then possible to construct a
contract that leaves the LHS of the IC unchanged compared to the initial contract and reduces the
cost of the contract to the principal, which establishes that the initial contract was suboptimal.

Denote the subset of values of {g,,, qM} that satisfy the IC by Q¢ and denote the values of
{Gm, qar } in this subset by {¢2¢, ¢!¢}. Let ¢1¢ be a function of ¢!¢. This is a continuous function by
the implicit function theorem since the LHS of the IC in equation (47)) is continuously differentiable
in ¢, and ¢, and the product of continuous functions is continuous.

Totally differentiating the LHS of the IC with respect to ¢!¢ and taking into account the effect
on ¢i% so that the LHS of the IC remains unchanged gives:

d [7 O . O .
0 | @05 (deds = (u(0,a,7) —u(w (7). 4x7) 3 (anle)
) d c
+ ((u(w*(ﬁ?),q&c) —ulgqys - arf ) a—f(q]@ole*)) dg%
* a¢ * * a * quC
= 0w @) o anle) = (@F - w' (@) g 0(r1e) 76 =
darg _(1+’y)w*(qfnc)g (qm le*)
dg;¢ i —wiar) Ge(agler)

where both the numerator and the denominator of the second fraction on the RHS are positive
since ¢ < gm < qur-
Now consider the subset Q° of values of {¢,,, qur }, denoted by {¢¢,, ¢5,}, that leaves the expected

cost of the contract in equation (46)) unchanged for the principal. By construction:

i | w@otaler)dn = = )0 ) = (dhy = G )olaile) G =0

day, — wi(gn)  o(gnle”) (59)

= = .
dgs, a5y — w*(q5,) (a5 le”)

Because of MLRP, for ¢§* < ¢ < qur, we have:

2 (g1e) 2 (qule”) 26(gule") _ 0lanle?)
Oe Oe
@) = Sl T gl S dlanler)

with strict inequalities for qy; > qu,.

For any given element in Q’¢, there are two possible cases:

ic .
1) For values of ¢!¢ and ¢i¢ such that (1 + ) 66((3’3‘6 )) < 6((IC|L )) and ¢, > ¢§ , a marginal

increase in ¢, and associated decrease in ¢y (si < 0) that satisfies incentive compat-
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ibility as in equation results in a lower cost to the principal because of equations

and ([60).

2) For values of ¢f¢ and ¢I¢ such that (1 + 7) de((%‘e;;) > Zf((%fgl‘ )> and ¢, > ¢5 , a marginal

. : . d . : .
increase in ¢, and associated decrease in ¢y (since dg% < 0) that satisfies incentive compat-
m

ibility as in equation ([58]) results in a higher cost to the principal because of equations
and (60).

Consider the smallest value for ¢!¢ and corresponding highest value for ¢1¢ in the subset Q7

n max

and denote them by ¢™" and ¢3**. We can show by construction that ¢§*™ = G: according

to equations , an incentive-compatible contract such that g, > ¢¢ and qy = q exists; by
definition of QIC and ¢y, this means that ¢j* = g. Since IR is nonbinding and the cost of a

contract is decreasing in qm7 all else equal, qmlm is implicitly defined by incentive compatibility with

.
Qf=qin equatlon . From equatlons and . we have qmm > qi - There are two cases.

First, if (1 + ) 35((?::;76*? > "f;((q(‘]‘ then due to MLRP and jngc < 0, for any element of Q¢

we have (14 7) fz;e(fﬁrcnle )) > ae((gzgll*)),
of Q. Therefore, the optimal values of ¢,, and ¢y are respectively ¢™" and g. That is:

so that case 2) described above is relevant for any element

0 for ¢ € [0, ¢™™)
wig) =1 i (61)
w*(q) for g € [gn", 7]
where ¢™" is defined in equation |.D
Second, if (1 + =) ‘9((1’2“1,:‘1‘6)) < f;((q" )) then for elements in the subset Q¢ for low enough

values of ¢! and high enough values of ¢1¢, case 1) described above is relevant. Moreover, since

v > 0 and the likelihood ratio LR(g|e) is continuous in ¢ by assumption, for elements in the subset

Ic : Ic IO (winon Q045 -
Q' for high enough values of ¢, and low enough values of ¢;7 (since it < 0), case 2) described
above is relevant. In sum, the optimal values of ¢, and ¢; belong to the subset Q'¢ and satisfy
the following equation:
o) * o) *
5e(amler)  Gelauler)

Oe _ ODe
O gty ~ dlamle) (62

Binding IR. When both the IC and IR are binding, g,, and ¢;; must satisfy:

" a(b * " a(b * 7 8¢ * %
_W/o a5, (dle )dq+p/qm a7, (ale”)dg + /qM 45, (ale)dg = C'(e") (63)
—w/o mq¢(q|e*)dq+p/ : q¢(q|€*)dq+/ qo(gle*)dg — C(e*) =T (64)

We also know that the optimal value of g, is generically an interior solution, so we have three

cases.
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1. First, if the optimal values of ¢, and gy, are interior solutions, equations and with
nir > 0 and n;c > 0 immediately give:

% 6* @ e*
7 (@] )<1+7)+m_37_ 7. (anre”)

o] e’ ™ olamle) (65)

Because of MLRP, the LHS of equation (65| is strictly increasing in ¢,,, and the RHS is
strictly increasing in gqp;. Thus, for any pair {gm.,qy} that satisfy this equation, gy is

strictly increasing in q,,.

2. If qar = @, then @, must satisfy:

dm 8 q a
—oo [+ [ a5 aeda = e (66)
—p / " goale’)dq + / 4d(qle’)dg — C(e") =T (67)

The LHS of the IR in equation is strictly decreasing in ¢,,. Thus, there exists at most
one value of ¢, such that equation holds, and this value is strictly decreasing in U. The
derivative of the LHS of IC in equation with respect to g, is qm%(qm]e*) (—vp—1),
which by MLRP and definition of g5 is positive if and only if ¢,, < ¢ . Thus, there exists
at most two values of ¢,, such that equation holds, and these values are independent of

U. In sum, generically we cannot have IC and IR binding with ¢y = gp.

3. If gy =1, then ¢,, must satisfy:

am 9 q o
—w/o qa—f(qle*)qurp/ qa—f(Q\e*)dq =C'(e") (68)
qm
—p / " golalen)dq + p / 4lqle”)dg — C(e) =T (69)

The LHS of the IR in equation (69) is strictly decreasing in ¢,,. Thus, there exists at most
one value of ¢, such that equation holds, and this value is strictly decreasing in U. The
derivative of the LHS of IC in equation 1@} with respect to ¢, is qmg—‘i’(qm|e*) (—=vp —p),
which by MLRP and definition of ¢§ is positive if and only if ¢, < g5 . Thus, there exists
at most two values of ¢,, such that equation holds, and these values are independent of

U. In sum, generically we cannot have IC and IR binding with ¢a; = .

Case 2 (Proposition [3)): v" < 0.
We describe the optimal contract when the IC binds. By Lemma (I, when the IC in equation
is binding, it can be replaced by the FOC:

[ w05 e o = e (10
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For now, ignore the monotonicity constraint. We will verify below that the optimal contract thus
derived is monotonic.

Combining the agent’s monotonicity constraint (w(q) is nondecreasing in ¢) in equation
and Lemma [6] for some ¢,, € [0,g] we have: w(g) = 0 for ¢ € [0,¢,), and w(q) € [w*(q),q] for
q > qm because of principal limited liability. This implies that u(w, ¢) = v(w) for ¢ > ¢,,. That is,
for a given ¢,,, the relaxed optimization problem that gives the optimal contract to induce effort

e* = el can be rewritten as:

min [ waotaie)in )
st [T w00 e+ [ o)l = o) (72
[ wo. st [ owiotaleran > (73)
w(q) € [w*(q), q] Vg (74)

We henceforth consider the subset of values of ¢, such that the optimization problem in equations
— has a solution (the optimization problem has a solution for some ¢, because of the
assumptions in equations and ) Using the notation in Jewitt, Kadan, and Swinkels
(2008), we have m(q) = w*(q) and m(q) = q. We can apply Proposition 1 in their paper to derive
the optimal contract on [g,,q| given that the payment w(q) is 0 on [0, ¢,,) (note that the first
terms on the LHS of equations and are independent of w(q) and can therefore be treated
as constants in the optimization problem in equations —). In sum, for some g,,, the optimal

contract is defined implicitly by:

0D for ¢ < gm
1 B m for ¢ > ¢, and )\IR +AreLR(gle") < gy ( )
w,(w(q),q) | Arr+ AicLR(gle*) for ¢ > g and v,( ( 5 < Atr + AicLR(gle*) < ,%q)
U,%q) for ¢ > ¢,, and v,(q) < Arr + ArcLR(q|e®)

with A;g > 0 and A\;¢ > 0, which are the Lagrange multipliers associated respectively with the
constraints and , and which therefore depend on ¢, (in general, these are not the Lagrange
multipliers associated with the IR and IC of the original optimization problem). Equivalently:

0 for ¢ < gm

w(g) = Uj*_lq) for ¢ > gy, and AIR + M LR(qle") < sty 1
v (1) (Arr + ArcLR(qle*))) for g > ¢, and v,(w* 7 < Ar+ AicLR(gle*) < o)
q for ¢ > ¢, and v,(q) < Ar + ArcLR(qle")

Proof of Corollary [1}
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When U is sufficiently high, IR is binding. When e’ is sufficiently high, IC is binding. When
IR and IC are binding, the contract is given by case (b) in Proposition . Moreover, for U and 7
sufficiently high, we have ¢, < qST. The IC can be written as:

[ w005 alerdn + [ vl Gl s =) (75)

In this equation, only the first term on the LHS depends on ~: u(0,¢) = v(w*(¢)) — (1 +v)w*(q).
Furthermore, with ¢,, < ¢¢ and a binding IC which implies e* = e, we have g—f(q\e*) < 0 for any
q < Gm-
With a contract as in Proposition [2| the first derivatives of the LHS of the IC and IR with
respect to vy are respectively:
9¢

dm am
_p/ qa—(q!e*)dq >0  and — p/ qo(qle”)dg < 0.
0 € 0

Thus, following a marginal change in 7, the contract must change in a way that decreases the LHS
of the IC and increases the LHS of the IR.

With v = 0, gnv = qur, so that the contract is fully described by ¢, and ¢,;. With a contract
as in Proposition [2] the first derivatives of the LHS of the IC with respect to g, and gy when

qN = qu are respectively:

—(1+ W)PQm%(qmle*) >0  and (v(pqur) — U(QM))%(QM|€*) <0.

With a contract as in Proposition , the first derivatives of the LHS of the IR in equation (64))

with respect to ¢,, and q,; are respectively:

—(1+79)pgmd(gmle’) <0 and  (v(pgu) — vqur))P(qule”) <O.

In sum, following a marginal increase in v, an increase in both ¢, and ¢,; would strictly decrease
the LHS of the IR, while an increase in ¢, and a decrease in ¢p; would strictly increase the LHS
of the IC. Therefore, the only changes in ¢, and gy, that leave the LHS of both the IC and IR

unchanged overall following an increase in « involve a decrease in g,,.

30



Online Appendix
A Theory of Fair CEO Pay

Pierre Chaigneau, Alex Edmans, Daniel Gottlieb

B Nonlinear Model

The agent’s utility function is now:

u(w, q) = min {v(w), v(w, q)} (76)

where v(w) is utility over money alone, which is increasing and concave (v' > 0, v” < 0), with
v(0) = 0[] The term v(w, q) is the agent’s utility when his payment is below the fair wage, which
in turn depends on output. We assume that v(0,q) < 0, v,(w,q) < 0 (higher output raises the
fair wage and thus lowers utility), v, (w,q) > 0, limy,~ o v (w,q) > lim,\ o0 (w) V¢ (the utility
function is always steeper below the fair wage than above it), vy, (w, q) > 0, v,, = 0, and v,, = 0.

For any given ¢, the functions v(w) and v(w,q) intersect on (0,00) at most once[l’] Let this
point, if it exists, be denoted by w*(q), i.e. v(w*(q)) = v(w*(q),q). At this point, v'(w) < v, (w, q),
yielding a kink in u(w,q) as a function of w at w = w*(q). Thus, w* (¢) captures the agent’s
perceived fair wage, but it need no longer be linear in output. The utility function exhibits
not only loss aversion, but also concavity above the fair wage w*(q) and convexity below it, as in
prospect theory.H

We also assume the following;:
U+ C(e*) > 0. (77)

/qv(w*(q))¢(q|e*)dq — C(e*) > U, where e* satisfies with w(q) = w*(q) Vg, (78)
0

Assumption implies that a contract that always pays zero would violate the IR. Assumption
implies that a contract that always pays the fair wage satisfies the IR.
Propositions {4| and study the case without moral hazard and the case with a binding IC,

respectively.

Proposition 4 (Zero target effort level, nonlinear model): Fix e’ = 0. If U is large enough, the
principal implements e* > 0. If U is small enough, the principal implements e* = 0. In any case,
the optimal contract is such that w'(q) > 0 with a strict inequality on a non-empty subinterval,

and w(q) < w*(q) for any q.

0This specification for the function v(w) includes CRRA utility with relative risk aversion less than 1, and
v(w) = In(w + 1).

HTndeed, for w = 0 and any ¢, we have v(0) > (0, q). In addition, for any ¢, v(w) is weakly concave in w whereas
v(w, q) is weakly convex in w.

2However, the model does not exhibit probability weighting as in prospect theory.
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Figure 3: Top row: the function u(w) defined in equation as a function of w for v(w) = In(w+1)
and v(w,q) = (w+ 1)"* — 1 — 1¢g with ¢ = 0.5 on the left, ¢ = 1 in the middle, and ¢ = 2 on
the right. Bottom row: the blue line is the fair wage w*(q) deﬁned by v(w*(q)) = v(w*(q),q) as a
function of ¢ for v(w ) In(w+1) and v(w,q) = (w+1)"? —1—Lq on the left, v(w) = Vw +1—-1
and v(w,q) = w — —q on the right. The orange line is principal LL.

Proposition 5 (Binding incentive constraint, nonlinear model) For the program -(@ with a

binding IC, the optimal contract is such that:

0 for ¢ €0, qm)
wig =" q) for a € [gm, qu]

v TH(L/ (A + M LR(qle))) forq € [qu.qn]

q for q € [qn,q]

The optimal contract is given by four regions. As in the linear model, there are three regions in
which the agent is paid zero, the fair wage, and the entire output. However, there is an additional
region, given by ¢ € [qu, gn], where output is sufficiently high that the principal pays more than
the fair wage. It is inefficient to give the entire output, since the agent exhibits diminishing
marginal utility and so does not value this additional reward highly. Thus, unlike in linear model,
the optimal contract is continuous at ¢;;. As output rises above q,/, the likelihood ratio increases
further and so the actual wage exceeds the fair wage by more. The contract will generally be convex
between ¢,; and qNE For ¢ > gy, the likelihood ratio is so high that the principal pays the entire
output.

If e = 0, i.e., the IC is slack, then the principal chooses the cheapest contract that satisfies the

BHowever, the contract will be concave if the likelihood ratio is concave, so that very high output is only
slightly more indicative of effort, and if risk aversion is sufficiently important compared to prudence (see Chaigneau,
Sahuguet and Sinclair-Desgagné, 2017). The latter condition will typically not be satisfied for CEOs who have low
relative risk aversion due to their wealth.
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IR; Proposition [5[shows that this involves a positive sensitivity of pay to performance, all the more
that the agent’s reservation utility U is high. Intuitively, the agent is never paid more than the fair
wage, but he is paid at the fair wage for more outputs when U is higher. Thus, U is sufficiently
high, the wage is increasing in output and fair for most outputs, so that it induces effort and the
principal obtains effort “for free”, as in Proposition

This result is in stark contrast to the case without fairness concerns. In the standard model
of Holmstréom (1979) with a risk-neutral principal and a risk-averse agent, eliciting higher effort is
always more costly to the principal as it requires an output-contingent wage and thus inefficient
risk—sharing.@ As a result, any effort level in R, can in principle be optimal, depending on model
parameters. This is not true with fairness concerns. Providing low effort incentives either requires
paying unfair wages for high outputs (which reduces expected utility and fails to satisfy the IR)
or paying above the fair wage for low outputs (which is costly). Without fairness concerns, it is
costly to incentivize high effort levels; with fairness concerns, it may be costly to incentivize low
effort levels as doing so requires offering unfair pay. A by-product of fair pay is that it incentivizes
effort, even if such incentives are unnecessary. This result may extend beyond the C-suite; for
example, equity might be given to rank-and-file employees, despite their limited incentive effect, if
they believe it is fair to share in the firm’s fortunes[™|

While paying the fair wage for a range of outputs helps satisfy the IR, doing so for all outputs
would give the agent rents. The question then becomes: at which outputs does the firm pay below
the fair wage, and how much below does it pay? With v,,, > 0, the agent’s utility is non-concave
below the fair wage. Thus, if the firm pays below the fair wage, it is efficient to pay him zero. Since
the fair wage is increasing in output, the disutility from zero wages is also increasing in output,
and so he should be paid zero for low output levels.

Example [2] illustrates how the outside option and the cost of effort affect the contract.

Example 2 Consider v(w) = In(w + 1)@ and an output that follows a truncated normal distri-
bution on (0,00) with €* and 0 = 1, LR(qle*) o q + constant, and v'~" (1/ (A + AaLR(qle*))) is
linear in q. The contract is illustrated in Figure [4)

In panel (a) of Figurel|{), the IC is nonbinding (i.e. e* > e'), but the IR is binding, and so
the principal pays the fair wage for low outputs. In panel (b), a lower U leads to a nonbinding IR
and a binding IC (i.e. e¢* = eT). The contract is now driven by incentive considerations and so
the fair wage is no longer paid for outputs with a negative likelihood mtiom In panel (c), the cost
of effort is higher than in panel (b), requiring the principal to increase incentives. She does so by

paying the fair wage rather than zero for a larger subset of outputs with a positive likelihood ratio,

H41f the agent is risk-neutral and protected by limited liability, implementing higher effort requires the firm to
offer him a higher payment upon success and thus a higher expected wage.

150yer (2004) offers a different explanation for this practice — that equity-based pay ensures that wages constantly
match outside opportunities.

16This yields v/~ (w) = L —1, so that o' "' (1/ALR(qle*)) = ALR(q|e*) — 1.

1"When the IC is binding so that e* = e, the likelihood ratio is positive for LR(gle?) > qST ~ 5. The
approximation is due to the use of the truncated normal distribution with e =5 and o = 1.
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(a) (b) (©)

Figure 4: The contract w(q) as a function of q. The agent’s preferences are as in Example [2| with

viw,q) = (w+1)2—1-1¢, Cle) = 5 (8%)10, and e’ =5. (a): U=0and c=0.02. (b): U= —2

and ¢ = 0.02. (c): U = —2 and ¢ = 0.05.

and above the fair wage for very high outputs.

Proof of Proposition [}

In the optimization problem with a nonbinding IC, the IR for e* > 0 must be binding. Suppose
that it is not. Then, the contract that solves the optimization problem in equations , , and
(B]) is simply w(q) = 0 for any ¢, so that, using equation at any effort e* with v(0,q) <0 by
assumption: B B

q q
[ u0.06tleryda = [ v0.000(ale)da <0
0 0
i.e. IR is not satisfied because of equation , a contradiction.
The relaxed optimization problem with a nonbinding IC, a binding IR, and the FOA, is:

min [ wlgo(ale ) (79)
st. [ utwlo) otale)dg — () =T (30)
[ wtw. 5 aleryin =) 1)
0<w(g) <gq (82)
w(q) = w(g') Vg > ¢ (83)

Lemma 8 If the optimal contract induces e* = 0, it is such that w(q) < w*(q) on any non-empty

subinterval of [0,q].

Proof. We will show that a contract such that w(q) > w*(q) for some ¢ is dominated. Since the
contract must involve w(q) > 0 for some ¢ as shown above and w*(0) = 0, this also implies that
the optimal contract is such that w'(g) > 0 for some ¢ because of equation .

Denote by w”(q) a contract that satisfies the constraints on contracting and the participation

constraint. A contract such that w(q) > w*(q) for all ¢ with a strict inequality for some nonempty
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subinterval(s) is dominated. Indeed, with the assumption in equation , there exists a cheaper
contract which still satisfies the constraints on contracting and the participation constraint. Now
consider a contract w?(q) such that w?(q) > w*(¢q) on a nonempty subinterval of [0,q] denoted by
Q., wi(q) < w*(g) on a nonempty subinterval of [0,7] denoted by Qy, and w?(q) = w*(q) on a
possibly empty subinterval of [0,q] denoted by Q..

For q € Q,, since v" < 0:

v(w(q) — v(w(q) < v'(w(q)) (w(g) — w*(q)) < v'(0) (w(q) — w'(q)) (84)

For ¢ € Q, since v > 0 and because of the assumption lim,,\ o v, (w, q) > lim,,\ o v'(w) V¢

v(w*(q),q) = v(w(q).q) > v, (w*(q),q) (w(q) — w(q)) > v'(0) (w(q) — w(q)) (85)

Since the contract w*(q) satisfies the participation constraint:

[ vwr@)staiedn+ [ vt @0 s+ [ ol @) (ale)ds - Ce) =To (50
a Qb c
where Uy, > U. Denote by Qp and Qs two subintervals of Q, such that Qp U Qp = Qp and
g2 < q1 for any g € Qo and q; € Op;. Because of the assumption in equation , there exists
a contract with payment w*(q) for any ¢ except on the subinterval Qu,, where payment is w”(q)
such that w(q) < w*(q), that induces effort é, such that:

[ ot @)salerda+ [

a Qp1

v(w(g), 9)f (ale”)dq + / v(w(q), ) f(dle*)dg

Qp2

n / o(w* (@) f(qle")dq — C(e?) = T (87)

Qc

| o @)ralea+ [

a le

v(w*(q), @) f (al€)dq + / v(w?(q), 9)f(qlé)dq

b2
n / o(w*(9))f(alé)dg — C(€) = T (88)

Equation is satisfied as an equality under effort é = e*. Since by construction the new contract
provides the agent with the same expected utility net of effort cost Uy under effort e* associated
with the initial contract, if the agent is better off exerting a different effort level é, then equation

is satisfied as an inequality. By construction, we have:

/ (v(wA(Q))—v(w*(q)))f(q\e*)de+/ (v(w(q),q) — v(w*(q),q)) f(qle*)dq

a le

+/ (v(w(@),q) — v(w'(q), 9)) f((J|€*)dQ+/ (v(w*(q)) —v(w™(q))) fgle")dg =0 (89)
Qb2

c
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Applying equations and to subintervals Q, and Qp;, respectively:
[ ot anstaends - [ otwransaen+ |
a a Q

n /Q v(w(q), q)f(gle")dq — /Q
< / (0(w*(g)) + v/(0) (w(q) — w*(g))) flale")dq — / o(w*(9))(alé)dg

a Qa

+/Q (v(w*(q)) +v'(0) (wA(Q)—w*(q)))f(QIe*)dq—/Q v(w*(q),q)f(qlé)dq
n /Q v(w(q), 0) flgle”)dg — /Q
/ v'(0) (w(q) — w*(q)) f(QIe*)dQ+/ V'(0) (w(q) — w*(q)) f(qle™)dg

a le

~ (0) /Q (@) (@) Sale)da

V(wA(QM)f(QIe*)dq—/ v(w*(q),q)f(qlée)dq

b1 Qb1

o)) f(ale)da + [ ol (@) fale)da — [ olw (@) falé)dy

vt @) fale)dg + [ ot @)f(aleda ~ [ vl (@)@l

IN

— (0) / " (wg) — w (@) Flale)dg (90)

where we used equations and to get the second inequality, and the fact that both contracts
have the same payment on subintervals Q; and Q. to get the final equality. Using equation
and v’ > 0, the last line of equation is greater than zero, which means that the expected cost
of the new contract is higher under effort e*.

There are two cases. In any case, we will establish that a contract such that w(q) > w*(q) for
some ¢ is dominated.

First, suppose that the effort induced by the new contract described above is lower than (or
equal to) the level of effort e* associated with the initial contract w”(q). Since compensation is
increasing in ¢, this weakly reduces the expected cost of the contract, which shows that the initial
contract is dominated.

Second, suppose that the level of effort induced by the new contract described above is strictly
higher than the level of effort e* associated with the initial contract w“(q). Denote by g, the
highest level of ¢ such that, under the new contract, w(q) = w*(q). By construction of this new
contract, we have w(q) = w*(q) for ¢ < q,, and w(q) € [w(q.), w*(q)) for ¢ > q,. Now suppose the
payment under this new contract is set to w(g,) for any ¢ > ¢, where g, is set so that the expected

utility of the contract is equal to U. The threshold g is strictly increasing in U:

| vt @staerdn s [ vt gotale)da =T 1)

Thus, when U is sufficiently low, ¢, < ¢4, and the expected cost of the contract is reduced by the

aforementioned perturbation. Moreover, when U is sufficiently low, the resulting contract induces
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e* = 0 since:
/0 "o @) 22 gl0)dg + / (), )2 (al0)dq < 0. (92)

This also establishes that the initial contract is dominated.
Now consider the case when U is sufficiently large: it is equal to the LHS of equation .
Then the optimal contract pays w*(q) on any non-empty subinterval by the arguments above and

equation (78). In this case, effort is strictly positive (e* > 0) since for any e*:

| ot an e alenyda > o (93)

Proof of Proposition [5}
We describe the optimal contract when the IC binds. By Lemma [l when the IC in equation
is binding, it can be replaced by the FOC:

[ w05 e o = e (94

For now, ignore the monotonicity constraint in equation . We will verify below that the optimal

contract thus derived satisfies monotonicity. This part of the proof has two steps.
Lemma 9 On any non-empty subinterval of [0,q], we have w(q) ¢ (0, w*(q)).

Proof. Let u(q) := u(w(q), q), and let u_'(-) be such that uy! (u(q)) = w(q) & uy'(u(w(q),q)) =
w(q). The Lagrangian for the optimization problem in equations — is:

c=:A%Jw@wmwm%w(f%@wwmw—am—ﬁ)

0

o ([ 0 G2alerva — e ) = Auaaah? aa) — Auaole) (- i (0(0)

Note that the constraints are linear in @(q). The first-order necessary condition (FONC) with

respect to %(q) at any given output ¢ is:

99 (41e") — Maal@us” (@(@)) + Mup(a)uy” (ilg)) = 0

e
@((Ae*) /\LLA(Q) R /\LLP(Q) o
e u 1 7 _ . ) .
¢(q|€*) + ¢(q|e*) w ( (Q>> ¢(q|e*) w ( (q)) (95)

where Appa(g) =0 for w(q) >0 < wu, > u(0,q), and ApLp(q) = 0 for w(q) < ¢ <& u, < u(g, q).

uy (4(q)) d(gle”) — Ad(gle”)

&, (Wg)=A+p

The proof is by contradiction. For a given ¢, suppose that w(q) € (0,w*(q)) < 1w, €
(u(0,q), u(w*(q),q)), which implies Appa(q) = 0 and A\ppp(g) = 0 by definition of these Lagrange

37



multipliers, and also implies u(w(q),q) = v(w(q),q) by definition of the utility function. The
function v(w,q) is increasing and convex in w. This implies that ug,! is increasing and con-
cave. Thus, the FONC does not describe an optimum to the minimization problem, and further-

more the optimal w(g) is not in the interval (0,w*(¢)) < the optimal u, is not in the interval
(u(0,q), u(w*(g), q)). =

Combining the agent’s monotonicity constraint (w(q) is nondecreasing in ¢) in equation (/5
and Lemma [9] for some ¢, € [0,7] we have: w(q) = 0 for ¢ € [0,¢), and w(q) € [w*(q),q] for
q > ¢ because of principal limited liability. This implies that u(w, q) = v(w) for ¢ > ¢,,. That is,
for a given g,,, the relaxed optimization problem that gives the optimal contract to induce effort

e* = el can be rewritten as:

min /q i w(q)¢(qle*)dg (96)
st [ 0.0 5w+ [ otwla) G ale o = ') (97)
[ wo.astalerin + [ vtw@iotaleran >0 (98)
w(q) € [w*(q),q] Vg (99)

We henceforth consider the subset of values of ¢, such that the optimization problem in equations
- has a solution (the optimization problem has a solution for some ¢,, because of equations
and (78)). Using the notation in Jewitt, Kadan, and Swinkels (2008), we have m(g) = w*(q)
and m(q) = q. We can apply Proposition 1 in their paper to derive the optimal contract on [g,,, q]
given that the payment w(g) is 0 on [0, ¢,,) (note that the first terms on the LHS of equations (97))
and are independent of w(q) and can therefore be treated as constants in the optimization

problem in equations —). In sum, the optimal contract is defined implicitly by:

1 B m for ¢ > ¢, and A\jg + Ao LR(gle*) < m
u!, (w(q),q) Ak + AicLR(gle*) for ¢ > ¢, and m < Ar + AicLR(qle*) < v,%q)

o) for ¢ > ¢,,, and m < A1r + AicLR(qle”)

with \;g > 0 and A\;¢ > 0, which are the Lagrange multipliers associated respectively with the
constraints and , and which therefore depend on ¢, (in general, these are not the Lagrange
multipliers associated with the IR and IC of the original optimization problem). Equivalently:

0 for ¢ < gm

w(g) = Uj* 1q) for ¢ > g,, and )\IR + AicLR(qle*) < m 1
v (1/ (Atr + Aic LR(qle*))) for ¢ > ¢, and ,(w* 7 < Mr+ AicLR(qle”) < 5
q for ¢ > ¢, and v,(q) < Ar + ArcLR(qle")
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