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Abstract

Significant asset heterogeneity characterizes many over-the-counter (OTC)
markets. We first introduce a benchmark model that includes only stan-
dard asset-specific (AS) trading and demonstrate that asset heterogeneity
fragments the market, thereby diminishing the positive network effects on
liquidity. Next, we model a parallel-trading market that also allows quasi-
consolidated (QC) trading—where assets with varying values trade at a uni-
form price—and demonstrate that this parallel-trading market results in higher
total trading volume and greater social welfare. However, QC trading’s uni-
form pricing creates a “cheapest-to-deliver” effect, hurting liquidity for sell-
ers who do not participate in QC trading. Additionally, these sellers, along
with some sellers who participate in QC trading, earn lower profits than they
would in the AS-only market. Our model provides a foundation for analyz-
ing liquidity and market design in OTC markets with heterogeneous assets.
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1 Introduction

Research on trading and liquidity in decentralized financial markets, also known as over-
the-counter (OTC) markets, has advanced rapidly, particularly following the 2008 fi-
nancial crisis. Theoretical studies have examined key features of OTC markets, such
as search frictions, bargaining, dealer intermediation, network structures, and market
opacity (see Duffie (2012) and Weill (2020) for surveys). In this paper, we focus on an-
other salient aspect of OTC markets: asset heterogeneity.

Substantial asset heterogeneity characterizes many key OTC markets, including U.S.
fixed-income markets. For instance, as 0f 2022, the corporate bond market featured over
100,000 bonds issued by approximately 5,600 firms. Similarly, by the end of 2017, the
municipal bond market comprised more than 1.5 million bonds issued by around 50,000
entities (Bessembinder, Spatt and Venkataraman, 2019). In the agency mortgage-backed
securities (MBS) market, over 800,000 securities backed by mortgages with diverse bor-
rower, loan, and lender characteristics were outstanding as of 2019.

This high degree of asset heterogeneity is widely regarded as a factor impairing OTC
market liquidity. For example, Bessembinder et al. (2019) argue that “one reason that
individual corporate bonds trade less frequently than equities is that an issuer often has
multiple bond issues outstanding. While equity shares issued at different points in time
by a given firm are fully substitutable, each bond issue is a separate contract with dif-
fering promised payments, maturity dates, and priority in case of default.” Supporting
this view, the average daily trading volume in 2019 was about $34 billion for corporate
bonds and $12 billion for municipal bonds, yielding annual turnover rates of 1.1-1.3. In
contrast, the U.S. Treasury market, characterized by relatively low heterogeneity (with
around 400 securities outstanding), had a daily trading volume of approximately $590
billion and an annual turnover of 12.8.

The agency MBS market, however, stands out as an intriguing exception. Despite its
pronounced asset heterogeneity, it is considered “one of the most liquid fixed-income
markets in the world, with trading volumes typically in the trillions of dollars per year.”!

Its primary trading mechanism, the to-be-announced (TBA) contract, allows a cohort of

https://www.alliancebernstein.com/sites/library/Instrumentation/ MORT-MAG-GR-EN-0118-
FINAL.PDF
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heterogeneous MBS to trade at a uniform price. The TBA market achieves an average
daily volume of approximately $230 billion and an annual turnover of 10.7, compara-
ble to the U.S. Treasury market (Vickery and Wright, 2011; Gao, Schultz and Song, 2017).
While one might attribute this exceptional liquidity to the government backing of agency
MBS, this explanation proves insufficient. Specifically, trading agency MBS through
standard individual-security-based contracts, known as specified pool (SP) contracts—
similar to those used for corporate and municipal bonds—is much less active, with an
annual turnover of just 0.8, comparable to that of corporate and municipal bonds. This
suggests that TBA trading, rather than government guarantees, is the primary driver of
the exceptional liquidity in agency MBS.?

How does asset heterogeneity impair OTC market liquidity? How does TBA trading
enhance liquidity in the presence of asset heterogeneity? Do these effects vary across
assets and investors? Addressing these questions is crucial not only for understanding
agency MBS markets—which finance the majority of residential mortgages®*—but also
for improving the design of other OTC markets. Indeed, it has been conjectured that in-
troducing a TBA-like trading mechanism could enhance the liquidity of corporate and
municipal bonds.* In this paper, we build a theoretical framework to address these ques-
tions, laying a foundation for analyzing liquidity and the design of OTC markets involv-
ing heterogeneous assets.

In the first part of our analysis, we develop a benchmark model that illustrates how
asset heterogeneity causes market fragmentation and impairs OTC market liquidity by
limiting the positive network externalities on liquidity.

Specifically, in the benchmark model, assets with heterogeneous values are traded
through standard contracts that fully specify the assets; we refer to these as asset-specific

(AS) contracts. In this AS-only market, asset heterogeneity causes fragmentation be-

2Liquidity patterns are similar when measured using trading costs; see Section 2 for further details.

3As of Q3 2020, 63% of the $11.5 trillion outstanding residential mortgage debt was securitized into
agency MBS, per Urban Institute reports.

4 For instance, Spatt (2004) notes, “The analogy to the mortgage markets is instructive. Trading instru-
ments based upon their main characteristics ... may be helpful and narrow the spreads.” Similarly, Gao et
al. (2017) argue that “corporate and municipal bonds trade in relatively illiquid over-the-counter markets.
Parallel trading in the securities themselves and a forward contract on a generic security may increase the
liquidity of those markets.” Bessembinder et al. (2019) also ask whether "there is scope for the trading of
packages of corporate bonds based on a set of prescribed characteristics.”



cause (1) a seller can sell only her own asset, and (2) while buyers face no restrictions on
which assets they can purchase,” each buyer incurs a cost for participating in the trad-
ing of any given asset.® For simplicity, we focus on the case where participation costs are
so high that each buyer can trade at most one asset. In equilibrium, the AS-only market
fragments into multiple segmented AS submarkets, each with a distinct subset of traders
using an AS contract for a specific asset.

The trading follows a standard static search-and-matching process. Specifically, on
each trading venue (e.g., an AS submarket as defined above), buyers and sellers are ran-
domly matched, and then a trade occurs between every matched buyer-seller pair. Ac-
cordingly, we define the liquidity of an asset as the probability of successfully selling
it. We assume that the matching function exhibits increasing returns to scale, meaning
that pooling more traders in the same trading venue enhances liquidity. This reflects
the positive network externalities on market liquidity commonly observed in OTC mar-
kets.(Vayanos and Weill, 2008; Weill, 2020). We show that asset heterogeneity leads to
market fragmentation, reducing the number of traders at each venue, which weakens
network externalities and impairs liquidity.

In the second part of our analysis, we extend the benchmark setup to include a TBA-
like contract alongside the standard SP contract. Specifically, the TBA-like contract al-
lows sellers to deliver any asset from a predefined cohort at a uniform price. In contrast
to AS contracts, which set asset-specific prices, a TBA-like contract establishes a single
price for all deliverable assets within a cohort of heterogeneous assets. We refer to this
TBA-like contract as a quasi-consolidated (QC) contract, as buyers pay the same price
but may receive different assets. By comparison, security baskets and exchange-traded
funds are fully consolidated, as they combine multiple assets into a single traded secu-

rity.

°In practice, many investors do not favor specific assets within a class. For example, under Basel III's
liquidity coverage ratio (LCR) requirements, all MBS guaranteed by Fannie Mae and Freddie Mac are
treated as level 2A assets and receive the same haircut in computing the amount of “high-quality liquid
assets” (Bank for International Settlements, 2013). Similarly, as noted by Spatt (2004), “typically, buyers
are not focused upon particular securities but instead are interested in purchasing a security with certain
characteristics.”

SThis participation cost, which is common in the literature (Vayanos and Wang, 2013), arises naturally
from asset heterogeneity. For example, when assets differ in value, buyers must collect data, forecast cash
flows, and run models to analyze and value an asset before bidding.



When both AS trading and QC trading are available, a seller owning a QC-eligible
asset (i.e., an asset deliverable under the QC contract) can choose to sell it through either
the AS contract specific to that asset or the QC contract. Similarly, a buyer can opt for
the QC contract or any AS contract. As in the benchmark setup, we assume that buyers
incur a cost to participate in the trading of each contract (either the QC contract or an
AS contract) and still consider the high-participation-cost scenario, where each buyer
trades through at most one contract. In equilibrium, the market fragments into one QC
market and multiple AS submarkets, each comprising a distinct subset of traders using
a specific contract.”

In the parallel-trading equilibrium, a “cheapest-to-deliver” (CTD) practice emerges
in QC trading: since all eligible assets are priced uniformly, low-value assets are more
likely to be delivered under the QC contract. This CTD effect discourages sellers from
choosing QC trading if it is strictly less liquid than AS trading. Consequently, in equi-
librium, QC trading is weakly more liquid than AS trading. Sellers participating in QC
trading benefit from better liquidity but face price discounts if their assets are more
valuable than the uniform QC price. Conversely, sellers opting for AS trading experi-
ence worse liquidity but receive asset-specific prices. As a result, in equilibrium, sellers
of QC-eligible assets choose AS trading only if their asset values exceed an endogenous
threshold.

We then contrast the parallel-trading market equilibrium with the AS-only market
equilibrium to assess the impact of QC trading on market liquidity, traders’ profits, and
social welfare.

In terms of market liquidity, we show that, compared to the AS-only equilibrium,
liquidity improves for assets in the QC market but declines for those in AS submarkets
under the parallel-trading equilibrium. Specifically, liquidity improves in the QC mar-
ket for two reasons. First, for any given buyer-to-seller ratio, QC trading enhances lig-
uidity through network externalities generated by concentrating more traders in a sin-
gle venue. Second, QC trading disproportionately attracts more buyers than sellers, in-
creasing the buyer-to-seller ratio in the QC market and further boosting the likelihood of

successful asset sales. This disproportionate adoption arises from differences in partic-

"Degenerate equilibria, where only AS or QC trading occurs, exist and are straightforward to analyze,
but do not align with practices observed in markets like the agency MBS market.



ipation costs: while buyers face uniform costs across venues, QC trading is more costly
for sellers of high-value assets due to CTD pricing. Conversely, liquidity declines in AS
submarkets for a similar reason: QC trading disproportionately attracts buyers, lowering
buyer-to-seller ratios in AS submarkets and reducing liquidity for assets traded through
AS contracts.

Although QC trading leads to varying liquidity effects across assets, it enhances over-
all market liquidity, measured by the average trading probability of all assets.® Intu-
itively, by enabling multiple assets to be traded together in the parallel-trading equi-
librium, QC trading partially “defragments” the benchmark AS-only market. This de-
fragmentation, combined with the network externalities captured by the increasing-
returns-to-scale matching function, reduces overall trading frictions and improves ag-
gregate market liquidity.

We then compare traders’ profits across the AS-only and parallel-trading equilibria.
First, we show that, compared to the AS-only equilibrium, buyers are more likely to trade
successfully and, as a result, earn higher expected profits in the parallel-trading equilib-
rium. Specifically, in the parallel-trading equilibrium, buyers participating in QC trad-
ing benefit from returns to scale in liquidity, while those opting for AS trading benefit
from lower buyer-to-seller ratios relative to the AS-only equilibrium. Furthermore, these
higher buyer profits lead to greater buyer participation in the parallel-trading equilib-
rium compared to the AS-only equilibrium. However, sellers using AS trading in the
parallel-trading equilibrium earn lower expected profits because they receive the same
prices but face a reduced likelihood of trading. Finally, compared to the AS-only equi-
librium, sellers choosing QC trading in the parallel-trading equilibrium also earn lower
expected profits if their assets are more valuable than an endogenous break-even level.
Although these sellers opt for QC trading, they are worse off because QC trading reduces
liquidity in AS submarkets, diminishing the value of their outside options to sell there.

Additionally, compared to the AS-only equilibrium, although not all traders earn
higher profits in the parallel-trading equilibrium, overall social welfare—defined as the
total expected profits of all traders—improves. Specifically, the total profit of all buyers

increases because more buyers participate and each participating buyer earns higher

®In our model, this probability is proportional to total trading volume and turnover, as the set of assets
is fixed.



expected profits. The total profit of all sellers also rises because total trading volume
increases, while the average profit per trade for sellers remains unchanged.

Finally, we extend the model to demonstrate that our key results remain valid when
we relax simplifying assumptions, such as homogeneous participation costs and uni-
form trading gains across assets. Additionally, we analyze the effects of varying QC-
eligibility criteria, inspired by market practices like excluding MBS with specific features
(e.g., high loan balances or loan-to-value ratios) from TBA delivery.

Most existing theoretical studies in the OTC market literature model the trading of
a single asset, whereas asset heterogeneity is a key feature of our model. Among the
few studies that consider markets with multiple assets, Vayanos and Wang (2007) and
Vayanos and Weill (2008) also feature endogenous market fragmentation, similar to our
approach.” These studies, however, focus on explaining why assets with the same value
and can trade at different prices. In contrast, we model assets with heterogeneous values
and focus on analyzing the effects of a trading mechanism that can pool the trading of
heterogeneous assets, which could potentially be applied in various OTC markets. To
the best of our knowledge, our model is the first to examine how QC trading affects the

liquidity of OTC markets for assets with heterogeneous values. '’

2 Background and Motivation

In this section, we provide a brief overview of the institutional background of OTC mar-
kets for U.S. fixed-income assets, emphasizing the prevalence of asset heterogeneity and
the potential role of QC trading in enhancing market liquidity. We then contrast the key
economic mechanism in our model with existing (mostly informal) explanations for the

liquidity of QC trading.

90ther studies include Weill (2008), Milbradt (2018), An (2019) and Uslii and Velioglu (2019).
190Qur paper also contributes to the largely empirical literature on the agency MBS market structure
and liquidity, including works by Bessembinder, Maxwell and Venkataraman (2013), Downing, Jaffee and
Wallace (2009), Gao, Schultz and Song (2018), and Schultz and Song (2019), among others.



2.1 Institutional Background

U.S. fixed-income markets are a major source of financing for the economy. As of 2019,
according to SIFMA, the outstanding balances for Treasury securities, agency MBS, cor-
porate bonds, and municipal bonds were approximately $16.7 trillion, $7.7 trillion, $9.6
trillion, and $3.9 trillion, respectively (see the first column of Table 1).!! The trading
of these securities occurs primarily in opaque, decentralized, and dealer-intermediated
OTC markets, rather than on centralized exchanges.12

A salient feature of these fixed-income markets is significant asset heterogeneity. For
instance, as of June 2022, there were 105,132 corporate bonds outstanding, issued by
5,607 firms (see the second column of Table 1). Additionally, according to Bessembinder
etal. (2019), there were over 1.5 million municipal bonds issued by approximately 50,000
issuers as of December 2017. This considerable asset heterogeneity is widely believed to
reduce market liquidity, as discussed in the Introduction. Indeed, the average daily trad-
ing volumes for corporate and municipal bonds are about $34 billion and $12 billion,
respectively, yielding annual turnovers of 1.3 and 1.1, respectively. In contrast, the U.S.
Treasury market, characterized by very low heterogeneity with only 404 securities (as of
2019), has an average daily trading volume of approximately $594 billion, resulting in an
annual turnover of about 12.8. Trading costs follow a similar pattern: they are around
80-100 basis points (bps) for corporate and municipal bonds (Di Maggio, Kermani and
Song, 2017; Asquith, Covert and Pathak, 2019; Li and Schiirhoff, 2019), but only a few
bps for Treasury securities (Fleming et al., 2018; Song and Zhu, 2018).

The agency MBS market, however, presents an intriguing exception: despite featur-
ing highly heterogeneous assets, its trading remains very active and liquid. Specifically,
while over 800,000 agency MBS are outstanding (as of 2019), the average daily trading
volume is approximately $246 billion, resulting in an annual turnover of about 11.5. This

turnover is comparable to that of Treasury securities (see the fourth row of Table 1).

HQther important but smaller fixed-income markets include non-agency MBS ($1.4 trillion), federal
agency securities ($1.8 trillion), and asset-backed securities ($1.8 trillion).

12A small fraction of fixed-income trading occurs on centralized limit-order books. For instance, in
the U.S. Treasury market, the inter-dealer segment of on-the-run securities trades through a centralized
limit-order book operated by BrokerTec (Fleming, Mizrach and Nguyen, 2018). Additionally, about half
of the inter-dealer trades of agency MBS are executed on a centralized limit-order book run by TradeWeb
(Schultz and Song, 2019).



Table 1. Summary of U.S. Fixed-Income Markets

Markets Outstanding Number of Trading
($tn) securities Volume ($ bn)/Turnover Cost (bp)

Municipal bond 3.9 1.5 million 12/1.1 80-100
Corporate bond 9.6 105,132 34/1.3 80-100
Treasury security 16.7 404 594/12.8 1-4
Agency MBS 7.7 824,462 246/11.5

TBA 229/10.7 2-5

Sp 17/0.8 20-60

This table provides aggregate summaries of U.S. fixed-income markets, including municipal
bonds, corporate bonds, Treasury securities, and agency MBS. The first column reports the dol-
lar outstanding amounts as of 2019 based on the SIFMA reports. The second column details the
number of securities outstanding: for municipal bonds (as of 2017), data is taken from Bessem-
binder et al. (2019); for corporate bonds (as of 2022), from the Mergent Fixed Income Securities
Database; for Treasury securities (as of 2019), from the U.S. Treasury Monthly Statement of the
Public Debt; and for agency MBS (standard ones backed by 15, 20, and 30-year fixed-rate resi-
dential mortgage loans and guaranteed by Fannie Mae, Freddie Mac, and Ginnie Mae) as 0f 2019,
from eMBS data. The third column reports the average daily trading volume in 2019 along with
the related annual turnover (calculated as total trading volume in 2019 divided by outstanding
amount as of 2019), based on the SIFMA reports. The fourth column provides the average trad-
ing costs, estimated by Di Maggio et al. (2017) for corporate bonds, by Gao et al. (2017) for agency
MBS, by Li and Schiirhoff (2019) for municipal bonds, and by Fleming et al. (2018) for Treasury
securities.

The trading of agency MBS occurs primarily through TBA forward contracts. In par-
ticular, a TBA contract does not specify the specific MBS to be delivered at settlement;
instead, it specifies characteristics such as the issuer (e.g., Fannie Mae), the type of MBS
(e.g., 30-year fixed-rate), and the security coupon rate (e.g., 4%) (Gao et al., 2017).!3
TBA trading has been shown to significantly enhance the trading activity and liquid-
ity of agency MBS (Gao et al., 2017; Bessembinder et al., 2019). In fact, the average daily
TBA trading volume is $229 billion, accounting for approximately 93% of the total daily

trading volume of all agency MBS, resulting in an annual turnover of 10.7. Additionally,

13The specific MBS to be delivered under a TBA contract is identified only two days before the
settlement date. Details of TBA settlement schedules and eligibility criteria are available at https://
www.sifma.org/resources/general/mbs-notification-and- settlement-dates/ and https://www.sifma.org/
wp-content/uploads/2017/06/uniform-practices-2019-chapter-8.pdf.
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the TBA trading cost is about 2-5 basis points (bps). In contrast, the SP trading of agency
MBS—similar to the standard individual-security trading of corporate and municipal
bonds—is much less liquid. Its average daily trading volume is an order of magnitude
lower than TBA trading, with trading costs reaching up to 60 bps (Gao et al., 2017), com-
parable to those of corporate and municipal bonds. This stark contrast suggests that it
is primarily the TBA trading mechanism, rather than the government backing of agency
MBS, that contributes to the remarkable liquidity of the agency MBS market.

Due to its potential for enhancing market liquidity, TBA-like trading mechanisms
have been recommended for corporate and municipal bonds (Spatt, 2004; Gao et al.,
2017; Bessembinder et al., 2019), as discussed in Footnote 4. Moreover, recognizing the
importance of TBA trading for the agency MBS market, several reforms have been im-
plemented or proposed to further improve market liquidity. For instance, in June 2019,
the Federal Housing Finance Agency (FHFA) introduced the Single Security Initiative,
under which Fannie Mae and Freddie Mac MBS were consolidated into “Uniform MBS”
(UMBS). The single TBA contract for UMBS now replaces the two separate TBA contracts
for Fannie Mae and Freddie Mac MBS (Liu, Song and Vickery, 2020).

2.2 Discussion of the Economic Mechanism

The institutional background and anecdotal evidence outlined above suggest that as-
set heterogeneity hinders liquidity in OTC markets, whereas the TBA-like cohort-based
trading mechanism mitigates frictions caused by asset heterogeneity and enhances mar-
ket liquidity. Before presenting our formal model of OTC market liquidity under asset
heterogeneity, it is helpful to discuss and clarify several informal arguments on how TBA
trading improves liquidity. As noted in the Introduction, no theoretical models or formal
analyses have previously addressed this topic.

First, motivated by the feature of the TBA contract in which the specific MBS to be
delivered is not disclosed to buyers at the time of trade, several studies suggest that TBA
trading enhances liquidity by limiting information disclosure and mitigating adverse se-
lection.!'* In this context, Vickery and Wright (2011) argue that TBA trading is analogous

to the De Beers diamond auction, stating that “the limits on information disclosure in-

14The notion that limiting information disclosure can reduce adverse selection and improve liquidity is
reminiscent of the “Hirshleifer effect” (Hirshleifer, 1971).



herent in the TBA market seem to actually increase the market’s liquidity by creating fun-
gibility across securities and reducing information acquisition costs for buyers of MBS.
A similar argument explains why De Beers diamond auctions involve selling pools of di-
amonds in unmarked bags that cannot be inspected by potential buyers.” However, as
French and McCormick (1984) point out, the De Beers selling strategy improves liquidity
only if “potential buyers must believe that the asset is randomly selected from the prior
distribution.” This condition does not hold in TBA markets, where sellers are known to
engage in the “cheapest-to-deliver” practice; for formal evidence, see Fusari, Li, Liu and
Song (2022).

Relatedly, Glaeser and Kallal (1997) develop a formal model showing that the liquid-
ity of agency MBS can be improved when initial issuers limit the disclosure of MBS char-
acteristics, thereby preventing dealers from analyzing these characteristics and gaining
a substantial information advantage over investors. However, their model focuses on
the liquidity of all agency MBS trading and does not explain why TBA trading is more
liquid than SP trading. In their informal argument based on the model, they suggest
that if an issuer “sells a mortgage bundle in that market, he gains more by withholding
information than he would by explaining what exactly is in the bundle being sold. We
think that this is one explanation why the TBA market exists.” However, the information
withheld by TBA contracts—specifically, which MBS will be delivered by issuers—will
eventually be revealed to dealers after delivery. As a result, TBA contracts cannot reduce
the information advantage of dealers over investors.'®

Second, in addition to using TBA contracts to trade MBS, as we model, investors
can also use TBA contracts for hedging because they are forward contracts. For in-
stance, mortgage lenders often use TBA contracts to hedge interest rate risks (Vickery
and Wright, 2011), and dealers use them to hedge their MBS inventory (Chen, Liu, Sarkar
and Song, 2023). These hedging activities can further increase trading volumes and en-

hance the liquidity of TBA contracts. Nonetheless, while trades driven purely by hedging

15Glaeser and Kallal (1997) also propose another view, suggesting that only “the ‘worst’ possible mort-
gage bundle” is traded in the TBA market, which they assume has a known value to all traders and is thus
perfectly liquid. This view, however, is inconsistent with market practice, where “a significant volume of
physical delivery of securities occurs through the TBA market because, for many securities, the liquid-
ity value of TBA trading generally exceeds any adverse selection discount implied by cheapest-to-deliver
pricing” (Vickery and Wright, 2011). Indeed, An, Li and Song (2022) show that a large number of highly
heterogeneous MBS (e.g., over one-third of newly issued MBS) are sold through TBA contracts.

10



are typically settled by offsetting trades, a significant proportion of TBA contracts are set-
tled by physical delivery of MBS. This suggests that investors use TBA contracts not only
for hedging but also as an important mechanism to buy and sell MBS. Our study focuses
on this crucial trading function of TBA contracts.

Third, we take asset heterogeneity as given and focus on analyzing the trading mech-
anism. While security issuers can mitigate the frictions caused by asset heterogeneity by
designing less heterogeneous securities (Gorton and Pennacchi, 1990; Subrahmanyam,
1991; DeMarzo, 2005)—for example, Fannie Mae’s Supers program allows investors to
bundle various existing MBS into a single security—our study differs by analyzing how a
specific trading mechanism can enhance liquidity without altering the securities being

issued.!6

3 Asset Heterogeneity and Market Fragmentation

In this section, we develop a benchmark model featuring only standard asset-specific
(AS) trading and demonstrate how asset heterogeneity leads to market fragmentation,

thereby restricting market liquidity.

3.1 Setup

Assets are traded bilaterally between a continuum of risk-neutral buyers and sellers.'”

We assume there are B buyers and S assets, denoted by
o :=1{1,2,---,S}. 1)

For simplicity, we normalize the mass of each asset to 1, so the total mass of assets equals
S. Each seller owns one share of a specific asset, meaning the mass of sellers who own

each asset also equals 1 and the total mass of sellers equals S. A buyer may choose any

167 related trading mechanism, called portfolio trading, has gained popularity in recent years (Li,
O’Hara, Rapp and Zhou, 2023). In portfolio trading, an investor submits a single order consisting of a
basket of bonds to multiple dealers and executes the order with the dealer who can fill the entire order.
An important distinction is that a seller needs to have all the bonds in the basket to use portfolio trading,
whereas a seller with any eligible MBS can engage in TBA trading.

"In Internet Appendix IA.2, we model risk-averse buyers.
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asset but can purchase up to one share of this asset. Since buyers may opt out of trading,
the mass of buyers participating in the market may be less than B.

Sellers and buyers value assets differently. Specifically, a share of asset j (V] € &) is

worth v; to sellers and v; + 0 to buyers, where
vj id F\ith support ¥ = [Vmin, Vmax]- )
Thus, a trade between a seller and a buyer generates a trading gain of § > 0.'%

Trades occur through standard AS contracts, where each contract allows the delivery
of one asset. For clarity, we define traders as being on the same trading venue (an AS
submarket) if they trade using the same contract. Two types of trading frictions arise,
both linked to asset heterogeneity:

The first type of friction, consistent with many OTC models, is search friction. For
simplicity, we use a static search-and-matching framework to model this friction. Buy-
ers and sellers on any trading venue are randomly chosen and matched before trading
can occur; unmatched agents cannot trade. Formally, if sellers with mass m; and buy-
ers with mass m, participate in a trading venue, the expected number of buyer-seller

matches on this venue equals
146
Vimg, mp) = A-(msmyp) 2, ®3)

where the exogenous parameter A measures matching efficiency, and 0 captures the
liquidity benefit from pooling multiple traders on one venue.
Particularly, we measure the liquidity level of a trading venue by the probability that

a seller on this venue is matched with a buyer. Based on Eq. (3), this probability equals

V(img, m mp\ 2
Vi) g (ma) % g "
mg

Thus, the liquidity level of a trading venue increases with both the buyer-to-seller ra-

tio my/mg and the mass of buyers my on this venue. Similarly, based on Eq. (3), the

18In Appendix B.2, we demonstrate that our main results on asset liquidity remain valid when trading
gains vary across assets.
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probability that a buyer is matched with a seller equals

buy — V(ms, mp) 1 ( n’ls)T mb

— 9, (5)

We assume that A is low enough so that 7°¢!' and 7#°% are below 100%.

Importantly, we assume 0 > 0 so that liquidity improves when more traders choose
the same trading venue. If, for example, the masses of sellers and buyers (m; and m)
on a venue increase proportionally, all traders on this trading venue experience better

sell and 7°W increase according to Egs. (4) and (5). In particular,

liquidity because both 7
if assets are homogeneous, then all sellers and all buyers would naturally trade together,
which maximizes the liquidity externality of pooling traders in one venue; the probabil-

ities that each seller and each buyer trade would equal, respectively:

140 10
thwzﬂt(g) ’ s? and ﬂﬁozﬂ(%) ’ s?. (6)
We will show that when assets are heterogeneous, traders are naturally segmented into
separate trading venues, and the liquidity levels in Eq. (6) are generally not reached. We
make the standard assumption that 6 < 1 to ensure that the “law of diminishing returns”
holds for the matching function Eq. (3).1

The second type of friction arises because it is costly for buyers to participate in asset
trading (Vayanos and Wang, 2013). When assets differ in value, participation costs natu-
rally arise because, before making a bid, a buyer must conduct costly valuation analysis,
which may involve gathering data, predicting future cash flows, and building pricing
models (Eisfeldt, Lustig and Zhang, 2019). We denote by c the cost for a buyer to partici-
pate in each trading venue. Intuitively, as c increases, a buyer is less likely to participate
in multiple trading venues. For simplicity, we assume that c is sufficiently high such that
each buyer participates in at most one trading venue (we will specify the required level
of ¢ in Assumption 1).

In addition, to determine the transaction price and allocation of the trading gain, we

2 2
Ygpecifically, 6 = 1 implies 9V > 0and &Y >0, indicating that marginal returns increase. In this case,
om? om?
each buyer’s trading probability 7°%W, for instance, weakly increases with buyer mass m;, as shown in

Eq. (5), which is unrealistic.
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assume that once a seller and a buyer are matched, nature chooses one side to make a
take-it-or-leave-it trading proposal to the other. The buyer is chosen with probability
p € (0,1), and the seller is chosen with probability 1 — p. Thus, the transaction price of a
share of type-j asset equals
Pas() = { vj with probability p, @)
vj+6 with probability 1 - p.

Once a seller and a buyer are matched, the buyer expects to earn pd, and the seller ex-
pects to earn (1 — p)6. The probability p reflects the buyers’ bargaining power against

the sellers.

3.2 Equilibrium

Next, we describe the traders’ choices and the equilibrium.
Sellers are naturally segmented into S different AS submarkets, as each seller can
only use the contract that allows her asset to be delivered. Therefore, the set of AS sub-

markets .4, is identical to the set of assets <, i.e.,
'/%as:&f:{l;z,"‘;s}; (8)

where the mass of sellers s; = 1 on each AS submarket j € .#,s. We denote the mass of
buyers on AS submarket j by b; and the mass of buyers who do not participate in any
venue by by.

A seller on any AS submarket trades if she is matched with a buyer. Eq. (7) then

implies that a seller on AS submarket j expects to earn
v =3 E[Pas(v)) —vj] = (1 - p)9, 9
where

7= A(b)* (10)

is the selling probability on this venue, based on Eq. (4).

14



Each buyer maximizes expected profit by choosing a trading venues from the set
€= {0} U My, (11)

where 0 represents not participating in any trading venue. By choosing venue j € €7, a

buyer earns the expected profit

w? :ﬂ]b-p5—c-1]j¢(), (12)

where 1y, is the indicator function, and n? is the probability that this buyer trades on

submarket j. As Eq. (5) implies, the buying probability is
T = J (13)

Note that non-participating buyers (who choose j = 0) earn zero profits because they
neither trade nor pay the participation cost.

As mentioned above, we consider mainly the case in which each buyer participates
in at most one AS submarket. To ensure this, we impose the condition ¢ > 0.25p6 20
Moreover, we assume ¢ < pd to rule out a trivial no-trade equilibrium. If ¢ = pd, a par-
ticipating buyer would always expect to lose (n? p0 — ¢ < 0) because the probability of

buying, n? ,is less than 1. Thus, we assume that the participation cost c satisfies
Assumption 1. A buyer’s cost to participate in one venue c € (0.25p8, p5).

With these assumptions, we define the equilibrium as follows:
Definition 1. The AS-only market reaches equilibrium if a vector of buyer masses, {b; :

je €"1, satisfies Zj€cgb bj=Band

P> max yb Vjee’ (14)
I keeh k)

where w? and 1//2 are defined in Eq. (12).

20We show in Lemma A.1 of the appendix that each buyer will choose to participate in at most one venue
if the participation cost exceeds %5 for every venue. This holds even if the costs vary across venues.
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This is a competitive equilibrium in the sense that each buyer takes the equilibrium
buyer masses {b; : j € ¢"} as given. In equilibrium, each buyer weakly prefers her cho-
sen venue to all other options in €?.

The equilibrium is as follows:

Theorem 1 (AS-only equilibrium). In equilibrium, the mass of buyers on AS submarket

J equals
b* ifjefl,2,---,8},
b = /7 1)
B-Sb* ifj=0,
where
2
B - . Apb\1-8
b*:= min{g,b} and b := (%)1 0, (16)

In equilibrium, the AS-only market is fragmented into S submarkets of equal size.
Each submarket attracts sellers of a distinct asset, each with mass 1, and a disjoint set
of buyers, each with mass b*. To understand why buyers distribute evenly across AS
submarkets, note that a buyer expects to earn the same profit pd from any successful
trade, and in equilibrium, each buyer must earn the same expected profit. Therefore,
in equilibrium, a buyer on any submarket must trade at the same probability, which
implies, based on Eq. (13), that each submarket attracts the same mass of buyers.

Moreover, as Eq. (16) shows, the mass of buyers on any AS submarket cannot exceed
b; otherwise, buyers would earn negative expected profits. Therefore, the total mass of

buyers participating in all AS submarkets satisfies
Sb* < Sb. (17)
In addition, based on Egs. (15) and (16), the mass of non-participating buyers is
bO:B—S-min{%l}}:max{B—Sl_ﬂ,O}. (18)

Thus, if the total mass of buyers B exceeds S b, then by > 0, meaning some buyers choose
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Figure 1. Illustration of Equilibrium in AS-only Market.

not to participate in trading, and all buyers earn zero profit. If B < Sb, then every buyer
participates in trading and earns weakly positive profits.

We illustrate the equilibrium for a market with a total mass of assets S = 4 and a total
mass of buyers B = 10 in Fig. 1. In this case, the market fragments into 4 AS submarkets,
each attracting buyers with a mass of b* = 2. The mass of non-participating buyers is
by = 2, as buyers 9 and 10 choose not to participate in any venue and earn zero profits.
Since each buyer earns the same profit in equilibrium, every buyer in this example earns

zero profits.

3.3 Liquidity

As mentioned in Section 3.1, we measure the liquidity level of a venue by the probability
that a seller on this venue successfully sells her asset. To capture the liquidity level of
the whole market, we use the average probability that an asset is sold across all venues
(AS submarkets). Given that the total mass of assets S is fixed, this average probability
is proportional to the total trading volume and turnover across all AS submarkets—both
commonly used metrics for measuring liquidity in practice. We derive the equilibrium

liquidity levels as follows:

Corollary 1 (Liquidity level in AS-only equilibrium). In the equilibrium of the AS-only
market, any asset j is sold with the same probability, i.e., nj. =1°, where

1+6
2

r=A(0")F (19)
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the average probability that an asset is sold also equals

146
2

a8 =2A(b*) 7, (20)

and the total trading volume equals

1+6
2

V=S-a"8=2(b") 2 -S. 21)

Because every AS submarket consists of one unit mass of an asset and the same mass
b* of buyers, every AS submarket features the same level of liquidity 7°. This implies,
based on Eq. (9), that every seller earns the same expected profit, i.e., 1//;. = y° for any
j € o, where

v =711 - p)b. (22)

Importantly, comparing the liquidity level in markets involving heterogeneous assets
(Eq. (20)) with the liquidity level in markets involving homogeneous assets (Eq. (6)), we
can understand how asset heterogeneity hurts liquidity. In particular, based on Egs. (6),
(16) and (20), we have

1+6

1+60 1+60 1+6
B\'z (Apd)\i0 B\z _ (B\?
7€ = ) .min (—) ’ ,(L)lg sa(—) ’ 5/1(—) D 0= 23)
S c S S y

The loss in liquidity stems from two effects. The first inequality highlights the impact
of the cost ¢ buyers incur to participate in asset trading. With heterogeneous assets,
buyers face participation costs because they must analyze assets before bidding. When
expected trading probabilities are low, buyers may opt out, limiting the buyer mass on
each submarket to b = (Apdic) ﬁ, which reduces liquidity. In contrast, with homoge-
neous assets, buyers know asset values without incurring analysis costs (¢ = 0). As a re-
sult, the cap on buyer mass b — co does not bind, and all buyers always participate. The
second inequality in Eq. (23) reflects the liquidity externality of pooling traders. Specif-
ically, only 1 unit of an asset is traded on each AS submarket when assets are hetero-
geneous, whereas all S units are traded in a single market with homogeneous assets,

i.e., 1=19 < S Thus, asset heterogeneity limits the positive network externalities that
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enhance liquidity.
Moreover, Theorem 1 implies that in equilibrium a buyer on any submarket trades

with the same probability:

1)
b
=Al—= ) 24
4 (b* ) &4
and earns the same expected profit::

u/b = erpé —-c. (25)

We use these results in the next section.

4 Quasi-Consolidated Trading

In this section, we first describe the model setup for the parallel-trading market, where
both AS trading and QC trading are allowed. We then derive the parallel-trading equilib-

rium and compare it to the AS-only market equilibrium discussed in Section 3.

4.1 Setup

Asnoted in Section 2.1, a TBA-like QC contract does not specify a single deliverable asset
but allows delivery from a set of assets. Given our focus on asset value heterogeneity in
value, we assume a QC contract defines a threshold v, making assets QC-eligible if and
only if their value satisfies v = v. To account for both QC-eligible and QC-ineligible
assets, we assume v > Unin, €nsuring some assets are excluded from QC trading.?! In
this section, we take v as given.??

Since both AS and QC contracts are available, sellers of QC-eligible assets, along with
all buyers, can choose between the QC contract and AS contracts. Consequently, the set

of assets, &/, is endogenously partitioned into the set of assets traded on the QC market,

21Some MBS, for instance, are ineligible for TBA trading due to factors such as containing a high pro-
portion of jumbo loans that exceed conforming size limits.
22In Internet Appendix IA.1, we analyze the market design considerations involved in selecting v.
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%C, and the set of assets traded on AS submarkets, %5.23 That is,
Mg = oA — /Zl:lc- (26)
It follows that
Sas = S = Sqc (27)

where Sqc = (]z;s and S5 = ’/Zlgs

on all AS submarkets, respectively. Additionally, we denote the mass of buyers on the AS

represent the masses of assets on the QC market and

submarket for asset j by b j» the total mass of buyers on all AS submarkets by B, the
mass of buyers on the QC market by By, and the mass of buyers who do not participate
in trading by bo. We maintain Assumption 1 so that every buyer participates in at most
one venue; thus, B,g = Zjejfas Ej and Eo = B — Bas — Byc.

Although in equilibrium buyers know the set of assets that will be delivered through
QC contracts, J%C, a buyer of a QC contract does not know which specific asset she will

receive upon entering the contract. Since buyers are risk-neutral, we assume that the

QC price equals
Vqc +0 with probability 1 - p,
ch _ qc p ty p 28)
Vqc with probability p,
where
vge =B vr v € My | (29)

denotes the expected value of an asset traded on the QC market. A seller on the QC
market will receive Py for delivering any QC-eligible asset. Eq. (28) implies that when a
buyer on the QC market is matched, she expects to earn pd, which is the same profit she
would earn in an AS trade (see Eq. (7) and the related discussions).

We assume that trading in the parallel-trading market, both on AS and QC venues,

ZWe use tilde to indicate that a variable represents a characteristic of the market in which both AS and
QC trading are available.
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features the same standard search frictions as in the AS-only market described in Sec-
tion 3, as represented by the matching function in Eq. (3). Thus, the probabilities that a
buyer and a seller on the QC market trade equal, respectively,

ch
ch

BY - (30)

1-9
Bgc\ 2
qc’

% 0 =~
) Sqc and 7 =42 ( S
qc

~b
Tge = /1(
the probabilities that a buyer and a seller on the AS submarket for asset j trade are,

respectively,

-0
b 1) 73
Mo = E_ and 7, ;=A(b;) " . (31)
J
As before, the trading probability for non-participating buyers ﬁé’ equals 0.
Moreover, we assume that for a buyer to participate in QC trading, she must pay c,

the same cost required for participating in the AS trading of an asset.?*

4.2 Equilibrium

Next, we describe traders’ choices and the equilibrium in the parallel-trading market.
As in the benchmark setup, a seller will trade if she is matched to a buyer. A seller of
a QC-ineligible asset, whose value v; < v, has no choice but to sell on the AS submarket

for asset j. Her expected profit is thus

Wasj = Tas B[ Pas (V) = vj] = 75 ;(1- 0. 32)

as, j

The choice set for a seller who owns a QC-eligible asset j is

‘g]s :={qc, j}, (33)

241n Appendix B.1, we extend the model and show that our results remain qualitatively valid if the cost
to participate in QC trading cqc does not exceed chC. In practice, for buyers, participating in the QC
market is likely not significantly more costly than participating in an AS submarket. For instance, in the
MBS market, while TBA buyers need to estimate the average value of TBA MBS, they can rely on quotes
from multiple dealers for the same contract, which reduces their analysis costs. In contrast, quotes from a
single seller for an SP MBS are asset-specific and provide limited information for pricing another SP MBS
sold by a different seller, requiring buyers to analyze each asset they trade.
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“ >

where “qc” represents the QC market and “j” represents the AS submarket for asset j.

Lete€€ JS represent the venue a seller chooses; then, this seller expects to earn

~ D=7 (1-p)6 ife=j,
Fe,vj) = 1~Vas,] as, j P~ J (34)
TocB[Poc—vj] = e (Vg —vj) 1 —-p)6  ife=qc,

where ﬁéc and ﬁ:ls,j are defined in Egs. (30) and (31). A seller’s profit on an AS submarket
does not depend on the value of her asset v}, whereas her profit on the QC market de-
pends on the difference between the value of her asset v; and the uniform price for all
assets on the QC market Pgc.

We will show that, in equilibrium, the QC market is more liquid than any AS submar-
ket. As a result, sellers whose assets are more valuable than Py face a trade-off between
liquidity and price: while the QC market offers higher liquidity, their assets could fetch
higher prices on AS submarkets. In equilibrium, sellers of high-value assets, whose val-
ues exceed the endogenous threshold 7, opt for AS trading despite its lower liquidity,
because their assets are significantly more valuable than Pgc.

Each buyer’s choice set is
€7 :={0,qc}t U My, (35)

where 0 represents non-participation, “qc” represents the QC market, and M repre-
sents the set of all AS submarkets (for both QC-eligible and QC-ineligible ones). A buyer

who chooses k from €” expects to earn

ﬁ(blCE[vT_PqC

Te%c]—c k=qc

~b ~ . —_—
V= ﬂgsij[Vj_Pas(Vj)]—C k=je€ My (36)
0 k=0
where ffgc and ﬁgs,j are defined in Egs. (30) and (31). The pricing functions we assume

in Egs. (7) and (28) then imply that a buyer’s expect profit

{ﬁk :ﬁzp(s—c"ﬂ{k#o}, (37)
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which depends on her trading venue k through trading probability 772.
To derive the equilibrium, we make a tie-breaking assumption that sellers prefer the
QC market over an AS submarket when they are indifferent between the two.2> We then

state the equilibrium conditions as follows:

Definition 2. The parallel-trading market reaches an equilibrium if sellers’ venue choices

{€j: j € o/} and buyer masses{by: k€€ by satisfy the following conditions:

* (Sellers of QC-ineligible assets) If a seller owns a QC-ineligible asset (v; < v), she

trades on the AS submarket for her asset j.

* (Sellers of QC-eligible assets) If a seller owns a QC-eligible asset (v; = v), her trad-

ing venue choice ¢; maximizes her expected profit:

Y(ejv))= max  ylev)) (38)

ee%”]?,e;ée j
where /(- v;) is defined in Eq. (34).
* (Buyers) For any buyer who chooses k € €, her expected profit

> max  ¢b, (39)

k'e 6,k #k
where fﬁz and @Z, are defined according to Eq. (37).

As in the benchmark model, this is a competitive equilibrium where every trader
takes the equilibrium buyer masses by : k € €” as given. The key difference here is that
each buyer now has one more venue to choose from—the QC market—alongside the
AS submarkets and the option of non-participation. Additionally, each seller, taking the
venue choices of other sellers as given, chooses her trading venue. Furthermore, the
trading probabilities for both buyers (ﬁZ) and sellers (77g. and 7, Sy].) depend on the equi-
librium set of sellers who choose the QC market and the equilibrium masses of buyers

on each trading venue.

25This assumption implies that all units of an asset are traded either entirely through AS trading or
entirely through QC trading. Hence, at least one asset is traded via the QC market (i.e., Sqc = 1).
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For ease of presenting the equilibrium, we define two increasing and non-negative
functions:
20
wx):=x (x 1-0 — 1) forx=1 (40)

1 *
forv® >v. (41)

nw*):=Evlve(v,v ]I+ 1-p)5|1- =
(S-Pr{vely,v*})i-o

The equilibrium is as follows.

Theorem 2 (Parallel-trading equilibrium). The equilibrium set of sellers’ venue choices

and the equilibrium vector of buyer masses are such that:

* (Sellers) A seller chooses the QC market if her asset’s value v; € [v, V] and the AS sub-
market for asset j if vj € [Umin, V) U (D, Umax], Where U satisfies b = min {17(17), vmax}.
That is,

Moc={j:jesd andy < v; < v}, (42)
Mps = A — M. (43)

* (Buyers) The mass of buyers who participate in the QC market equals
140 oy
Bgc = (Sq)1-0 - b*, (44)
the mass of buyers who participate in the AS submarket for asset j equals
bj=b" Yje My, (45)

and the mass of buyers who do not participate in any trading venue equals

bo = max{B - (S+ u(Sq)) b,0}, (46)
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where

q:=Pr{vely, v}, 47

b* :=mi

.n{—) I;}) (48)
S+ulSq)

and b is defined in Eq. (15).

A key endogenous parameter, 7, which represents the upper bound for the values of
assets traded on the QC market, characterizes the equilibrium.?® A seller chooses the
QC market only if the value of her asset lies in the interval [v, 7]. Sellers of low-value
assets, whose values are below v, must use AS trading because their assets are ineligible
for QC trading. Sellers of QC-eligible assets choose AS trading only if the values of their
assets exceed . Given 7, we can determine the fraction of assets sold on the QC market,
denoted by g. Then, the mass of sellers on the QC market, and the total mass of sellers

on all AS submarkets equal, respectively,

In addition, because each AS submarket attracts buyers of mass E*, the total mass of

buyers across all AS submarkets equals
Bas = SasE*- (50)

Fig. 2 illustrates an example parallel-trading equilibrium in which g = 0.5, S = 4,
Bgc =7, b* =1, and EO = 1. Because two assets, whose values equal v, and v, are traded
together on the QC market, markets in this parallel-trading equilibrium are less frag-
mented than the AS-only equilibrium illustrated in Fig. 1.

Moreover, Fig. 2 also illustrates that the buyer-to-seller ratio on the QC market (which
equals 3.5) exceeds the buyer-to-seller ratio on each AS submarket (which equals 1).
In comparison, as illustrated in Fig. 1, the buyer-to-seller ratio in the AS-only market

(which equals 2) lies between them. In addition, more buyers participate in trading in

Z6while multiple equilibria may exist, our results hold for any equilibrium.
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Figure 2. Illustration of the Parallel-Trading Equilibrium

<

9]

the parallel trading market than in the AS-only market (9 > 8). All these observations are

true in general, as formally stated in the following result.

Corollary 2 (Comparison of market structure). As for buyer-to-seller ratios, we have that

b* < b* < Bgyc/Sqc (51

where b* and Bqc/Sqc represent the buyer-to-seller ratios on each AS submarket and on
the QC market in the parallel-trading market equilibrium, respectively, and b* is the ratio
on each AS submarket in the AS-only equilibrium. Moreover, more buyers participate in

trading in the parallel-trading equilibrium than in the AS-only equilibrium, i.e.
B—EOZB—bQ. (52)

To understand why, in the parallel-trading equilibrium, the buyer-to-seller ratio on
the QC market, Byc/Sqc, is weakly greater than the ratio on each AS submarket, b*, con-
sider the hypothetical situation where Byc/Sqc < b*. In this scenario, the probability that
a buyer on the QC market trades, ﬁgc (given in Eq. (30)), would be strictly higher than
the probability that a buyer on an AS submarket trades, ﬁgs,j (given in Eq. (31)), due to
both the strictly lower buyer-to-seller ratio (Byc/Sqc < b*) and the liquidity externality
from pooling multiple types of assets (i.e., Sgc > 1). As aresult, a buyer on the QC market
would earn strictly higher profit than a buyer on an AS submarket, as shown in Eq. (37).
This cannot be an equilibrium because buyers can choose venues freely. Furthermore,

Corollary 2 shows that, in a parallel-trading market, the buyer-to-seller ratio is lower on
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AS submarkets but higher on the QC market, relative to the buyer-to-seller ratio in the
AS-only market (b*).

In addition, fewer buyers choose not to participate (by < by), which can be derived
by comparing Eqgs. (18) and (46) given that S+ u(Sq) = S = 1. Intuitively, more buyers
participate because each participating buyer is more likely to trade after paying the same

participation cost and earns weakly more profit.

4.3 Market Liquidity

In this section, we first derive liquidity levels in the parallel-trading equilibrium and then

compare them with liquidity levels in the AS-only equilibrium.

Liquidity levels in the parallel-trading equilibrium. As in the benchmark model, we
define the liquidity level of a trading venue as the probability that an asset on that venue
is sold, and the overall market liquidity as the average probability that assets across all
venues are sold. With a fixed set of assets, this average probability is proportional to
the expected total trading volume and turnover across all venues. Using Theorem 2, we

derive the liquidity levels in the parallel-trading equilibrium as follows.

Corollary 3 (Liquidity levels in the parallel-trading equilibrium). In the parallel-trading
equilibrium,
* an asset on any AS submarket (both QC-eligible and QC-ineligible) is sold with the

same probability: T, iz 7Ty, where

1+6

=AD" 2 ; (53)
e an asset on the QC market is sold with probability
~. 140
Tge = Ab™) 2 (Sq)1-7; (54)

* the average selling probability of all assets equals

Lo S+u(S
78 = 1 (") #, (55)
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and the total expected trading volume across all venues equals

~ ~. 140
V =S8 = A(b*) 2 (S+u(Sq)). (56)

We derive Eq. (53) by substituting Eq. (45) into Eq. (31), and Eq. (54) by substituting
Egs. (44) and (49) into Eq. (30). As Eqg. (53) shows, in the parallel-trading equilibrium,
AS submarkets for both QC-eligible and QC-ineligible assets remain equally liquid. Fur-
thermore, comparing Eq. (53) and Eq. (54), we find 73 < ﬁ(slc (since Sq = 1), which is

consistent with empirical findings from the agency MBS market in Gao et al. (2017).

Comparison with the AS-only market. Next, we compare the liquidity levels in the
parallel-trading equilibrium, as presented in Theorem 2, with those in the AS-only equi-
librium, as outlined in Theorem 1.

We begin by comparing the liquidity levels for individual assets.

Corollary 4 (Comparison of liquidity of individual assets). Compared with the AS-only
market, in the parallel-trading equilibrium, assets traded on the QC market are more lig-

uid, while assets traded on AS submarkets are less liquid. Formally, we have
T <70° < Ty (67

We derive the first inequality in Eq. (57) by comparing Eq. (53) with Eq. (19), noting
from Corollary 2 that b* < b*. In the parallel-trading equilibrium, the buyer-to-seller
ratios on AS submarkets are lower compared to the AS-only equilibrium, leading to re-
duced liquidity of assets on these submarkets. Thus, the QC market effectively siphons
liquidity away from the AS submarkets.

We derive the second inequality in Eq. (57) as follows:

1-0

Bgc\' 2 10 (B 0 1-0

Tge =A (s_q) Bz A(b") 2 (s—q ' ch) =A(b) T (b7 1) =" (58)
qc qc

We derive the firstinequality in Eq. (58) using the increased buyer-to-seller ratio (Bqc/ Sqc =

b*), and the second inequality using both the increased buyer-to-seller ratio (Byc/Sqc =

b*) and the liquidity benefit of pooling more traders (SCH1C =>1).
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We then compare the overall liquidity of the parallel-trading equilibrium and that of
the AS-only equilibrium. To do this, we introduce an auxiliary result concerning buyers.
Specifically, plugging Egs. (44), (45) and (49) into Eq. (31), we find that in equilibrium

a buyer on any venue trades with the same probability, i.e., ﬁgc = ﬁi’sj =7 forany j €
/ZZ;S, where
1)
=2 (~—) : (59)
b*

Buyers are identical ex ante and pay the same participation cost ¢ on any venue, so in
equilibrium buyers on all venues must trade with the same probability and earn the
same profit. It implies, based on Egs. (24) and (59) and Corollary 2, that

LV (1)
ﬁb:/l(r) zﬂt(—) =7, (60)
b* b*
so buyers on all venues are more likely to trade in the parallel-trading equilibrium than

in the AS-only equilibrium.

Lemma 1 (Buyers’ trading probability). 7’ > n?.

Building on this auxiliary result, we derive the following result.

Corollary 5 (Comparison of liquidity of the whole market). The overall liquidity of all
assets is greater in the parallel-trading equilibrium than in the AS-only equilibrium. For-

mally, we have
V=V and 7%8>n8, (61)

The total trading volume is higher in the parallel-trading equilibrium compared to
the AS-only equilibrium, i.e., V = V. This is because, as Corollary 2 and Lemma 1 imply,
more buyers participate in trading in the parallel-trading equilibrium (B — bo = B - by),
and each participating buyer is more likely to trade (7#” = 7). The total expected trading
volume is the product of the probability that each participating buyer trades and the
mass of all participating buyers. Therefore, V=(B- Eo)ﬁb = (B- bo)ﬂb =V.
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Additionally, since the mass of assets S remains constant, the average probability
that an asset is sold, which equals the total expected trading volume divided by §, is also
higher in the parallel-trading equilibrium. Specifically, 728 = V/S = V/S = n'8.

In summary, compared to the AS-only equilibrium, assets sold on the QC market are
more liquid in the parallel-trading equilibrium, while assets sold on AS submarkets are
less liquid. Overall, the liquidity improvement for QC assets more than compensates for
the reduced liquidity of AS assets, resulting in a higher average liquidity for all assets in

the parallel-trading equilibrium than in the AS-only equilibrium.

4.4 Trader Profits and Social Welfare

In this section, we compare traders’ profits and social welfare in the parallel-trading
equilibrium with those in the AS-only equilibrium.

First, we compare buyers’ profits. According to Egs. (25) and (37), a buyer in the AS-
only equilibrium earns a profit of ¢” = 78 — ¢, whereas a buyer in the parallel-trading

b b

equilibrium earns ” = #%pd — c. Since #” = n? according to Lemma 1, we obtain the

following result.

Corollary 6 (Comparison of buyers’ profits). A buyer earns more profits in the parallel-

trading equilibrium compared to a buyer in the AS-only equilibrium, i.e.y? =y,

Second, we compare sellers’ profits. According to Egs. (22), (32) and (34), each seller
in the AS-only market earns a profit of w* = n°(1 — p)3d, whereas a seller on any AS sub-

market in the parallel-trading equilibrium earns a profit of
s, =7s(1-p)d. (62)

Because 75 < n° according to Corollary 4, we have ¥/} < y°, meaning that AS sellers in
the parallel-trading equilibrium are less likely to trade and, as a result, earn lower profits
compared to AS sellers in the AS-only equilibrium.

Further, Egs. (28), (29) and (34) imply that in the parallel-trading equilibrium, a seller

on the QC market expects to earn
¥°(qc, v)) = Tge (ElPgel = vj) = g (1 = p)8 + vge — vj), (63)
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which decreases with the value of her asset v; because every asset on the QC market is
sold at the same price Pgc.

To compare the profits of sellers choosing QC trading in the parallel-trading equilib-
rium with those of sellers in the AS-only equilibrium, we solve °(qc, v’ = ¥* and find
that

HS
v = vqc+(1—p)6(1—7). (64)
Tye

Thus, if a QC seller’s asset is worth v*, she earns the same profit as in the AS-only mar-
ket. Because y¥°(qc, v ) decreases with v, a QC seller in the parallel-trading equilibrium
earns more profit than a seller in the AS-only equilibrium (y*(qc, v;) > ¢°) if her asset
is less valuable than v*. Conversely, she earns less profit (y°(qc, v;) < y°) if her asset is
more valuable than v*.

Note that sellers with asset values in the interval (v*, 7] choose QC trading in the
parallel-trading equilibrium, but they earn lower profits than they would in the AS-only
equilibrium. To understand this result, recall from Corollary 4 that AS submarkets in the
parallel-trading equilibrium are less liquid than AS submarkets in the AS-only equilib-
rium. As a result, the outside option of selling on AS submarkets becomes less valuable
for QC sellers in the parallel-trading equilibrium. This negative effect outweighs the liq-
uidity benefits of trading on the QC market for sellers with assets in the interval (v*, 7],
leading to lower profits compared to what they would earn in the AS-only equilibrium.

It is worth noting that it is possible for all QC sellers in the parallel-trading equilib-
rium to earn higher profits than they would in the AS-only equilibrium. Specifically, if
all QC-eligible assets are sold through QC trading (¥ = vmax), then all sellers who opt for
QC trading will earn higher profits than they would in the AS-only equilibrium. How-
ever, if the most valuable assets are sold through AS trading (7 < vmax), as is the case in
the agency MBS market (An et al., 2022), then v* < 7. In this case, QC sellers with asset
values in the interval [v*, 7] will earn weakly lower profits than they could have earned
in the AS-only equilibrium.

We summarize these results regarding sellers’ profits formally in Corollary 7 and il-

lustrate them in Fig. 3.

Corollary 7 (Comparison of seller’s profits). Compared to the AS-only market equilib-
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with QC trading
=== w/o QC trading

N

AS QC i:i o AS
Market Market Market

Seller’s expected profit ¢*(v)

Umin v vt Umax
Asset value v

Figure 3. Impact of QC trading on individual seller’s profit when v* < 7 < V.

rium, in the parallel-trading market equilibrium, a seller on AS markets earns less profit
W35 < W5s)» While a seller on the QC market earns more profit if her asset’s value v; < v*

and earns less profitif v € (v*, V). If U < Umayx, then v* < v.

Finally, we compare social welfare, which aggregates all traders’ expected profits.

The social welfare in the AS-only market equilibrium equals

Q= (B-by)(pdn’—c)+ Sn¥8(1-p)s , (65)

all buyers’ total profit  all sellers’ total profit

where B — by equals the total mass of participating buyers, pén” — ¢ equals the profit
of each participating buyer (see Eq. (25)), and 72V8(1 — p)§ equals the expected profit of
each seller (based on Egs. (20) and (22)). Moreover, social welfare in the parallel-trading
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equilibrium equals

Q:EB—EO)(péﬁb—cz+:9(1—q)ﬁ;s(l—p)é:+8qiiflcE[(1—p)6+ Vge — Vjlvj € (v, D]

J

all buyers’ total profit AS sellers’ total profit QC sellers’:otal profit

= (B—bo) (007" =€) + S0 - )5 (1 - )5 + SqTge(1 - p)d

-~ ' N, fr—
all buyers’ total profit AS sellers’ total profit QC sellers’ total profit

= (B—Dbo)(pd7i’—c)+ SAWE(1-p)s (66)

all buyers’ total profit  all sellers’ total profit

where B — by equals the total mass of participating buyers, p67? — ¢ equals the profit

of each participating buyer, S(1 — q) equals the total mass of sellers on AS submarkets,
75, (1-p)d equals the expected profit of each seller on AS submarkets (as Eq. (62) shows),

Sq equals the total mass of sellers on the QC submarket, 773 E [(1-p)6 +vqc—vjlvjely,il]
equals the average expected profit of QC sellers (note that the expectation is taken for

vj € [v, 7)), and 7’8 equals the average asset selling probability based on Eq. (55). Be-
cause assets on the QC market are priced uniformly according to their average value vqc,

we have that E [(1 - p)0 + vgc — vilvjely, 17]] = (1 - p)d, so the average expected profit

of QC sellers equals 774 (1 — p)d.

Comparing Egs. (65) and (66), we observe that O = Q for two reasons. First, as
Lemma 1 shows, in the parallel-trading equilibrium, more buyers participate (B — by =
B—by), and each is more likely to trade @b = nb), resulting in higher total profits for buy-
ers. Second, as Corollary 5 shows, in the parallel-trading equilibrium, assets are more
liquid on average (7%'¢ = 7%'8), leading to higher total profits for sellers. Thus, we obtain

the following result:

Corollary 8 (Comparison of Social Welfare). Social welfare is higher in the parallel-
trading equilibrium than in the AS-only equilibrium (Q = Q).

5 Conclusion

We develop a model of over-the-counter (OTC) markets involving assets with heteroge-

neous fundamental values. First, we show that asset heterogeneity reduces liquidity by
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limiting the network externalities from pooling traders together. Motivated by the mar-
kets for agency MBS, we then analyze a parallel-trading market that allows both standard
asset-specific (AS) trading and a TBA-like quasi-consolidated (QC) trading mechanism,
where heterogeneous assets within a cohort are sold at a uniform price. We find that,
compared to the AS-only market, the parallel-trading market has higher total trading
volume and greater social welfare, but lower liquidity for assets traded through standard
asset-specific contracts.

Asset heterogeneity is a key and common feature of OTC markets. Our theoretical
framework provides a foundation for analyzing liquidity and trading design in markets
with heterogeneous assets, such as corporate bonds, municipal bonds, MBS, and asset-
backed securities. For instance, one may use our framework to analyze key market de-
sign issues, such as whether to implement QC trading and how to define its specifica-
tions.2’ Future research in this direction will be crucial for deepening our understanding
of OTC markets.

Appendix

A Proofs for Results in the Main Text

Lemma A.1 (Conditions for maximal buyer fragmentation). Let c; denote a buyer’s cost
to participate in trading venue j in a set 4. If c; > p6/4 for every j, a buyer participates

in at most one venue.

Proof of Lemma A.1. Without loss of generality, suppose that a buyer participates in
multiple venues in the set .# = {1,---, I} and n{’ < nf’ for i € .#. The buyer expects to

earn

1 1
v=p8|1-A-2)[[a-2)|-a - c. (A1)
i=2 =2

27For illustration, we analyze the choice of QC-eligibility requirements in Section Appendix IA.1, draw-
ing on the Securities Industry and Financial Markets Association (SIFMA) restrictions on TBA-eligibility
for high-balance loans in 2008 (Vickery and Wright, 2011).
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If the buyer quits trading venue 1, she would earn

I I
w’:p5(1—ﬂ(1—n?))—2ci. (A.2)
i=2 i=2
Because n{’ < n? , we have that
vy _a b byo €1 b by €11
=——n7(1-m5) 1-n)z2—-n,1-715)=——-=>0. (A.3)
p6 ps TP i>zl:[€ﬂ PTps TP TP T ps 4

If abuyer participates in more than one trading venue, she could earn strictly more profit
by quitting the venue with the lowest matching probability, so in equilibrium a buyer

participates in at most one venue. O

2
LemmaA.2. The mass of buyers on any AS submarket b; < b = (’1—’;5) s

1-0
2

Proof of LemmaA.2. 1f b; > b, then a buyer’s profit n?p6 —c=Apd/b.*> —c<0,which

cannot be an equilibrium. : O
Proof of Theorem 1. Assumption 1 implies, according to Lemma A.1, that a buyer par-
ticipates in at most one submarket. If b; > 0 and by > 0 for two submarkets j and k, then
Egs. (12) and (14) imply that Jti.’pc? -c= Jtzpé — ¢, which implies that n? = ”Z' Because
sj = S = 1, we have that b; = by.

Lemma A.2 implies that the total mass of buyers participating in all S submarkets
cannot exceed S- b. First, if B = Sb, then some buyers do not participate in any sub-
market and earn zero profit. Thus, participating buyers also earn zero profits, which
implies that n? = c/(pd) and b; = b for all Vj € «. Second, if B < Sb, then every
buyer earns the same and positive profit, which implies that b; = B/S Vj. Therefore,
bj = b* =min{B/S, b} for any submarket j, which implies that by = B — Sb*. O

Proof of Corollary 1. Follows directly from Egs. (4) and (5) and Theorem 1. O

Lemma A.3. If a buyer on any trading venue trades at the same probability, then b* =
1+0 20

_ 0 =S _ s Q10
Bas/ Sas = Bqc/ Sqc” and nﬁlc = ngssqc .
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Proof of Lemma A.3. 1f every buyer on AS submarkets experiences the same liquidity,
1 6

then Ej = D" = Bas/Sys for any j € M. 1t follows that #2 = A(1/b*) ? and 75, =
1+
A(b*) ? . Together with Eq. (30), we have that

1-6
as _ Sas ch _ Saquc A4
b 10 140 T Lo (A4)
2 2 1-
qC Bas SqC Bassqc
and
1+ 1-6 146
~5 < 2 =b \1-0
Tas _ Bas ch _ nqC 1 (A.5)
FS T L6 10 b 2_96' :
2 2 1-
ae Sas ch as ch
b 1+0 20
Ifry = ﬂqc, then b* = Byg/Sas = Bqc/Sqc” and 7§, = 75, Sqc’ - O

Lemma A.4. Sellers of asset j earn more profit through QC trading than through AS trad-

ing if and only if the asset value vj < vqc + |1 - na” ) (1-p)d.

Proof of Lemma A.4. Eq. (34) implies that y(qc, vj) — ¥(j,vj) = Tge(vge — v)) + (e

7.[5
aS])(1 p)6, which is non-negative if and only if v; < vqc + (1— as]) (1-p)d. O

Proof of Theorem 2. First, we derive buyer masses. In equilibrium buyers earn the same
expected profit, which implies that all participating buyers trade at the same probability.

It implies, based on Lemma A.3, that the mass of buyers on every AS submarket equals
1+60

D = Bag/ Sas = Bqc/ Scllg_g . By definition, Sas = (1 - ¢)S and Sqc = ¢S. Thus, the total mass of
participating buyers

1+6

B—EO:Bas+ch:E(sas+s1 9) b(S+u(Sq) <B, (A.6)

which implies that b < %. In addition, Lemma A.2 shows that b < b. Thus, b <

b* = min{%, l_a}. Ifb< b, then ﬁfi’spé — ¢ >0 and a buyer on an AS submarket earns

strictly positive profit, so all buyers participate (bo = 0), which implies that b= %; if
b< L— S+,u(Sq)’ then some buyers do not participate (by = B—b(S+ 1(Sg)) > 0), so all buyers

earn zero profit and b = b. Thus, b = b*.
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Second, we find sellers’ venue choices. Sellers of QC-ineligible assets can use only AS
trading. Consider a seller of a QC-eligible asset whose value v’ = v. Suppose that other
buyers and sellers follow the equilibrium strategy. If v’ € [v, 7], the seller chooses QC
trading because no buyers participate in the AS submarket of this asset. If v’ > v, then,
U < V' < Umax, which, given the equilibrium condition that # = min {1](17), Vmax}, implies
that vmax > 7 =n(9) and that v’ > (7). Additionally,

=S

as,j

_ 1
N =vge+1-p)6|1-—5 :vqc+(1— — )(1—p)6. (A7)
Si’ 7ac

Thus, based on Lemmas A.3 and A.4, this seller prefers the AS market. Therefore, these

seller also follow the equilibrium strategy in choosing trading venue. O

S+u(Sq)
S

LemmaA.5. 1< < (Sq)% and inequalities bind when Sq = 1.

Proof of Lemma A.5. By definition, g < 1 and p(1) = 0. Additionally, as Footnote 25 ex-
plains, Sq = 1. It follows that u(Sq) = Sq((Sq)% - 1) < S((Sq)% - 1), which implies
that (Sq) 10 = 1+ 482 — SHSD > 1 When Sg =1, u(Sq) = 0 and S+ u(Sq) = S. 0

Proof of Corollaries 2, 4 and 5 and Lemma 1. Because 1(Sq) = 0, we have that b* < b*
and by < by. Because b* < b*, we have that 75, < 7° and #” = 7”. Thus, V = (B — by)#? =
(B—by)n? =V and #8=V/S=>V/S = a8,

We then show that b* < Bqc/Sqc. Based on Lemma A.5, we have that S- (Sq)% =
S+ u(Sq). Thus,

Sqii =2 (St = 2 (A.8)
Stusg T T T Ssrasg P T T '
It follows that
2
B, ~ 20 B -0
ﬁ:b"‘Ségszmin ,(}Lpé)le (Sq)%
Sqc S+ u(Sq) c
2 2
B A8\ 0 B (Ap6\To
> min —(Sq)%,(i)lg > min —,(L)lg — b, (A.9)
S+ulSq) c S c
0
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Proof of Corollary 3. Described in the main text right after Corollary 3. O

Proof of Corollaries 6 to 8. The proof of Corollary 6 is provided in the main text be-
fore the result. Then, we show by contradiction that v* € (7, vmax] cannot hold. If
v* € (U, Umaxl, then
‘ i Tas
V' =0 +(1=p)0|1- = |>Vgc+1-p)0|1-=~|, (A.10)
Mye Mye
which implies that 75, > 7° and contradicts our result that 7}, < n°. Thus, if 7 < Vpmax,

then v* < 0. Proofs of other results are provided in the main text. O

B Extensions

In this section, we extend the main model to consider two more general cases: (1) QC
trading is more costly to participate in than AS trading, and (2) trading gains differ across

assets.

B.1 Higher Cost to Participate in QC Trading

In the main model, buyers incur the same cost to participate in any venue. However,
buyers may presumably incur higher analysis costs in the QC market because more as-
sets traded together. Thus, in this section, we allow a higher cost, cqc, for participating
in the QC market compared to the AS submarket, i.e., cqc = c. Additionally, we allow cqc
to increase with the number of assets traded on the QC market, Sqc.

We show that if ¢qc < chc, all results concerning the qualitative comparison between
the AS-only and parallel-trading equilibria(Corollaries 2, 4 to 6 and 8 and Lemma 1)
remain valid. Intuitively, in the extended model, concentrating more assets in the QC
market enhances liquidity (captured by Sgc) but also raises buyer participation costs
(captured by cqc/c). When Sgc = cqc/ ¢, the liquidity benefit outweighs the higher costs,
leading to disproportionately more buyers than sellers choosing QC trading. This raises
the buyer-to-seller ratio on the QC market and lowers it on AS submarkets (Bqc/Sqc =

b* = b*), improving liquidity on the QC market and worsening it on AS submarkets
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(ﬁflc > ° = ). Other results then follow. In the rest of this section, we prove these

results.

LemmaA.l. Ifinequilibrium the QC market and AS-submarket j both attract some buy-

ers, then
1+0
0 \19  =b ~s o)
ch/ch _ ch Tqc —C Tqc _ ch A1)
T o \Ca) @G m Tlea| |
J qa nas,j as,j qa
where
~b
Cqc+V
anZ:q—,\,b (AZ)
c+y

and ¢’ equals the expected profit of each buyer.

Proof of Lemma A.1. Because every participating buyer earns the same profit in equi-

librium, 7 = 2. 06 - cqc = ﬁé’syjpé — ¢, which implies that 775/ ﬁé’s']. = Cqa- By definition,
1-0

1-0 140 1+0
7 :A(.Eij) A=A (3E) T 80w, = A(B) 7 W =A(2) 7 80 Thus, we have

as,j »7qc T M Bge as,j qc Sqc
that
~b ﬁ 0 2
ch/ch _ nj 12,—9 _ ch -
b b Tqc an
and
1+0
=S Lo 0 it_e 1zfe =0
Tae _[Bac/Sqc| * o _ [ ac o _| Sac
—=—= Sec=|=| Sqc= . (A.4)
T[aS,j b] an an
O
Lemma A.2. In equilibrium, buyer mass on any AS submarket j equals
b = b*, (A.5)



the buyer mass on the QC market equals

~ 6]
Bge=Db"Si’ ——, (A.6)
(Cqa)™*
and the mass of non-participating buyers
by = max{B - b(S+ [i(Sqc, Cqa)), 0}, (A.7)
- (Apd)\TD
where b = (%) "% is defined in Eq. (16),
b* :min{#,l}}, (A.8)
S+ /J(ch’ an)
and
SQC %
ﬁ(sqc; an) = ch Ci) -1]. (A.9)
qa

Proof of Lemma A.2. If in equilibrium Sy = 0, then the equilibrium reduces to the AS-
only equilibrium described in Theorem 1. We can easily verify that all results hold.

Next, consider an equilibrium in which S4c > 0. Because in equilibrium buyers across
AS submarkets earn the same profit, we have that b = b* for any AS submarket j. Addi-
tionally, Lemma A.1 implies Eq. (A.6). Thus, the total mass of buyers

1+

>

2
_ _ _ 1 _ SQ 1-0
B2B~Dy=Bas+Bgc=b"Sas+b* S, ——5 =b" [ S—Sqc +Sqc| ==| |- (A10)
(Can) 7 Caa
qa
Thus,
. B B
b* < = (A.11)
9.\ 0 S+ [(Sqc) Cga)

There are two possibilities depending on the mass of non-participating buyers bo.
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e If by >0, then some buyers do not participate and earn zero profit, which implies
that every participating buyer also earns zero profit (7 = 0). Hence, the mass on

each AS submarket b* = b and Cqa = cqc/c. Thus, based on Lemma A.1, Byc =
1+0

2 - _
bS(llCT” (?ic) "% It follows that by = B — Bas — Bgc = B—Db(S+[i(Sqc, Cqa)) - Because

~ 7% _ 1 _ B
by >0, we have that b* = b < SHiqe Can) "

e If by = 0, all buyers participate. Hence, B = By + Bgc = b* (S+ [i(Sqc, Cqa)), which

. . Tx _ B .
implies that b* = STl Buyers on AS submarkets earn non-negative profit,

5 <band B < b(S+[i(Sqc, Cqa))-

. . 3 B
which implies that g7~

Thus, we have Egs. (A.7) and (A.8). O
We need to solve the equation B = b* (S + fi(Sqc, Cqa)) to find equilibrium b* and Sy
because Cga, based on Eq. (A.2), generally depends on b jwhen cqc # c. .

0

Proposition A.1. Ifc < cyc < ¢Sy, then in the parallel-trading equilibrium,

qc’
bo = by, (A.12)
b* < b* < Bge/Sqe, (A.13)
Tas ST0° < Thge, (A.14)
n’ <7l <7, (A.15)
y’ <y’ (A.16)
(/=T (A.17)
V<V, (A.18)
Q<Q. (A.19)

Proof of Proposition A.1. We first show that cqc < cSCHlc implies that Cy, < Sgc. If cqc < ¢,

b ~b
_ ch-H// 0 .: 0 ch+1,[/ Cqc 0
then Cy, = gl <1=<Sg = ch, if ¢ < cqc = €asS <=—=c< ch.

qc” then Cqa = ——;
c+y c
Based on Eq. (A.9), Cqa < Sgc implies that [i(Sqc, Cqa) = 0. Then, Eq. (A.8) implies that
b* <min{2, b} = b* and Eq. (A.7) implies that by < max{B - bS,0} = by. Because By =
B~bo—Bas = B—by—b*(S—Sqc), we have that Bge—b* Sqc = B—bo—b*S = B—by—bS =0,

which implies that Byc/Sqc = b*.
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Given that b* < b* < Bqc!Sqc, we have that 75, < n° < 7, and nb < 7r . A buyer’s

q
profit /¥ = #2.06 — ¢ = n°pb — c = w’. Hence, the total profit of all buyers (B — by’ =

(B — bo)y”. The profit of an AS seller 5 = 75, (1 - p)d < w°(1 - p)& = y°.
Moreover, because every buyer earns the same profit ¢/, Cqc = ¢ implies that 7 71'

ch+1l/ C+1// b =b =b
—55 = 2 s — Ta Hence, nqczn

(BaS + ch) 7P = (B - bg)n? = V. Thus, the average selling proba-

> 7P, It follows that the total trading volume
V= Basn + chﬂqc >
bility per asset 728 = V/S = V/S = 728, The total profit of all sellers are higher because
STAE(1 — p)& = Sn™8(1 — pd). Thus, the welfare gains of all traders Q = Q. O

B.2 Heterogeneous Trading Gain across Assets

In the main model, the trading of any asset yields the same trading gain of §. In this
section, we relax this assumption. Specifically, we assume asset j is worth v; to sellers
and v; +6; to buyers, so the trading of asset j leads to a gain of §;. Consistent with
empirical evidence, we also assume that j weakly increases with asset value v j.28

In this section, we first derive the equilibria for the AS-only market (Proposition A.2)
and the parallel-trading market (Proposition A.3) under asset heterogeneity. We then
compare these equilibria and show in Proposition A.4 that, as in the main model, the
parallel-trading market sees more buyer participation and worse liquidity for assets traded
via AS trading. Moreover, assets traded via QC in the parallel-trading equilibrium are, on
average, more liquid than in the AS-only equilibrium.

The equilibrium for the AS-only market is as follows.?

Proposition A.2. In the AS-only equilibrium, the mass of buyers on AS submarket j equals

b* i E{l,Z,,S},
bj=4"] /] (A.20)

B _Zked b;: lf] = Or

28

29The equilibrium described in Proposition A.2 reduces to the one described in Theorem 1 when § j=06

2
129

. o = 2 2 Ap5;\ T8
for every asset j because in this situation }_ ¢y 6{9 = Sé}’g =S01-¢ and (%) = _ ( £
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where

b}f =min<{ B-

st Ap8 ;\T0
] ( p f) (A.21)

27 c
1_
ket O

1-0
2

Proof of Proposition A.2. The buying probability on an AS submarket n? =Alb In

i
equilibrium, a buyer on any AS submarket earns the same profit. Hence, for any asset

2. 2

ApS; C =
221 _ ¢, which implies that bj= (%) T

b—. 7 c+y 7]

j € o, abuyer’s profit :n?p5j -c=

~

It follows that

A -0 2
B=Y bk:( P b) Y 857, (A.22)
ket c+y ket
Ap \T0 oig 2 2 1o\ T29
Hence,b-:( ph) 61709 <—B 577 Becausey” =0,wehavethatb; <517 (—p) )
J c+y j s 5T0 j j j c
ket O

Therefore, b; < b;f. If bj < b;f, then some buyers do not participate (B > Y jc.s bx) and
yet every participating buyer earns strictly positive profit (y? > 0), which cannot be an

equilibrium. Therefore, b; = b;.‘. O

Proposition A.2 implies that assets with higher trading gains are more liquid (anj. 106 =
0). Intuitively, a higher trading gain attracts more buyers, making the asset easier to sell
and more liquid. Additionally, because the trading gain § ; increases with asset value v,
more valuable assets experience better liquidity (Onj. /0v;=0).

We then derive the parallel-trading equilibrium. In the QC market, the price Pqc
2
equals vqc + 64 with probability 1 — p and equals vy with probability p, where 5(1150 =
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2 —
E[6. %1€ Myc] 30 Additionally, for ease of exposition, we define

6(v*) =6, when vy = v, (A.23)

- 2
o(v*):= (E [6,16‘9 k€« and v € [v, V"]

1-0
2
) , (A.24)

5T
J

ﬁ(v*,éj)::E[vlve[y,v*]]+(1—p)5_(v*) 1- (A.25)

29

5(v*)Ta (S-Pri{vely,v*1})To
The parallel-trading equilibrium is as follows.

Proposition A.3. In the parallel-trading equilibrium, sellers’ venue choices and buyers’
masses are as follows.

* The seller of asset j chooses QC trading if the asset’s value v; € [v, V] and AS trading
if otherwise, where ¥ solves v = min{n(#,5(9)), Umax}. That is,

Moc={j:jed andv < vj < v}, (A.26)
Mas = A — My (A.27)

* The mass of buyers who participate in the QC market equals

146 2
1-6 1—0
Sgc’ 04

1+60

Zk€~616+816619

Bgc = -min{B, B}, (A.28)

the mass of buyers who participates in the AS submarket for asset j equals

2
N 510 ) .
b* = J EN -min {B,B} for any] € :ﬂas, (A29)

J 2 1+z
__ S1-6 1 1—
Zke%ﬁk +Sq 6

301If 6 4c were the arithmetic mean of the trading gains of assets on the QC market, buyers would have
less incentive to choose QC trading due to the Jensen’s 1nequahty effect because, as Eq. (A. 21) shows, the

mass of buyers b; in an AS submarket is proportional to 61 7 . We assume that ¢ 7 =E[0} 7 IT € ch]
abstract away from this effect.
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the total mass of buyers participating in all AS submarkets equals

ZkEMaS ]1_0
B, = . — min{B, B}, (A.30)
T e 00" + 54 03
and the mass of buyers who do not participate in trading equals
bp = max{B - B,0}, (A.31)
where
Sqc=S-Pr{vj € (v, 0}, (A.32)
2
_ (Ap\1@ 2 10 2
B= (7") ( Y. 857 +Sk 53109). (A33)
ke Mg

Proof of Proposition A.3. First, we derive buyer masses. In equilibrium, every buyer
earns the same profit. Let Bys =3, 7 by denote the total mass of buyers participating
in AS trading. Then, Proposition A.2 implies that the mass of buyers on the AS submarket

for asset j equals
(A.34)

In addition, an QC buyer expects to earn pﬁgC(S qc — ¢ that equals an AS buyer’s expected
profit pﬁgs ].6 j — c. It follows that

% _Tasj _ Byc (A.35)
5]' B b B # ~ 10’ '
qc ch (b]) 2
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which implies that

wo 2 | b 140 2 B Ao\ 10
Bge =S5’ 857 | — | = 817617 min = (_p) (A.36)
510 Y 510 c
j ketlys ™~ k
There are two scenarios in terms of buyer profits.
* If each buyer earns zero profit, then
2 =
~ (Ao\Tw 2 (o )
b; = (Tp) 517 = LB, (A.37)
Liedz Ok *+Sac" O’
1+0 2
Ap\TT 1t 2, Sac’ Oqc’ .
Bac = (7) Sac Oqc” = 7 1wz B (A.38)

which implies that the total mass of participating buyers }_, T b j+ Bgc = B<B
and by = B— B.

* If each buyer earns positive profit, then

~ 2 B Ap\1-0 2
bj=6"— " <(—p) 577, (A.39)
] . 6@ C J
Zkeuﬂas k
2
10 2 B Ap\T0 1x0 2
BqC:SéceééC9%<(7p) Sac’ Oac’ (A.40)
Zke‘/zzasali_e
which implies that
- 10 2 1 _
B= ) bj+Bgc=Bas|1+84 0’ —— | <B. (A.41)
ke-/ZZ;;S Zke./ZZ;s 5]1_9
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Thus,

B (A.42)

b= ‘B (A.43)

Bgc = - B, (A.44)

by = B~ Bys— By = 0. (A.45)

Therefore, Egs. (A.28) to (A.31) and (A.33) hold in equilibrium.

Second, we derive a seller’s venue choice taking other sellers’ choices and buyer
masses as given. Consider a seller of the asset with value v; = v. If v; € [v, D], this seller
chooses QC trading because in equilibrium no buyers participate in the AS submarket
of this asset. If v; > 7, then ¥ < vj < vax, which, given the equilibrium condition that
7 = min{n(7,5(9)), Vmax}, implies that vmax = v; > ¥ = 7)(7,6(9)). The profit of selling
asset j through AS trading equals y/(j, v;) = &} .(1—-p)d; and that of selling it on the QC

as,j
market equals ¥ (qc, v;) = g (vqe — ) + (1 — p)Gqc)- It follows that

T, v) = Tqe, v)) = Tl (1= p)8} — Tie(vge — v+ (1= p)Bgo) (A.46)
~5 5]-7735,],
qcflqce

The buyer masses given in Egs. (A.28) to (A.31) and (A.33) imply that

s 1 - g P40 2
8; Masj _ Sqe (B)® Sac Bj"  Sge- :(ﬁ)l‘e 1 (A.48)
Oqc Tqc B2 Bt Bae Sac)  gi7
qc qc qe
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Thus,

~ ~ 5]' 1-0
(J,vj)—v(qe, v)) Sqc ~ -
7 ,~swq L= v~ [ vge+ (1= p)3gc | 1- (%) = v —7i(5,6)).  (AA49)

20
qc Sl 1-0

Because 6(vy) weakly increases with v, and v; > v, we have that §; = 6(v;) = 6(D).
Hence, 7)(9,6 ;) <7)(9,6(9)) = ¥ < vj. Therefore, v; —7)(9,6;) >0 and ¥ (j, v;) > ¥(qc, v;),
so the seller should choose AS trading. O

Next, we compare the AS-only equilibrium and the parallel-trading equilibrium and
find the following results.

Proposition A.4. Comparing with the AS-only equilibrium, in the parallel-trading equi-
librium, (1) more buyers participate (B — by = B — by), (2) each buyer earns more profit
(w = wb ), (3) assets traded on AS submarket experience worse liquidity (7}, . < JTSV JE€

as, j

M), and (4) assets traded on the QC market on average experience better liquidity (& (' ac =
1 ~

Sqc ZkE.ﬂqc k) )

2

ProofofPropositionA.4. Because Sqc = 1, we have that S§ £ 951 = = 8§ i " Yre ch6 ,16“’ >

Zkeﬂ 51 7 . Hence,

2 _9 25 2
2 51;“ I =z ) 670+ X 5,19=26,1;“’. (A.50)

ke Mlys ke tlys ke g ket

2

Then, Egs. (A.33) and (A.50) imply that B > ( ) Ykew O} = . It follows that

~ _ Ap % 2
B - by =min{B, B} =min B,(—) 25;9 =B—-by. (A.51)
¢ ket

Further, Egs. (A.21), (A.29), (A.33) and (A.50) imply that for any asset j traded through
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AS trading (Vj € /ZZ;S), we have that

BOT BT
b* =min / !
Zke%s(sk +ch 6qc Zke%s6k +ch 5qc
2 Ap\T7 55, ol 570 )| 5120
R - 1, 17 — —
B& [ (T) (Zkeﬂ 0" +Sqc Oqe |9
< min < ) n
Z "6136 Z __ 6129 +S}—_05ﬁ
ket Ok ke tys Ok qc Yqc
5 2
0 100 ;\1-0
=min{ B—— ( P ]) =b;. (A.52)
i J‘Sm ‘
e Uk
Hence,
1 7 1 7
Ao =M= =4 (ﬁ) =7, (A.53)
bj i
=S _ * * _ S
7, =A(B7) T =A(p)) T =S, (A.54)
Hence, each buyer’s profit
fﬁb:ﬁi’s,jp(ij—CZn?p(?j—c:wb. (A.55)
Moreover, because B — by = B — by and E; < b; forany j € M, we have that
(A.56)

Bee=B-by- Y Dbi=B-by— Y bi= Y b}
kejzlc

]CE./ZZ;S kEMZf;S
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It follows that Bgc/Sqc = 2. e b,’;/ Sqc- In addition, 6 < 1. Hence,

140 e _ (5
iy =AS) (ch) © s s? (Zk&ﬂqc bk) 2 zlschkeﬂqc )

— A.57
ae ch ae ch ch ( )

1+6

Yedie (D) 7
2/1 kE./ﬂqC k — L Z n,S. (A.58)

S Sqc = K
qc 90 ke Zge

O

Although QC assets are more liquid on average, there could exist an QC asset that is

less liquid in the parallel-trading equilibrium.
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Internet Appendix

In this Internet Appendix, we briefly discuss a few extensions to the main model.

IA.1 Design of QC Contracts

In this section, we study the design of QC contracts based on our theoretical framework.
The optimal design of QC contracts in general has no closed-form solutions because of
the complications resulting from asset heterogeneity. Traders’ venue choices, for exam-
ple, depend on the distribution of asset values. Hence, we focus on a specific issue of
market design motivated directly by market reforms in practice—setting the eligibility
criterion of existing QC contracts.

In particular, to support the mortgage market, the Economics Stimulus Act enacted
in February 2008 allowed Fannie Mae and Freddie Mac to purchase and securitize high-
balance loans (known as super-conforming loans). However, the SIFMA announced to
prohibit MBS backed by these loans from being delivered into TBA contracts immedi-
ately. Later, in August 2008, SIFMA announced that MBS of super-conforming loans
would be TBA-eligible but imposed that these loans could represent at most 10 percent
of a TBA pool (Vickery and Wright, 2011). Because high-balance mortgages tend to have
high prepayment risks and low values (Fusari et al., 2022), restricting their TBA-eligibility
effectively increased the TBA-eligibility threshold, as represented by v in our model. Be-
low, we study the effects of varying v, which changes the set of deliverable assets.

Based on the parallel-trading market equilibrium in Theorem 2, varying v changes
the proportion of assets traded on the QC market g (defined in Eq. (47)) both by directly
determining the set of assets that are excluded from QC trading [vmin, ¥) and by indi-

rectly affecting the fraction of QC-eligible assets that would be traded via QC contracts

1



as captured by [v, 7]. The direct effect of raising the QC-eligible threshold v is unam-
biguous: it shrinks the set of QC-eligible assets. The indirect effect of raising v, how-
ever, is ambiguous. On the one hand, raising v could raise 7 because doing so excludes
low-value assets from QC trading and mitigates the CTD discount of QC pricing, which
could attract sellers of high-value assets to the QC market. On the other hand, raising
v could lower ¥ because it reduces the maximum liquidity externality benefits—fewer
assets could be traded together on the QC market—and could drive sellers of high-value
assets to AS trading.

Because raising v may increase or decrease v, its effects on the proportion of as-
sets traded on the QC market g and on market liquidity are ambiguous.?' Nonetheless,
SIFMA’s restrictions on TBA-eligibility of high-balance loans mentioned above imply
that regulators believed that lowering in v would likely shrink the proportion of QC-
traded assets and hurt liquidity. In fact, SIFMA Vice Chairman Thomas Hamilton ex-
plained, in his testimony to the House Committee on Financial Services in May 2008,
that making high-balance loans TBA-eligible “would ... drive trading into the specified
pool market” and “negatively impact the liquidity of the product (TBA).”3? Accordingly,
we focus on the situation in which raising v increases g.

Fig. IA.4 illustrates this situation. In particular, with the QC-eligible threshold (ex-
ogenously) increased from v, to v, and the upper bound of QC asset values (endoge-
nously) increase from 7, to 7y, assets can be partitioned into four subsets: (1) both the
least valuable assets in group (I) and the most valuable assets in group (5) remain on

AS submarkets, (2) assets in group (2) switch from the QC market to AS submarkets, (3)

31 Through numerical analysis, we have verified that both scenarios may occur.
32Available at https://www.sifma.org/resources/submissions/testimony-on-behalf-of-sifma-at-hcfs-
hearing-on-conforming-loan-limit-increase-and-impact-on-homebuyers-and-housing-market/.


https://www.sifma.org/resources/submissions/testimony-on-behalf-of-sifma-at-hcfs-hearing-on-conforming-loan-limit-increase-and-impact-on-homebuyers-and-housing-market/
https://www.sifma.org/resources/submissions/testimony-on-behalf-of-sifma-at-hcfs-hearing-on-conforming-loan-limit-increase-and-impact-on-homebuyers-and-housing-market/
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Figure IA.4. Illustration of the situation in which increasing v leads to increasing g.

assets in group ) remain on the QC market, and (4) assets in group @) switch from AS
submarkets to the QC market.>® The following result presents the effects on liquidity of

these four subsets of assets.

Corollary IA.9. Consider the situation in which an increase of v leads to an increase in
q. In this situation, liquidity (1) weakly declines for assets that remain on AS submar-
kets, (2) weakly declines for assets that switch from the QC market to AS submarkets, (3)
weakly improves for assets that switch from AS submarkets to the QC market, and (4) may

improve or decline for assets that remain on the QC market. The average liquidity across

assets and the total trading volume both increase.

Proof of Corollary IA.9. When ¢ increases, 11(Sq) increases and, according to Eq. (48),
b* decreases. It follows that 7” increases and 7’ decreases. In addition, Eq. (46) implies
that by decreases, so the mass of participating buyers B— by increases. Thus, total trading

volume V = #%(B - Eo) increases and social welfare Q = (B — EO)(ﬁb 0 —¢) increases. [

33By contrast, as we show in Section 4, only two subsets of assets exist when QC trading is added to a
market with only AS trading: assets that remain on AS submarkets and assets that switch from AS submar-
kets to the QC market.



That is, the effect on liquidity varies across assets. First, liquidity deteriorates for
assets that remain on AS submarkets because, as Eq. (48) shows, the mass of buyers
on each AS submarket b* weakly decreases with g. Second, liquidity deteriorates for
assets that switch from QC trading to AS trading and improves for assets that switch
from AS trading to QC trading. Consider an asset that switches from QC trading to AS
trading when v increases. Based on Eq. (57), this asset’s liquidity level before the switch
is above 7° (based on the second inequality) and its liquidity level after the switch is
below 7° (based on the first inequality), where 7° represents the liquidity level in the AS-
only equilibrium. Thus, this asset becomes less liquid. Similarly, assets that switch from
AS trading to QC trading when v increases must become more liquid. Third, liquidity
may improve or deteriorate for assets that remain on the QC market. In particular, as
q increases, the buyer-to-seller ratio on the QC market Byc/Sqc does not monotonically
increase because the ratio equals B/S when the QC market consists of one type of assets
(g = 1/8) or all types of assets (g = 1). Thus, although By./Sqc increases in certain ranges
of g, it decreases in other ranges, which may result in worse liquidity on the QC market.

Although its liquidity effects vary across assets, we show that increasing v to raise ¢
always increase the overall liquidity (measured by total trading volume V) because, in-
tuitively, it reduces the proportion of assets traded on the more frictional AS submarkets.
Thus, if increasing the eligibility threshold v indeed increases g, then SIFMA’s decision
is justified: limiting super-conforming loans in TBA pools improves liquidity for TBA

contracts and such improvement dominates negative liquidity effects on SP contracts.3*

34Note that raising v could lower g, which would lead to worse overall liquidity. Thus, it is necessary to
empirically verify the premise that limiting super-conforming loans raises g.
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Figure IA.5. Impact of buyers’ risk attitude (.

IA.2 Buyers’ Risk Attitude

In this section, we examine effects of allowing buyers to be risk-averse. In particular, we

assume that buyers in the QC market bid ﬁqc and accept the ask price 13qC + 6, where

Pyc = (- v+ (1= Elvglk € Myl (IA.59)

When buyers’ risk attitude { = 0, buyers are risk-neutral; when { = 1, buyers are ambiguity-
averse and bid the value of the cheapest QC asset v. Fig. IA.5 shows our numerical re-
sults. As ( 1, buyers bid lower prices, driving some sellers off the QC market (7 |). As
a result, buyers are less likely to trade on the QC market, so some of them switch to AS
submarkets, thereby improving AS market asset liquidity 7;,. Because fewer traders use

QC trading, the total trading volume V declines.
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