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1. Introduction

When making forecasts about a random outcome, a common mistake people make is the “gam-
bler’s fallacy.” For example, when a fair coin is tossed multiple times, a streak of heads makes
it more likely for people to expect the next toss to be a tail, even though the objective probabil-
ity remains constant at 50% (Rapoport and Budescu, 1992, 1997). The gambler’s fallacy is often

b

seen as indicative of the “law of small numbers (LSN)”—the incorrect belief that even a small,
local sample represents the characteristics of the underlying population (Tversky and Kahneman,
1971).! More generally, along with other heuristics such as overreaction and base-rate neglect, the
LSN falls under the broad notion that people often jump to conclusions too quickly by relying on
too little data.

An immediate consequence of the LSN is that people behave as contrarians and, when predicting
outcomes of a random sequence, they tend to expect immediate reversals in trends. However, it has
also been suggested that the LSN can simultaneously lead to “hot hands” whereby people expect
a streak of similar outcomes to continue (Rabin, 2002; Rabin and Vayanos, 2010). For example, a
basketball player on a hot streak is often believed to be more likely to make the next shot, although
the actual outcome appears uncorrelated with the previous streak (Gilovich, Vallone, and Tversky,
1985; Camerer, 1989; Tversky and Gilovich, 1989a,b). The two seemingly inconsistent phenomena
can be reconciled based on people’s prior knowledge about the data-generating process: when people
know about the data-generating process in advance, the LSN results in the gambler’s fallacy; but
when they do not, they tend to rely too much on the few data points they have to make inferences,
leading to “hot hands” instead.

In this paper, we develop a model of the LSN to study its implications for trading behavior
and asset prices. We view the setting of trading in financial markets as one in which the LSN
can be playing an important role, because investors constantly observe past trends in prices and
fundamentals, and they need to make forecasts about future prices and fundamentals—a problem
that resembles predicting outcomes of a random sequence. In these decisions, investors’ beliefs
about serial correlation, potentially fallacious and characterized by the LSN, can have a significant

impact on their trading behavior and on asset prices. While existing papers have modeled the

!The same idea has also been labelled “local representativeness” (Bar-Hillel and Wagenaar, 1991).



LSN in general economic settings (e.g., Rabin, 2002; Rabin and Vayanos, 2010), our paper applies
this belief structure in a financial setting with equilibrium asset prices. We derive new testable
predictions about trading behavior and asset prices, and importantly, we also empirically test these
predictions in the data.

We start with a tractable, continuous-time model of portfolio choice and asset prices. The model
features two types of investors, rational arbitrageurs and LSN investors. Both have mean-variance
preferences, and they allocate wealth between a risk-free asset and a risky asset. The risky asset
has an exogenous dividend process, and its price process is determined endogenously in equilibrium.
Rational arbitrageurs correctly understand the dividend process and the price process. However,
LSN investors do not directly observe the true price process and need to make forecasts about
future price changes based on their information set. In particular, we assume that they use an
incorrect yet intuitive mental model to make inferences: they believe that the risky asset’s price
change is determined by a quality term—which is time-varying and unobservable—and a noise
term, and they make inferences about the asset’s quality by observing its past prices. Under this
basic setup, good past returns indicate high asset quality; as such, LSN investors behave as return
extrapolators.

We then introduce the LSN into investor beliefs. Specifically, following Rabin (2002) and Rabin
and Vayanos (2010), we assume that, when making inferences about the underlying price process,
LSN investors erroneously believe that the noise term is negatively auto-correlated. Intuitively,
this assumption captures the gambler’s fallacy, in that LSN investors expect short-term deviations
from the mean to quickly revert in the near future. Compared to the earlier case without the LSN
assumption, LSN investors’ belief structure changes in two significant ways. First, different from
simple return extrapolation in which beliefs about future price changes depend positively on all
past price changes, LSN investors’ beliefs depend negatively on recent price changes—they expect
strong and immediate reversals for short-term price trends. This result follows directly from the
assumption that LSN investors believe the noise term to be negatively auto-correlated. Second,
consistent with return extrapolation, LSN investors’ beliefs depend positively on price changes from
the distant past. Strikingly, the degree of return extrapolation is stronger than in the case without
the LSN assumption. Therefore, the same force that generates short-term contrarian beliefs also

leads to stronger tendencies of return extrapolation based on long-term price trends.



Given mean-variance preferences, the above belief structure directly translates into investors’
trading behaviors. On the one hand, LSN investors exhibit the disposition effect, selling when asset
prices have recently gone up. On the other hand, they are also return extrapolators, buying when
asset prices have gone up consistently over a long period of time. In this way, the model leads to
the coexistence of the disposition effect and return extrapolation. These trading responses further
feed back into asset price dynamics: in the short run, the disposition effect induces short-term
momentum; in the longer run, return extrapolation results in long-term reversals. Overall, asset
prices exhibit excess volatility, in that prices move more than in a benchmark model without LSN
investors.

In the above model, LSN investors form incorrect beliefs about future price changes by looking
at past price changes. They then use these beliefs about price changes to form their share demand
of the risky asset. The direct mapping between past price changes and expectations of future price
changes make this this thought process psychologically simple and realistic. We further consider
an alternative specification in which LSN investors form incorrect beliefs about future dividend
changes by looking at past dividend changes. In this scenario, before making investment decisions,
LSN investors take an extra step to derive beliefs about prices from their beliefs about dividends.
Because of this extra step investors need to take, we view this thought process as less realistic.
Nonetheless, under this alternative specification, we again observe a similar dichotomy in belief
formation: LSN investors’ beliefs about future price changes depend negatively on recent price
changes but positively on price changes from the distant past.

After analyzing the model’s implications for investor beliefs, we examine and test the model’s
additional predictions using the Odean data (Odean, 1998; Barber and Odean, 2000). First, the
model makes predictions about the degree of the disposition effect as a function of one’s holding pe-
riod. Specifically, the contrarian leg of investors’ belief structure primarily concerns recent periods,
so the model predicts a stronger disposition effect for positions with a short holding period. For po-
sitions with a longer holding period, return extrapolation starts to kick in, working in the opposite
direction of the disposition effect. This prediction is supported by the Odean data. Among stocks
bought within the last month, the probability of selling a winner is almost twice as high as the
probability of selling a loser. In contrast, for positions held for more than a year, the propensities

of selling winners and losers are virtually the same.



Second, the model suggests that investors not only display a disposition effect in selling, but
also tend to “double down” in buying. That is, when they increase holdings of an existing position,
they tend to buy shares that have gone down in value and are less likely to buy shares that have
gone up in value. We confirm this prediction in the Odean data: on average, investors are 50%
more likely to buy loser stocks than winner stocks, a result that is consistent with Odean (1998).

Third, the model not only predicts the coexistence of the disposition effect and doubling down
at the aggregate level, but also proposes a strong association between these two phenomena at
the individual level. Specifically, those who are more likely to double down in buying are also
expected to exhibit a stronger disposition effect in selling, as the LSN belief structure underlies both
behaviors. To test this prediction, we categorize investors into five groups based on their tendencies
to double down in buying, and then compare the degrees of the disposition effect observed in selling
across the five groups. Consistent with our hypothesis, the degree of the disposition effect increases
monotonically with the tendency to double down, lending support to the idea that the LSN drives
both buying and selling decisions.

Fourth, the model predicts that an individual’s trading propensity, based on past returns,
depends on their LSN beliefs. In an extension of the model, we consider LSN investors who
believe noise is negatively auto-correlated and pure extrapolators who believe noise is i.i.d. LSN
investors’ selling propensity increases with recent returns, while their buying propensity decreases.
The trading propensities of pure extrapolators display the opposite patterns. Our findings support
these predictions and demonstrate the importance of investor heterogeneity in studying trading
behavior. Ben-David and Hirshleifer (2012)’s “V-shaped” pattern in investors’ buying and selling
propensities is not observed in the trading of LSN investors, and a more careful consideration of
investor heterogeneity is needed to account for this phenomenon.

Lastly, we also examine the model’s prediction on asset prices regarding the sources of momen-
tum and long-term reversals. The model suggests that individual stocks associated with stronger
LSN beliefs should show stronger short-term momentum and long-term reversals. To test this, we
analyze mutual fund holdings data, assigning each fund-quarter observation based on past stock
returns. We consider funds holding stocks with good long-term performance but poor recent per-
formance to have stronger LSN beliefs. Aggregating these measures at the stock level, we find

supportive evidence that stocks with underlying funds prone to LSN beliefs exhibit stronger short-



term momentum and long-term reversals.

We present a model of the LSN to account for trading behavior and asset prices. Previous
work has built models to study belief formation under the LSN in partial-equilibrium settings
(Rabin, 2002; Rabin and Vayanos, 2010). We introduce this belief structure in an equilibrium
asset pricing model to study its implications for trading behavior and asset prices. This requires
studying a more complex economic environment by specifying investor preferences and portfolio
problems, introducing other market participants such as rational arbitrageurs, and analyzing the
determination of asset prices in equilibrium. In this regard, the closest to our model is Teguia
(2017), who also develops an equilibrium model that features LSN investors and rational traders.
Our paper and Teguia (2017) differ in two important aspects. First, our paper explores novel
predictions that are not considered by Teguia (2017): the degree of the disposition effect as a
function of one’s holding period, “doubling down” in buying, consistency between doubling down
and the disposition effect, and heterogeneous trading propensities to past returns. Second and more
importantly, we provide empirical tests of our model’s predictions using account-level transaction
data, and we find strong consistency between the data and the model’s predictions.

Our model can simultaneously generate return extrapolation and the disposition effect. Impor-
tantly, the production of both phenomena relies on the single ingredient that random errors are
erroneously perceived to be negatively auto-correlated. Other papers, such as Barberis, Shleifer,
and Vishny (1998) and Liao, Peng, and Zhu (2022), can also generate both phenomena, but they
require multiple psychological ingredients.? Therefore, we show theoretically that the LSN can be
a unifying psychological root for both return extrapolation and the disposition effect.

Our empirical analysis has important implications for the study of investor behavior. First,
we propose the LSN as a belief-based explanation for the disposition effect. Existing papers have
proposed explanations based on non-traditional preferences such as prospect theory and realization
utility (Barberis and Xiong, 2009, 2012; Ingersoll and Jin, 2013), or other psychological phenom-
ena such as cognitive dissonance (Chang, Solomon, and Westerfield, 2016) and mental accounting
(Frydman, Hartzmark, and Solomon, 2018). We show and confirm that the disposition effect can

also arise from contrarian beliefs over short-term trends, which in turn can be derived from the

*More precisely, Barberis et al. (1998) require both conservatism and representativeness while Liao et al. (2022)
require both extrapolation and realization utility.



LSN. Consistent with our model, we find that investors are particularly likely to sell assets whose
price has only recently gone up—a phenomenon that most existing explanations of the disposition
effect (e.g., non-traditional preferences where utility is a function of holding-period returns) do not
speak to.

Second, we show that, on the flip side of the disposition effect, there also exits doubling down
in buying behavior. More importantly, these two phenomena are tightly linked to each other: those
who are more likely to double down are also those who display a stronger disposition effect in
selling. This link enriches our understanding of investor trading by considering the buying side
together with the selling side. Moreover, it raises the bar for explanations of the disposition effect:
given the tight link between the buying behavior and the selling behavior, a unifying explanation
should be able to account for both.

Finally, our results have implications for the well-documented “V-shape” trading propensi-
ties (Ben-David and Hirshleifer, 2012). Previously, the V-shape is often considered an aggregate
phenomenon that applies to the average investor in the population. We uncover additional hetero-
geneity on the strength of the V-shape in the cross-section of investors: it is close to nonexistent
among LSN investors, but is much stronger among extrapolators. Therefore, our results call for
bringing in heterogeneity of investor beliefs to further understand the V-shape.

The rest of the paper proceeds as follows. Section 2 presents motivating evidence for the LSN
from experimental and field settings. Section 3 presents the model and discusses its predictions.
Section 4 tests the model’s predictions on trading behavior using the Odean data. Section 5 tests
the model’s predictions on asset prices using the mutual fund holdings data. Section 6 concludes.

Additional details are in the Appendix.

2. Motivating evidence

The law of small numbers (LSN) refers to the incorrect belief that even small samples represent
the characteristics of the underlying population (Tversky and Kahneman, 1971; Rabin, 2002).
According to the LSN, people expect good and bad outcomes to balance out over a short streak, so
that the empirical distribution revealed by the short streak mimics the theoretical distribution of

the population. For example, when a fair coin is tossed, after seeing several heads in a row, people



tend to overestimate the probability of seeing a tail in the next toss, even though the objective
probability remains constant at 50% (Rapoport and Budescu, 1992, 1997). This phenomenon,
termed the “gambler’s fallacy,” has been robustly documented in many experimental settings and
is commonly viewed as direct evidence of the law of small numbers. For example, additional
evidence on the gambler’s fallacy has been obtained in other experiments, such as those based on
production tasks and recognition tasks, as reviewed by Bar-Hillel and Wagenaar (1991).

In parallel with the gambler’s fallacy, researchers have also documented a different phenomenon
called “the hot-hand fallacy:” in some settings, after seeing a streak of similar outcomes, people
expect trend to continue rather than to reverse (Gilovich et al., 1985; Camerer, 1989; Tversky and
Gilovich, 1989a,b). For example, a basketball player on a hot streak is often believed to be more
likely to make the next shot, although the actual outcome appears uncorrelated with the previous
streak. The two fallacies may initially appear to contradict to each other, but it has become clear
that they can, in fact, be generated by the same psychology underpinning of the LSN. Indeed, as
argued by Camerer (1989) and Rabin (2002), for outcomes of a random sequence, people prone to
the gambler’s fallacy expect more alternations than they actually occur. Consequently, when they
do observe a long streak of positive outcomes, they overly attribute it to a positive mean rather than
pure randomness, and this mistaken belief of a positive mean subsequently leads to “hot hands.”
Rabin and Vayanos (2010) show formally that the hot-hand fallacy can be derived from a model of
the gambler’s fallacy. In their model, a key conditional variable for belief formation is the length of
the streak: with short streaks, people expect mean reversion, consistent with the gambler’s fallacy;
with longer streaks, people expect trend continuation, consistent with the hot-hand fallacy.

In addition to experimental evidence, field studies provide further support for the gambler’s
fallacy. For example, Chen, Moskowitz, and Shue (2016) find evidence of the gambler’s fallacy
in three separate high-stake settings: refugee asylum court decisions, loan application reviews,
and Major League Baseball umpire pitch calls. More recently, Weber, Laudenbach, Wohlfart, and
Weber (2023) survey retail investors at an online bank in Germany and find that the majority of

them believe in a negative autocorrelation in stock returns.



3. The model

In this section, we develop an equilibrium model to study the trading and asset pricing impli-
cations of the LSN. We first describe the model’s setup, then provide the model’s solution, and

finally discuss the model’s implications.

3.1. Model setup

Asset space. We consider an infinite-horizon continuous-time model with two assets: a riskless
asset with a constant interest rate r, and a risky asset. The risky asset has a fixed per-capita supply

of @), and its dividend payment evolves according to

dDy = gpdt + UdelP, (1)

where w}’ is a standard Brownian motion. The price of the risky asset, denoted by P;, is endoge-

nously determined in equilibrium. In comparison, the riskless asset is in perfectly elastic supply.

Investor beliefs. We consider two types of investors: LSN investors and rational arbitrageurs.
Rational arbitrageurs make up a fraction p of the total population; LSN investors make up the
remaining fraction of 1 — p.

To model beliefs under the LSN, we start by assuming that LSN investors do not directly
observe the true price process and hence need to adopt a mental model and make inferences about
future price changes. Specifically, we assume that LSN investors follow the belief structure proposed
in Rabin and Vayanos (2010) to form a mental model about the risky asset’s price. They perceive
the price process as

dP; = 0,dt + opdil (2)

where 6, represents the perceived quality of the asset and evolves according to

df; = k(0 — 0;)dt + opd?, (3)

and dd}f represents an innovation component. In equation (3), £ > 0 is a persistence parameter, 6

is the long-run mean of asset quality, and ddzf represents a shock that is perceived by LSN investors



to be independent of d@f . Intuitively, parameter x measures how quickly the asset’s perceived
quality #; changes over time: when k increases, asset quality is expected to revert back to its long-
run mean more quickly. Parameter oy captures the size of perceived shocks to asset quality: when
0p increases, asset quality is more subject to random shocks and hence exhibits higher variability.

It is worth noting that equations (2) and (3) represent an incorrect mental model on the part
of LSN investors; later in Section 3.3, we analyze investor beliefs and show that LSN investors and
rational arbitrageurs hold distinct beliefs about future price changes. At the same time, such a
mental model is also intuitive: when investors do not directly observe the true price process, they
might naturally think of future price changes as coming from a persistent yet time-varying quality
component and a transitory noise component. Moreover, this mental model serves as a foundation
for LSN beliefs; if investors were able to directly observe the true price process, then no room is
left for them to form incorrect beliefs.

We now introduce the LSN into investor beliefs. We follow Rabin (2002) and Rabin and Vayanos

2010) to assume that, in the perceived price process (2), the innovation term d&! is specified by
t

t
dof = day — a ( / 56—5“—5)05@5) dt. (4)

That is, dd}f contains two components: the first component, d@y;, is perceived by LSN investors to be
t

a standard i.i.d. shock; the second component, / 66_5(t_8)d(bf, is a weighted average of perceived
price innovations from the past. Note that When_;o > 0, dd)f depends negatively on perceived price
innovations from the past, capturing the gambler’s fallacy in that any trends in the realization of
past innovations are expected to revert in the near future. Further note that parameters o and
0 measure two different aspects of the LSN. Parameter o measures the strength of the gambler’s
fallacy: a larger @ means a stronger belief in trend reversion. Parameter 0 measures the relative
weight put on recent versus distant past realizations of dol’: a larger § implies higher relative
weight placed on recent realizations, in which case perceived trend reversion applies primarily to
recent trends as opposed to longer-term trends.

Equations (2) to (4) fully specify the beliefs of LSN investors. Below in Section 3.6, we consider

a variant of the above belief system in which LSN investors form incorrect beliefs about future
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dividend changes.® We show that, under this alternative specification, the model’s implications for
investor beliefs remain similar.

Next, we turn to the rational arbitrageurs, who hold fully rational beliefs: they understand
the dividend process in equation (1); they observe parameter p and hence know the population
fraction of LSN investors; and they are fully aware of the way in which LSN investors form beliefs
about the risky asset price, as described by equations (2) to (4). Given their information set,
rational arbitrageurs form correct beliefs about the evolution of the risky asset price. Given that
P, is endogenously determined in equilibrium, rational arbitrageurs’ beliefs are also endogenously

determined, in that they respond to the beliefs of LSN investors.

Investor preferences. Given that our focus is on investor beliefs rather than preferences, we adopt
a parsimonious formalization of investor preferences: both LSN investors and rational arbitrageurs
maximize instantaneous mean-variance preferences as in Greenwood and Vayanos (2014), specified
by

max (Eg W] — Ivart [dW;]) , (5)
N} 2

subject to the budget constraint on their wealth W}
dW} = rW}dt — r N} Pydt + N}dP; + N} Dydt, (6)

where N/ represents the per-capita share demand on the risky asset from investor i. Here, i € {I,7},
where superscripts “I” and “r” represent LSN investors and rational arbitrageurs, respectively.
Parameter « represents risk aversion. For simplicity, v is assumed to be the same for the two types
of investors.

A common assumption made in the literature, one that is compatible with instantaneous mean-
variance preferences, is that investors form overlapping generations (e.g., He and Krishnamurthy,
2013 and Greenwood and Vayanos, 2014). Specifically, for each generation of investor type 4, it is
endowed with @ shares of the risky asset and W} — Q x P, dollars of the riskless asset, lasts for dt

period, and its wealth is then transferred to the next generation of the same investor type at the

3A large literature in behavioral finance directly specifies investors’ incorrect beliefs about asset fundamentals;
see, for example, Barberis et al. (1998), Scheinkman and Xiong (2003), Basak (2005), Hirshleifer, Li, and Yu (2015),
and Nagel and Xu (2022).
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end of the period.*

Market clearing. The share demands from LSN investors and rational arbitrageurs satisfy the

following market clearing condition

pNF + (1= p)Nf = Q (7)
at each point in time ¢.

3.2.  Model solution

We first note that LSN investors’ beliefs, specified by equations (2) to (4), can be equivalently

written as
dPt = (gt — O'Pawt)dt + O'pd(:)t (8)
and
d@t = /{(5 — Qt)dt + O'gd(,:)te, (9)
dwy = —(ad + 8)wydt + 5ddo, (10)

where t; = / t 5e =94 and EL[d,-dof] = 0. This alternative expression shows that the LSN
enters the beiizof—formation process in two ways. First, in equation (8), LSN investors’ perceived
expected price change includes not only the perceived quality of the risky asset, 6;, but also a
contrarian component —opaw;. This contrarian term is directly derived from the assumption we
have made in equation (4) about the gambler’s fallacy. Second, in equation (10), w; decays at
the rate of ad + & rather than &: @y is constructed as a weighted average of past dw!’, where the
declining weight leads to a baseline decay rate of § in wW;; moreover, the gambler’s fallacy implies
that LSN investors expect a negative serial autocorrelation in d@{, causing an additional decay
rate of ad.

Note that, in the above belief-formation process, LSN investors do not observe ; and w;; as

4 Alternatively, investors can be thought of as being infinitely-lived; but they reset their demand to Q shares every
dt period.
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in Rabin and Vayanos (2010), they use Bayesian inference to estimate both quantities.® Specifically,
the information set at time ¢, 7/, is defined using past risky asset prices {Ps,s < t}—that is,
LSN investors update their beliefs about 6; and @; using past prices as informative signals. The

conditional means and variances of 8; = (0;,w;) are denoted as

my = (me1, meo) = EY (0, @) | FF),

Vel V12 . T P
Vi = =E[(0; —my)" (0, — my)|F; ] (11)

Vt,21 V22

We then apply Theorem 12.7 from Lipster and Shiryaev (2001) to the belief system of equations (8)

to (10) and obtain

AP, = (my1 — opamy)dt + opdi, (12)

and
dme = k(0 — me1)dt + (M10p" — yi20)di, (13)
dmya = —(ad + §)myodt + (0 + ’}’120131 — 72204)61@%7 (14)

where dd},{ is a Brownian shock perceived by LSN investors, and =11, 12, and 799 are the stationary
solutions for v 11, V¢,12, and ¢ 22, respectively. Note from equation (11) that m;; and my > represent
the inferred quantities of 6; and w;.

Equations (12) to (14) allow us to directly link the evolution of past prices to LSN investors’
inference process. Suppose that there is a large and positive price change. According to equa-
tion (12), LSN investors will attribute this positive price change to a positive perceived Brownian
shock dd}é. Then, according to equation (13), this positive Brownian shock will lead LSN investors
to infer a higher quality of the risky asset. At the same time, according to equation (14), the same
shock will also lead LSN investors to infer stronger reversion in future price changes, since past
prices have deviated substantially from the perceived trends. Therefore, in equation (12), the term

my,1 represents an extrapolative component of LSN investors’ beliefs as it depends positively on

SThese estimated quantities in turn guide LSN investors’ trading decisions.
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price changes from the recent past, while the term —opam; 2 represents a contrarian component
as it depends negatively on price changes from the recent past. Together, equations (12) to (14)
fully characterize the inferences about the evolutions of P;, m; 1, and m; 2 made by LSN investors;
the derivation of these equations and the expressions of v11, V12, and 22 are given in Appendix A.

Finally, we summarize the model’s solution in the following proposition.

Proposition 1. (Model solution.) In the heterogeneous-agent model described above, the equilib-

rium price of the risky asset is
D,
Pt:A+B-mt71—|—C'-mt’2+7. (15)

The risky asset price P; and the inferred means of the two state variables, m; 1 and my2, evolve

according to

dP;, = [my1 — opamys + op - (lo + lime 1 + lamyo)] dt + opdw?, (16)
dmey = [K(0 — my1) + o1 - (lo + limga + lomy2)] dt + opidw;, (17)
and
dmy o = [—(ad + d)mia2 + om2 - (lo + Limy1 + lomy 2)] dt + O'mgdth, (18)
where w}” is the standard Brownian motion from equation (1), ly = o' (gp+r&B0), l1 = —op r(1+

kB), ly = 0'517’[0']3& —C(ad +90)], o1 = fyna;l — Y120, O = 0 + 712(7;1 — y99ar, and
o
op = TD + om1B + omaC. (19)

To solve for coefficients A, B, C' and the price volatility op, we first derive the optimal share

demands for the risky asset from LSN investors and from the rational arbitrageurs

Ntl = U(l) + nimt,l + némt,g,

N{ =n5+nimeq + ngmee, (20)

where 776, nﬁ, né, 16, M1, and 75 are expressed as functions of A, B, C, and op. We then substitute

equation (20) into the market clearing conditions in equation (7), which allows us to solve for A,
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B, C, and op through a system of simultaneous equations. |

The proof of Proposition 1, the expressions of 176, nll, né, n, M1, and 75, and the numerical
procedure that solves for A, B, C, and op are given in Appendix B. In equation (15), A is a
constant term, capturing investor risk aversion; B and C' represent, respectively, the price impacts
of the extrapolative and contrarian components of LSN investors’ beliefs; and finally, % represents

a fundamental component of the risky asset price.

3.3. Model implications: investor beliefs

We start by examining the model’s implications for investor beliefs. We first discuss parameter
values. For asset parameters, we set: gp = 0.05, op = 0.25, r = 0.025, () = 1. For risk preferences,
we set v = 0.01. Moreover, we set u = 0.3, so rational arbitrageurs make up 30% of the total

population. We discuss our choice of belief parameters below.

No gambler’s fallacy. We start with the benchmark case when there is no gambler’s fallacy by
setting a = 0. In this case, equation (12) is reduced to dP; = my 1dt + Upd(:)é. Therefore, only the

extrapolative component is at work. Furthermore, equation (13) is reduced to
dmyy = k(0 — myy)dt + yi0p'da), (21)

where v11 = —ko% + (/w%)2 + 030123 and is decreasing in k. For belief parameters, we set
0 = gp/r = 2 and vary the values of xk and oy for comparative statics. We first discretize the
continuous-time model and simulate a time series of 10,000 years at the monthly frequency.® We

then examine the properties of the model.
[Place Fig. 1 about here]

First, we analyze how, in the absence of the gambler’s fallacy, investors beliefs about the future
price change respond to past price changes in the model. Fig. 1 shows the sensitivity of beliefs
to past price changes under different parameters of x and ogg. Specifically, each line plots the

coefficients from regressing LSN investors’ beliefs about the future price change, EL(dP;)/dt = my 1,

5In all simulation exercises, we use a value of 10 for the initial dividend level. Different initial dividend levels do
not affect our model’s implications.
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on price changes over the past 60 months. In all these plots, beliefs load positively on past price
changes, consistent with price change extrapolation. The intuition is straightforward: investors
make inferences about the asset’s quality by observing past price changes as informative signals.
In Panel A, we vary the value of k between 0.01 and 1. In these plots, a smaller & is associated
with a higher degree of extrapolation. In other words, when investors perceive the asset’s quality
to be more persistent, they also extrapolate more from past price changes. The intuition can be
seen from equations (9) and (21). With a small x, the investors believe that the asset quality 6;
can persistently deviate from its long-term mean @ and hence exhibit high variability. As such,
when the investors observe a positive price change, they infer a large increase in m;; and forecast
a high price change moving forward. Conversely, with a large k, the investors believe that 6, tends
to quickly mean-revert towards 6 and hence exhibits low variability. In this case, investors do not
learn much about asset quality from price changes; when they observe a positive price change,
they attribute most of it to a transitory shock—the term opdi! in equation (12)—and only infer
a small increase in my ;. As such, the investors do not significantly adjust their forecast of the
future price change. In Panel B, we vary parameter oy between 2.5 and 10. In these plots, a larger
op is associated with a higher degree of extrapolation. When oy is high, the investors perceive
high variability of 6;. Therefore, upon observing a positive price change, the investors infer a large

increase in my 1, hence forecasting a high price change moving forward.

With gambler’s fallacy. We now introduce the gambler’s fallacy back to the model. Specifically,
we set a = 0.2, so that investors perceive random errors to be negatively autocorrelated. For the
rest of the parameters, we set: x = 0.05, § = gp/r = 2, 09 = 5, and § = 2.77, where this value
of ¢ indicates a look-back window of about six months; specifically, when forming beliefs about w;
in equation (10), LSN investors assign a 25% weight on an past innovation term from six months
ago relative to the most recent past innovation. Given the above parameter values, we solve the
model and obtain the following results. From Bayesian inference specified by equation (A.3) in
Appendix A, we obtain v1; = 85.55, y12 = —3.15, and 720 = 0.12. For the equilibrium price in
equation (15), we obtain A = —177.5, B = 4.01, C = —0.50, and op = 24.97. Finally, for the
share demands described in equation (20), we obtain 176 =0.71, n} = 0.14, nl = —0.80, ny = 1.67,
1y = —0.34, and 75 = 1.86.
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[Place Fig. 2 about here]

Fig. 2 shows the dependence of LSN beliefs on past price changes: the solid line plots the
coefficients from regressing the LSN beliefs about the future price change on price changes over the
past 60 months; here o« = 0.2. Consistent with the gambler’s fallacy, LSN beliefs depend negatively
on recent price changes, indicating that LSN investors expect recent trends to quickly reverse.
At the same time, over longer horizons, the coefficients become positive, indicating extrapolative
beliefs. To better understand the effect of the gambler’s fallacy on investor beliefs, the dashed line
plots the coefficients of the same regression for an investor with a = (0. The comparison between the
solid line and the dashed line shows that, over longer horizons, the coefficients under the oo = 0.2
case are more positive than those under the @ = 0 case. This suggests that, consistent with
the result in Rabin and Vayanos (2010), the gambler’s fallacy simultaneously generates contrarian
beliefs over short-term trends and extrapolative beliefs over longer-term trends.

To further understand the extent to which these contrarian and extrapolative beliefs are biased,
the dash-dot line plots the coefficients for regressing the rational beliefs about the future price in
an economy where a fraction p of investors are rational and the remaining fraction 1 — p have the
LSN beliefs with o = 0.2. The comparison between the solid line and the dash-dot line shows
that, the contrarian beliefs lead LSN investors to underreact to short-term trends; moreover, the

extrapolative beliefs lead LSN investors to overreact to longer-term trends.

[Place Fig. 3 about here]

Fig. 3 examines how the two belief parameters regulating the LSN, « and 9, affect the depen-
dence of investor beliefs on past price changes. Panel A is concerned with «, which measures the
overall strength of the gambler’s fallacy. When « increases, not only does short-run mean-reversion
increase in magnitude, longer-run extrapolation also increases. The simultaneous increases both
short-term contrarian and long-term extrapolation behaviors confirms the LSN as the common
driver of both phenomena. Panel B is concerned with J, which measures the relative weight put on
recent versus distant past innovation terms. When ¢ increases, investors believe that more recent
trends tend to mean-revert more strongly. As such, after observing a long sequence of positive price

changes, investors infer more strongly that the quality of the risky asset is high; in other words,
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they exhibit stronger extrapolative beliefs over long-term trends.

3.4.  Model implications: trading behavior

We now turn to the model’s implications for LSN investors’ trading behavior. First, we examine
how trading responds to past price changes. Next, we connect LSN investors’ selling behavior to
the disposition effect and describe a “doubling down” pattern in their buying behavior. Finally, we

study the role of heterogeneous beliefs in driving different patterns of buying and selling behavior.

3.4.1. Trading responses to past price changes

To examine how trading responds to past price changes, we regress LSN investors’ demand
change, Ntl — @, on price changes over the past 60 months; Fig. 4 plots the regression coefficients.
Given the assumption of mean-variance preferences, the sensitivity of trading to past price changes
goes hand in hand with the sensitivity of beliefs to past price changes. In particular, Fig. 4 shows
that LSN investors increase their holdings of the risky asset when the asset has recently gone down

in value or when the asset has done well over a longer period of time.
[Place Fig. 4 about here]

Another way to establish the same intuition is by examining the price pattern before an investor
buys or sells. In Fig. 5, Panel A plots the median price changes over the past 36 months prior to a
buy; Panel B plots the median price changes over the past 36 months prior to a sell. Indeed, LSN
investors tend to buy assets that have recently gone down in value but have done well over a longer
period of time. Conversely, they sell assets that have recently gone up in value but have performed

poorly over a longer period of time.
[Place Fig. 5 about here]

We summarize these findings in the following model prediction.

Prediction 1. (Trading response.) In the model described in Section 3.1, LSN investors, on
average, buy assets with a negative short-term return and a positive long-term return, and sell

assets with a positive short-term return and a negative long-term return.
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3.4.2.  The disposition effect

Given the contrarian beliefs over short-term trends, LSN can naturally generate the disposition
effect, which says that investors tend to sell stocks trading at a gain and hold on to stocks trading at
a loss. To examine the model’s implications for trading behavior, we again discretize the model and
simulate 10,000 years of monthly data. We adopt the baseline parameters specified in Section 3.3:
gp = 0.05, op = 025, r = 0.025, Q =1,y =001, p = 0.3, Kk = 0.05, 0 =2, 09 = 5, a = 0.2,
and 0 = 2.77. Then, at each point in time in this simulated time series, we check whether an LSN
investor has a positive or negative demand change: a positive demand change counts as a “buy”
and a negative one counts as a “sell.”

In the prior literature studying the disposition effect, gain and loss are typically defined based on
the purchase price or other plausible reference prices. In our model, however, investors continuously
trade and almost never fully liquidate their positions in the risky asset. Given this, we look at the
price change of the risky asset over four different horizons: the price change over the past month
(“IM”), from one quarter ago to one month ago (“1M to 1Q”), from one year ago to one quarter
ago (“1Q to 1Y”), and from five years ago to one year ago (“1Y to 5Y”). A positive price change
counts as a “gain” and a negative one counts as a “loss.” Combining the LSN investor’s demand
change with the price change of the risky asset, each point in time belongs to one of the four

7 “sell at gain,” “buy at loss,” or “sell at loss.” We can then compare the

categories: “buy at gain,
selling propensities between gains and losses to study the disposition effect in our model.

Table 1 shows that LSN investors display a disposition effect when gains and losses are defined
based on price changes over the past month to the past quarter. This is because contrarian beliefs
dominate investors’ reactions to short-term trends. In comparison, investors display a reverse
disposition effect when price changes are measured over a horizon that is longer than one year,

because extrapolative beliefs dominate investors’ reactions towards long-term trends. These findings

lead to the following prediction about the disposition effect.

[Place Table 1 about here]

Prediction 2. (Disposition effect.) In the model described in Section 3.1, LSN investors display

a disposition effect over short horizons: on average, they sell winners and hold on to losers, where
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winners and losers are defined by price changes over the last month to the last quarter.

Predictions 1 and 2 together suggest that a belief in the LSN can give rise to the coexistence
of return extrapolation and the disposition effect. In particular, LSN investors hold extrapolative
beliefs over long-term trends, causing them to have extrapolative demand. At the same time,
they hold contrarian beliefs over short-term trends, causing them to display a disposition effect,
in particular over short horizons. Taken together, these model implications mean that, return
extrapolation and the disposition effect are not necessarily in conflict with each other. Instead,
they are operating over different horizons and can be microfounded by the law of small numbers.

A related observation from Table 1 is that, over short horizons, LSN investors exhibit a “doubling
down” pattern in buying: on average, their propensity to buy losers is significantly higher than
their propensity to buy winners, where winners and losers are defined by price changes over the
last month to the last quarter. This is an intuitive result—as discussed above, contrarian beliefs

dominate investors’ reactions to short-term trends—and we summarize it below.

Prediction 3. (“Doubling down” in buying behavior.) In the model described in Section 3.1, LSN
investors exhibit a “doubling down” pattern in their buying behavior: on average, their propensity
to buy losers is significantly higher than their propensity to buy winners, where winners and losers
are defined by price changes over the last month to the last quarter.

Together, Predictions 2 and 3 establish that LSN investors are “contrarians” over short-term
price trends. This trading pattern is supported by growing evidence from the field. For example,
Kaniel, Saar, and Titman (2008) show that individuals tend to buy stocks following declines in the
previous month and sell following price increases. More recently, Luo, Ravina, Sammon, and Viceira
(2021) show that many retail investors trade as contrarians after large earnings surprises, especially
for loser stocks, and that such contrarian trading contributes to post earnings announcement drift
and price momentum; Kogan, Makarov, Niessner, and Schoar (2023) show that retail investors are

contrarian when trading stocks but extrapolative when trading cryptos.

3.4.8. Heterogeneity

We now study the role of heterogeneous beliefs in driving different patterns of buying and

selling behavior. We start by examining how the model-implied disposition effect varies as the two
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key belief parameters of LSN investors, a and §, vary. Table 2 shows that a higher degree of the
gambler’s fallacy—measured by an increase in a—is associated with a stronger disposition effect
when price changes are measured over the past month to the past quarter. In addition, when the
look-back window is shorter—that is, when ¢ is higher—we also find a stronger disposition effect.

These findings lead to the following prediction.
[Place Table 2 about here]

Prediction 4. (Disposition effect and the LSN.) In the model described in Section 3.1, investors
with a stronger degree of the LSN beliefs, measured by either a higher o or a higher §, display a

stronger disposition effect.

We also note that, in our model, LSN beliefs are driving both buying and selling behavior. As
such, there exists testable consistency between buying and selling behavior. On the one hand,
Fig. 3 suggests that “doubling down” in buying behavior is more pronounced for investors with a
stronger degree of the LSN beliefs, measured by either a higher « or a higher §. On the other hand,
Table 2 and Prediction 4 show that investors with a stronger degree of the LSN beliefs also display

a stronger disposition effect. Taken together, our model makes the following prediction.

Prediction 5. (Consistency between buying and selling behavior.) In the model described in
Section 3.1, investors who exhibit a stronger “doubling down” pattern in buying also exhibit a

stronger disposition effect.

So far, we have looked at investors’ buying and selling propensities separately for winning stocks
and losing stocks. When computing these propensities—as presented in Tables 1 and 2—we have
only checked whether a recent price change is positive or negative. We have not yet looked at
how the magnitude of the recent price change affects investors’ buying and selling propensities.
We now examine the role of heterogeneous beliefs in driving the relationship between investors’
buying or selling propensity and the magnitude of the recent price change. To do so, we analyze a
more generalized model with three types of investors: LSN investors with o = 0.2, LSN investors
with a = 0, and rational arbitrageurs.” We refer to LSN investors with o = 0 as “extrapolators,”

because their beliefs about the future price change depend positively on past price changes. We

"The procedure that solves this more generalized model is given in Appendix C.
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then refer to LSN investors with a = 0.2 simply as “LSN investors.”

[Place Fig. 6 about here]

Fig. 6 Panel A plots, separately for LSN investors and the extrapolators, the relationship be-
tween their buying propensity and the price change over the past one month. Fig. 6 Panel B plots,
again for LSN investors and the extrapolators, the relationship between their selling propensity and
the price change over the past one month. Fig. 6 shows that, in this more generalized model with
three types of investors, LSN investors’ buying propensity tends to depend negatively on recent
price changes, while the extrapolators’ buying propensity tends to depend positively on recent price
changes. At the same time, LSN investors’ selling propensity tends to depend positively on recent
price changes, while the extrapolators’ selling propensity tends to depend negatively on recent price

changes. We summarize these results in the following model prediction.

Prediction 6. (Heterogeneous trading responses to past price changes.) In the more generalized
model with three types of investors, LSN investors’ buying propensity tends to depend negatively
on recent price changes, while the extrapolators’ buying propensity tends to depend positively on
recent price changes. At the same time, LSN investors’ selling propensity tends to depend positively
on recent price changes, while the extrapolators’ selling propensity tends to depend negatively on

recent price changes.

3.5.  Model implications: asset prices

In our model, asset prices are determined by the interaction between LSN investors and rational
arbitrageurs. As discussed in Section 3.3, LSN investors hold contrarian beliefs over short-term
trends and extrapolative beliefs over longer-term trends. As a result of market clearing, rational
arbitrageurs must then hold the opposite beliefs—they have extrapolative beliefs over short-term
trends and contrarian beliefs over longer-term trends, as we have observed from the dash-dot line in
Fig. 2. These beliefs, by being fully rational, imply that asset prices exhibit short-term momentum
and long-term reversals. Fig. 7 confirms this model implication. Specifically, at each point in time,
we compute the price change over the next n months and the price change over the past n months;

we then compute the time-series correlation between these two price changes. The figure plots the
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correlation as a function of n, where n goes from 1 to 60. For n < 8, the correlation is positive,
indicating short-term momentum; for 9 < n < 60, the correlation is negative, indicating long-term

reversals.
[Place Figs. 7 and 8 about here]

Fig. 8 further examines how changes in the two belief parameters, o and 4, affect asset prices. It
shows that an increase in « or ¢ gives rise to stronger patterns of short-term momentum and long-
term reversals. With a higher « or a higher §, the LSN beliefs become more contrarian over short-
term trends and more extrapolative over longer-term trends; we have shown these results in Fig. 3.
In response to these more pronounced LSN beliefs, the rational beliefs become more extrapolative
over short-term trends and more contrarian over longer-term trends, implying stronger patterns of

short-term momentum and long-term reversals.
[Place Fig. 9 about here]

LSN beliefs also lead to excess volatility: with the model parameters specified in Section 3.3,
and in particular, with o = 0.2, the implied volatility of price change, op = 24.97, is significantly
higher than the fundamental volatility of op/r = 10. Fig. 9 further shows that, for a wide range

of values of a and 9, our model generates excess volatility: op remains significantly higher than

O’D/T’.

3.6.  Alternative specification of LSN beliefs

The baseline model described above applies the LSN to the price process. However, a large lit-
erature in behavioral finance directly specifies investors’ incorrect beliefs about asset fundamentals
(Barberis et al., 1998; Scheinkman and Xiong, 2003; Basak, 2005; Hirshleifer et al., 2015; Nagel and
Xu, 2022). In this section, we follow this literature and apply the LSN to the dividend process.

Specifically, the true evolution of the risky asset’s dividend payment is assumed to be

dD; = gpdt + opdw?. (22)
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However, LSN investors are now assumed to perceive the following dividend process

dD; = 0ydt + opdP,  df; = k(0 — 6,)dt + opdi?

t
doP = doy — o (5 / eé(t@da}f) dt. (23)

In words, LSN investors perceive future dividend changes as coming from two components: a
persistent yet time-varying component, and a transitory noise component that exhibits a negative
serial autocorrelation. The rest of the model is identical to the baseline model; we leave the detailed

description of the model to Appendix D.
[Place Fig. 10 about here]

Fig. 10 plots the dependence of the LSN and rational beliefs about the future price change,
implied by this alternative model, on past price changes. The comparison between Fig. 10 and Fig. 2
shows that, similar to the baseline model, the alternative model again produces a dichotomy in belief
formation: LSN investors’s beliefs about future price changes depend negatively on recent price
changes but positively on price changes from the distant past. Moreover, the model’s implications
for trading behavior and asset prices should also be similar to those from the baseline model; in
both models, trading behavior and asset prices are completely driven by investor beliefs.

Despite the similarity between the two models, we view the baseline model as psychologically
more realistic. In that model, the LSN is directly applied to the price process: LSN investors
form incorrect beliefs about future price changes by looking at past price changes. The investors
then use these beliefs about price changes to form their share demand of the risky asset. In other
words, LSN investors apply a belief heuristic to directly guide their trading decisions. By contrast,
under the alternative model, LSN investors need to derive beliefs about price changes from their
beliefs about dividend changes as specified in equation (23); they then use these beliefs about price
changes to make trading decisions. This extra step of deriving beliefs about prices from beliefs

about dividends may not resemble the actual behavior of real-world investors.
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4. Evidence from investor behavior

4.1. Data

The primary data set is from a large discount brokerage firm and contains individual-level
transaction records from 1991 to 1996; more details of this data set can be found in Odean (1998)
and Barber and Odean (2000). The data set specifies the date, price, transaction type (buy or sell),
quantity, security type, security code, and commission paid for each trade investors have made
during the sample period. Many other papers have used this data set to study investor behavior
(e.g., Odean, 1998; Barber and Odean, 2000; Ben-David and Hirshleifer, 2012; Hartzmark, 2015).
The data on stock prices and returns are from the Center for Research in Security Prices (CRSP).

We apply several filters to the original data set to construct the sample of transactions, which
we later use to recover daily portfolio holdings. First, we follow Odean (1998) and drop observations
that 1) are outside of the window between 1991 and 1996, 2) are not common-share transactions,
and 3) have negative commissions. Second, similar to Hartzmark (2015), we drop an investor’s
entire transaction history of a stock if its position in the portfolio ever becomes negative, thereby
allowing subsequent analysis to focus on long positions. This filter also excludes any trading history
that starts with selling, making it plausible to calculate the purchase price for each position. In this
filtered sample, the summary statistics of the transaction size, price per share, monthly turnover,

commission, and spread resemble those reported by Barber and Odean (2000).8

4.2.  Trading behavior: short-term contrarian and long-term extrapolation
4.2.1. Aggregate patterns

We start by examining the return patterns for stocks that investors tend to trade. As outlined in
Section 3.4, Prediction 1 posits that investors exhibit a tendency to buy stocks that are short-term
losers but long-term winners, and sell stocks that are short-term winners but long-term losers. To
test this, Fig. 11 plots the aggregate return patterns leading up to a trade. Panel A specifically
focuses on buying behavior, where each individual purchase is considered as a separate observation.

We aggregate the lagged monthly market-adjusted return before the purchase takes place across all

81n addition to the “Odean data,” we complement our analysis using data from a large brokerage firm in China.
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purchases. To minimize the effects of outliers, we report the median buy rather than the average

buy.
[Place Fig. 11 about here]

In Fig. 11, Panel A, a median buy is associated with the following return pattern: the stock tends
to exhibit strong returns from approximately 36 months prior to the purchase up until around 5
months prior, but then experiences a decline in returns, including some periods of negative returns.
This decrease in return is particularly evident for the most recent month, with a median lagged
one-month return of approximately —1%. In Panel B, which concerns selling behavior, a median
sell is associated with a rather different return pattern: the stock experiences consistently positive
but moderate returns from 36 months ago up to around 2 months ago. However, there is a sudden
and substantial increase in return for the most recent month, which suggests that investors tend to
be more inclined to sell stocks that have recently experienced a rise in price.

Comparing between Figs. 5 and 11 suggests that the aggregate trading patterns observed in the
Odean data are generally consistent with the model’s predictions. However, there is one notable
discrepancy: the model suggests that investors should sell long-term losers, whereas in the actual
data, investors tend to sell both long-term winners and losers. This points to other mechanisms
such as realization utility as potential drivers of trading behavior (Barberis and Xiong, 2009, 2012;

Ingersoll and Jin, 2013).

4.2.2.  Stock-level evidence

To provide further evidence in support of Prediction 1, we run stock-level regressions. Specifi-
cally, on each date, we aggregate all buys and sells for each stock as Buy and Sell. We then consider
two measures of trading propensity: the first one is measured by (Buy — Sell)/(Buy + Sell) and
the second one is simply Buy — Sell. We regress measures of trading propensity on past stock re-
turns, controlling for date and stock fixed effects. Table 3 reports the results, with double-clustered

standard errors being reported.
[Place Tables 3 and 4 about here]

Column (1) shows that there is heightened selling activity associated with stocks that have

26



recently experienced price increases. In Column (2), we observe that the trading propensity shifts
from selling to buying in response to more distant returns. This finding is consistent with Prediction
1, which suggests that investors, on average, tend to purchase stocks that are long-term winners but
short-term losers. In Column (3), a different measure of trading activity shows consistent evidence
that investors tend to buy short-term losers. In Column (4), this trading propensity decays over a
longer horizon, but does not turn positive as in Column (2). We conduct similar analyses using a
Chinese dataset and discover that the patterns are strikingly similar; the results are presented in
Table 4. The primary difference is that Chinese retail investors exhibit excessive trading behavior,
resulting in a much shorter look-back window compared to investors in the previous dataset. For
instance, while the trading propensity in Table 3 flips signs for the lagged stock return from three
quarters ago, in Table 4, the sign flips for the lagged return from about three weeks ago. This
observation is in line with the literature on Chinese retail investors’ trading behavior (Liu, Peng,

Xiong, and Xiong, 2022).

4.3.  The disposition effect
4.8.1.  Aggregate evidence

Under our model of the LSN, investors expect short-term trends to reverse in the future. Ac-
cording to Prediction 2, this on average leads to the disposition effect: because investors expect
current winners to underperform and current losers to outperform in the future, they tend to sell
winners and hold on to losers. Furthermore, Prediction 2 suggests that the disposition effect is
more prominent for short holding periods. As the holding period increases, investors’ extrapolative
beliefs begin to have a more significant impact on their reactions to long-term returns, thereby
reducing the disposition effect.

Fig. 12 tests the prediction that the disposition effect should be more pronounced over short
horizons. Panel A displays the propensities of selling winners and losers for daily portfolio holdings,
confirming the existence of the disposition effect. On average, the probability of selling a winner
stock is around 0.32%, while the probability of selling a loser stock is 0.23%. Panel B plots the
probability of selling a winner stock and a loser stock for different holding periods. The holding

period is measured as the time since the position was initially established. The results indicate that
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the disposition effect is much stronger for recently bought positions. For positions bought within
the last month, the probability of selling a winner (1.2%) is almost twice as much as the probability
of selling a loser (0.7%). However, these differences become smaller for positions held over a longer
period. For positions held for more than a year, the propensities of selling winners and losers are

virtually the same.

[Place Fig. 12 about here]

4.8.2.  Additional buying behavior

Our model predicts that investors will exhibit a similar pattern when they buy additional
shares of stocks they already own in their portfolio, in addition to the disposition effect. Prediction
3 states that LSN investors have a higher propensity to buy stocks that have recently decreased in
value. This behavior of “doubling down” has been previously documented in Odean (1998), and
is replicated in Fig. 13 Panel A. Overall, The probability of buying a winning stock already in the
portfolio is less than 0.1%, while the probability of buying a losing stock already in the portfolio is
almost 0.15%.

[Place Fig. 13 about here]

Panel B further breaks down the buying propensity based on the position’s holding period.
Overall, doubling down is present across all holding periods—but it is most pronounced for positions
with a holding period between a month and a quarter. This goes in the opposite direction of our

model predictions.

4.4.  Investor heterogeneity
4.4.1.  Disposition effect

Our model not only predicts the disposition effect and “doubling down” behavior, but also
suggests a connection between these two phenomena at the investor level. According to Predictions
4 and 5, investors who hold stronger beliefs in the LSN are more likely to engage in both doubling

down and the disposition effect. To test this prediction, we sort investors based on their degrees
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of doubling down. Specifically, for all investors who have made at least ten buys, we calculate the
average one-month return across all buys for each investor and sort all investors into five groups.
In Fig. 14 Panel A, we verify the validity of our sorting approach. As designed, the tendency of
doubling down monotonically increases from Group 1 to Group 5. In the context of our model, one
way of interpreting the five different groups is that Group 5 is the most prone to the LSN while

Group 1 the least.

[Place Fig. 14 about here]

In Panel B, we then compare the selling propensities of gains and losses for the same five
groups. Consistent with Predictions 4 and 5, the degree of the disposition effect also monotonically
increases: conditional on a sale, the probability of selling a winner increases from 0.6 for Group 1 to
0.75. In fact, if we condition on positions with a shorter holding period, the increase in disposition

effects is even sharper, as shown in Fig. 15.

[Place Fig. 15 about here]

The consistency between buying and selling behavior has two implications. First, it suggests
that contrarian beliefs—the type we model through the LSN—are important for understanding
the disposition effect. Previously, the disposition effect has often been attributed to explanations
based on nonstandard preferences and other cognitive forces (Odean, 1998; Barberis and Xiong,
2009, 2012; Ingersoll and Jin, 2013; Chang et al., 2016; Frydman et al., 2018). Here, we show that
a promising candidate explanation is contrarian beliefs induced by the LSN. Importantly, the LSN
not only explains the disposition effect in selling, but also “doubleing down” in buying. Second
and more broadly, it suggests that LSN beliefs, in general, are important for understanding both

buying and selling behavior.

4.4.2.  Trading activity as a function of past returns

Our model also makes predictions about how investors trade as a function of past returns.
According to Prediction 6 from Section 3.4, LSN investors’ buying propensity should depend neg-
atively on recent returns, while their selling propensity should depend positively on recent returns.

The opposite patterns should be observed for extrapolators. At first glance, this seems to go against
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the well-documented “V-shape” trading propensities in Ben-David and Hirshleifer (2012), which
suggest that selling and buying propensities increase in the extremeness of returns.

We again sort investors into five groups based on their tendencies of “doubling down,” as we have
done in the previous section. For each group of investors, we then examine their buying and selling
propensities as a function of the past month’s returns; here returns are broadly classified into six
subgroups, each with an 10% return interval. When calculating trading propensities, we examine
daily portfolios as in Ben-David and Hirshleifer (2012) and calculate the probability of trading a
particular position on a given day. We also take out rank effects as documented in Hartzmark
(2015), which suggest that investors are more likely to trade positions that rank top or bottom in
their portfolio. We do so by first estimating the magnitudes of the rank effects and then taking
them out when calculating each subgroups’ trading propensities. In general, the consideration of

rank effects has little effects on our analysis.

[Place Figs. 16 and 17 about here]

Fig. 16 shows the results on selling propensity. Panel A first confirms the existence of the “V-
shape” in selling. Panel B compares across the five groups sorted on investors’ “doubling down”
behaviors, where Group 1 is considered the most extrapolative and Group 5 most prone to the
LSN. We find that the V-shape is much weaker among LSN investors: for positions with the past
month’s returns that are above —20%, the selling propensity monotonically increases in returns; this
is consistent with Prediction 6. There is still a salience effect, in that LSN investors are more likely
to sell extreme losers—those with the past month’s returns below —20%—but the size of the V-
shape is much smaller than in the aggregate sample. Fig. 17 shows the results on buying propensity.
Again, we first document the existence of the V-shape in Panel A, and Panel B further compares
across the five groups of investors. Consistent with Prediction 6, buying propensity monotonically
decreases in returns for Group 5, one that is most prone to the LSN.

Taken together, these results not only provide further support to our LSN model, but also shed
light on the nature of the V-shape trading propensities documented by Ben-David and Hirshleifer
(2012). As we have shown above, this phenomenon is not present in all investors. Interestingly, it is
among the most extrapolative investors that the V-shape is the most pronounced. Future work on

understanding the V-shape should also be able to speak to the heterogeneous results we document
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here.

5. Evidence from asset prices

5.1. Data

In this section, we test the model’s prediction about asset prices. In particular, the model
predicts that, in the cross-section of individual stocks, those associated with more pronounced
LSN beliefs should exhibit both stronger short-term momentum and stronger long-term reversal.
Instead of using the Odean data, we test this prediction using quarterly holdings of mutual funds
data, since the coverage is much more comprehensive and the price impacts of mutual funds are
likely to be greater.

Our data cover all US equity mutual funds from 1980 to 2019. Quarterly fund holdings data are
from the Thomson/Refinitiv Mutual Fund Holdings (S12) database. We follow the same procedure
used in Peng and Wang (2023), which contains more details. In a nutshell, we 1) focus on funds
that specialize in US equities, 2) require the reporting date and the filing date to be sufficiently
close, 3) require the ratio of equity holdings to TNA to be close to one, 4) require a minimum fund
size of $1 million, and 5) require that the TNAs reported in the Thomson Reuters database and in

the CRSP database do not differ by more than a factor of two.

5.2.  Results
5.2.1. Measuring the LSN
To measure a fund’s degree of LSN, we first construct two measures based on mutual fund

holdings. First, we measure fund j’s holding-based demand for long-term returns in quarter q as

_ Y_iDollar; 4 x LongRet; 4
N > Dollar; ; 4

fund
LongRet; , , (24)

where Dollar; ;. is the dollar amount of stock 7 held by fund j at the end of quarter ¢, and
LongRet; 4 is stock i’s past five-year return by the end of quarter ¢. Second, we measure fund j’s

holding-based demand for short-term returns in quarter ¢ as
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>; Dollar; 4 x ShortRet; 4
2. Dollari jq 7

und
ShortRetiq = (25)

where Dollar; ;. is the dollar amount of stock 7 held by fund j at the end of quarter ¢, and
ShortRet; 4 is stock i’s past quarterly return by the end of quarter g¢.
A fund’s degree of LSN, denoted by FundLSN, is then constructed as

FundLSN; 4 = LongRetfznd - ShortRethnd. (26)

The idea is that funds more prone to the LSN are more likely to hold stocks with good returns over
the long-run but poor returns in more recent periods.

Next, we aggregate fund-level factor demand to the stock-level in each quarter as

>, shares; j 4 X FundLSN; 4

> i shares; jq

LSN,, = : (27)

where LSN; ; measures the degree of LSN of the underlying invesors holding stock 7 in quarter q.

5.2.2.  Cross-sectional return predictability

To test the model’s predictions on cross-sectional return predictability, at the end of each quar-
ter, all stocks are independently sorted into 25 portfolios based on their past one-year returns and
LSN, 4, where LSN; , measures underlying funds’ degree of LSN. To address potential microstruc-
ture issues and focus on mutual fund behavior, we exclude stocks with a price below five dollars, a
total mutual fund ownership below 1%, or a market capitalization in the bottom decile.

To illustrate the impact of LSN, we take the difference between the LSN momentum return—
that is, the return of the winner-minus-loser strategy conditional on stocks in the highest decile
based on LSN; ,—and the unconditional momentum return. Figure 18 shows the results. Consis-
tent with the model’s prediction, we see that the LSN momentum return is stronger initially and

then falls down in later quarters.
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6. Conclusion

The law of small numbers, a prominent type of incorrect belief, has received wide support from
experimental and field studies. In this paper, we incorporate it into a tractable equilibrium asset
pricing model. We study the implications of the LSN for trading behavior and asset prices.

We show that the LSN beliefs helps explain the coexistence of the disposition effect and return
extrapolation: investors sell assets whose prices have recently gone up, but they buy assets whose
prices have gone up for multiple periods in a row. The LSN beliefs also give rise to excess volatility,
short-term momentum, and long-term reversals. Moreover, the model makes additional predictions:
the disposition effect is more pronounced over shorter holding periods; investors exhibit “doubling
down” in their buying behavior; investors who exhibit a stronger “doubling down” pattern in
buying behavior also exhibit a stronger disposition effect; and trading responses to past returns
vary significantly with investors’ degree of the LSN beliefs. We empirically test and confirm each

of these predictions using account-level transaction data.
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Fig. 1. Dependence of the LSN beliefs on past price changes: The o = 0 case. The figure plots, for
different values of x and oy, the coefficients from regressing LSN investors’ beliefs about the future
price change, Ei(dPt) /dt = my 1, on price changes over the past 60 months. The default values of
k and oy are 0.05 and 5, respectively. The other parameters are: gp = 0.05, op = 0.25, r = 0.025,
Q=1,6=277,0=0,0=2,v=0.01, and u = 0.3.
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Dependence of the LSN and rational beliefs on past price changes.

60

The figure plots

the coefficients from regressing either LSN investors’ beliefs about the future price change—
Eft(dPt) /dt = my 1 — opama—or the rational investors’ beliefs about the future price change—
E} (dP;)/dt = my1 —opamy s+ op(lo+ lime1 + lamy2)—on price changes over the past 60 months.
We first consider an economy where a fraction p of investors are rational and the remaining fraction
1 — p have the LSN belief with o = 0; this is a benchmark case with no gambler’s fallacy. For
this case, the dashed line plots the coefficients for the LSN belief. We then consider an economy
where a fraction p of investors are rational and the remaining fraction 1 — p have the LSN belief
with a = 0.2. For this case, the solid line plots the coeflicients for the LSN belief; as a comparison,
the dash-dot line plots the coefficients for the rational belief. The other parameter values are:
gp =0.05, 0p =0.25, 7 =0.025, Q =1, k = 0.05, 09 =5, § = 2.77, § = 2, v = 0.01, and p = 0.3.
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Fig. 3. Dependence of the LSN beliefs on past price changes: Comparative statics. The figure
plots, for different values of a and ¢, the coefficients from regressing LSN investors’ beliefs about
the future price change, Eé(dPt) /dt = my1 — opamy a, on price changes over the past 60 months.
The default values of o and § are 0.2 and 2.77, respectively. The other parameters are: gp = 0.05,
op=0.257r=0.025,Q =1, k =0.05, 09 =5, § =2, v = 0.01, and p = 0.3.
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Fig. 4. Dependence of the change in LSN investors’ demand on past price changes. The figure plots
the coefficients from regressing the change in LSN investors’ demand on the risky asset, N} —Q, on
price changes over the past 60 months. The parameter values are: gp = 0.05, op = 0.25, r = 0.025,
Q=1,k=0.050p=5a=026=277,0=2 ~v=0.01, and x = 0.3.
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Fig. 5. Pattern of price changes before trading. Panel A plots the median price changes over the
past 36 months prior to a buying decision. Panel B plots the median price changes over the past

36 months prior to a selling decision. The parameter values are: gp = 0.05, op = 0.25, r = 0.025,
QR=1,k=0.0509p=5 a=02§=277,0=2,~v=0.01, and p = 0.3.
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Fig. 6. Heterogeneous trading responses to past price changes. We analyze a model with three
types of investors: LSN investors with o = 0.2, LSN investors with o = 0 (referred to as “extrapo-
lators”), and rational arbitrageurs. Panel A plots, separately for LSN investors and extrapolators,
the relationship between their buying propensity and the price change from the past one month.
Panel B plots, again for LSN investors and extrapolators, the relationship between their selling
propensity and the price change from the past one month. LSN investors make up 35% of the
total population; the extrapolators make up 35%; and rational arbitrageurs make up the remaining
30%. The other parameter values are: gp = 0.05, op = 0.25, » = 0.025, Q = 1, k = 0.05, gy = 5,
§=2.77,0=2, and v = 0.01.
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Fig. 7. Autocorrelation of price changes. At each point in time, we compute the price change over
the next n months and the price change over the past n months; we then compute the time-series
correlation between these two price changes. The figure plots the correlation as a function of n,
where n goes from 1 to 60. The parameter values are: gp = 0.05, op = 0.25, r = 0.025, Q@ =1,
k=005 00=5 a=026§=277,0=2,v=0.01, and . = 0.3.
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Fig. 8. Autocorrelation of price changes: Comparative statics. The figures plot, for different
values of « and 9, the time-series correlation between the price change over the next n months and
the price change over the past n months, where n goes from 1 to 60. The default values of a and §
are 0.2 and 2.77, respectively. The other parameter values are: gp = 0.05, op = 0.25, r = 0.025,
Q=1,rk=0.0509=560=2v=0.01,and p = 0.3.
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Fig. 9. Model solution as function of o and §. The upper panel plots the model solution—the
coefficients A, B, and C, and the price volatility o p—as function of . The lower panel plots the
same quantities as function of §. The default values of « and § are 0.2 and 2.77, respectively. The
other parameters are: gp = 0.05, op = 0.25, r = 0.025, Q@ = 1, Kk = 0.05, 09 = 5, 6 = 2, v = 0.01,
and p = 0.3.
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Fig. 10. Dependence of the LSN and rational beliefs about the future price change, implied by
the alternative model specified in Section 3.6 and Appendix D, on past price changes. The figure
plots the coefficients from regressing either LSN investors’ beliefs about the future price change,
EL(dP;)/dt, or the rational investors’ beliefs about the future price change, E}(dP;)/dt, on price
changes over the past 60 months. We first consider an economy where a fraction p of investors are
rational and the remaining fraction 1 — p have the LSN belief with o = 0; this is a benchmark
case with no gambler’s fallacy. For this case, the dashed line plots the coefficients for the LSN
belief. We then consider an economy where a fraction p of investors are rational and the remaining
fraction 1 — pu have the LSN belief with o = 0.5. For this case, the solid line plots the coefficients
for the LSN belief; as a comparison, the dash-dot line plots the coefficients for the rational belief.
The other parameter values are: gp = 0.05, op = 0.25, r = 0.025, Q@ = 1, kK = 0.05, g9 = 0.125,

§=2.77,0 =0.05, v = 0.01, and p = 0.5.

46



Panel A: Buy

LO_ -
S
£
£
So-
°
c
8
pe)
[0}
= 0
T T T T T
0 10 20 30 40
Lagged month
Panel B: Sell
o
e

Median return in %
1

T
0 10 20 30 40
Lagged month

Fig. 11. Return patterns before trading. This figure plots the return patterns before buys and
sells, using transactions observed in the Odean data. In Panel A, each buy is considered as a
separate observation, and we aggregate across all buys the lagged monthly market-adjusted return
before the buy takes place. The line plots the median monthly return across all observations. In
Panel B, each sell is considered as a separate observation, and the line plots the median monthly
market-adjusted return across all observations
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Fig. 12. Disposition effect.
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Fig. 13. Additional buying.
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Fig. 14. Consistency between buying and selling behavior.
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Fig. 15. Consistency between buying and selling behavior (one-month holding period).
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Fig. 16. V-shape selling behavior.
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Fig. 17. V-shape buying behavior.
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Past horizon
IM  IMtol1Q 1QtolY 1Y to5Y
Buy at gain 19,566 20,844 32,329 46,469
Sell at gain 41,565 40,689 30,422 22,038
Propensity of selling at gain 68.0% 66.1% 48.4% 32.2%

Buy at loss 40,561 39,283 27,798 13,658
Sell at loss 18,248 19,124 29391 37,775
Propensity of selling at loss 31.0% 32.7% 51.4% 73.4%

Disposition effect 2.19 2.02 0.94 0.44

Table 1. Measures of the disposition effect over different horizons.

We look at 10,000 years of monthly data simulated from the model. We adopt the baseline param-
eters that are specified in Section 3.3: gp = 0.05, op = 0.25, r = 0.025, Q =1, v = 0.01, u = 0.3,
k=0.050=2 09p=5 a=02 and § = 2.77. At each point in time in this simulated time
series, we check whether the LSN investor has a positive or negative demand change. If she has
a positive demand change, we count it as a “buy;” and if she has a negative demand change, we
count it as a “sell.” We then look at the price change of the risky asset over four different horizons:
the price change over the past month (“1M”), the price change from one quarter ago to one month
ago (“IM to 1Q”), the price change from one year ago to one quarter ago (“1Q to 1Y”), and the
price change from five years ago to one year ago (“1Y to 5Y”). If the price change is positive, we
count it as a “gain;” and if it is negative, we count it as a “loss.” “Propensity of selling at gain” is
calculated by dividing “Sell at gain” by the sum of “Sell at gain” and “Buy at gain.” “Propensity
of selling at loss” is calculated by dividing “Sell at loss” by the sum of “Sell at loss” and “Buy
at loss.” “Disposition effect” is then measured by the ratio of “Propensity of selling at gain” and
“Propensity of selling at loss.”
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Past horizon
IM 1IMtolQ 1QtolY 1Y tobY

Baseline: a = 0.2, § = 2.77 2.19 2.02 0.94 0.44
Low a: a=0.1, 6 =2.77 1.52 1.33 0.66 0.42
High a: o =0.3, § =2.77 2.64 2.61 1.21 0.46
Low §: « =0.2,  =1.39 1.46 1.47 0.99 0.31
High 6: « =0.2, § = 5.55 3.83 2.09 0.73 0.63

Table 2. Measures of the disposition effect under different parametrizations of the LSN.

We look at 10,000 years of monthly data simulated from the model. The baseline parameters are:
gp = 0.05, op = 025, r = 0.025, Q =1, v =001, u = 0.3, Kk = 0.05, 0 =2, 09 = 5, a = 0.2,
and § = 2.77. Measures of the disposition effect are defined in Table 1. In each row, we vary
one parameter from the baseline value and redo the entire simulation exercise to calculate the new
measure of the disposition effect.
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On each date, we aggregate all the transactions for each stock to get the total volume of buy and sell, denoted
by Buy and Sell. Stock and date fixed effects are included. Standard errors are double-clustered by stock

and date.

(1) (2)
(Buy—Sell) /(Buy-+Sell)

(3) (4)
Buy—=Sell

Lagged stock return, 1M

Lagged stock return, 2M

Lagged stock return, 3M

Lagged stock return, 1Q

Lagged stock return, 2Q

Lagged stock return, 3Q

Lagged stock return, 4Q

Lagged stock return, 5Q

Lagged stock return, 6Q

Lagged stock return, 7Q

Lagged stock return, 8Q

Lagged stock return, 9Q

Lagged stock return, 10Q

Lagged stock return, 11Q

Lagged stock return, 12Q

Observations

R-squared

~0.303%%*
(0.0198)
—0.234%
(0.0135)
~0.120%%*
(0.0115)
~0.172%5%
(0.0118)
~0.0339%+*
(0.00744)
0.0167**
(0.00765)
0.0161%*
(0.00737)
0.0120
(0.00755)
0.0231%%*
(0.00832)
0.0371%**
(0.00802)
0.0182%*
(0.00846)
0.0179%*
(0.00818)
0.0281%%*
(0.00875)
0.0226%**
(0.00824)
0.0186**
(0.00797)

577,488
0.070

577,488
0.068

-0.353*
(0.191)
~0.485% %
(0.0452)
025545
(0.0502)
~0.317%%%
(0.0602)
—0.178%%
(0.0271)
~0.0928***
(0.0299)
~0.0522
(0.0329)
~0.0582*
(0.0319)
~0.0863***
(0.0307)
~0.0285
(0.0338)
~0.0115
(0.0289)
—0.0487%*
(0.0247)
~0.00567
(0.0277)
-0.00937
(0.0254)
~0.0266
(0.0252)

577,488
0.053

577,488
0.053

Robust standard errors in parentheses; *** p<0.01, ** p<0.05, * p<0.1

Table 3. Stock-level regressions results, the Odean data.
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(1) (2) (3) (4)
(Buy—Sell)/(Buy+Sell) Buy—Sell
Lagged stock return, 1W —0.329%*%F  —0.326%**  —0.0104*** —0.0104***
(0.0146)  (0.0146)  (0.00118)  (0.00119)
Lagged stock return, 2W  -0.0634***  —0.0600*** —0.00134** —-0.00134**
(0.00969)  (0.00981)  (0.000620)  (0.000613)
Lagged stock return, 3W 0.00182 0.00516 -0.00152*  —-0.00152*
(0.00921)  (0.00928)  (0.000790)  (0.000800)
Lagged stock return, 4W 0.0333*** 0.0381*** 0.000957* 0.000987*
(0.00885)  (0.00898)  (0.000531)  (0.000526)
Lagged stock return, 5W 0.0365*** 0.000522
(0.00857) (0.000617)
Lagged stock return, 6W 0.0215%* 0.000329
(0.00844) (0.000598)
Lagged stock return, 7TW 0.0147* —0.000465
(0.00836) (0.000548)
Lagged stock return, 8W 0.0288*** 0.000175
(0.00821) (0.000484)
Lagged stock return, 9W 0.0282%*** —0.000109
(0.00777) (0.000498)
Lagged stock return, 10W 0.0152** -0.000144
(0.00770) (0.000405)
Lagged stock return, 11W 0.0277+%* —0.000680
(0.00793) (0.000634)
Lagged stock return, 12W 0.0155** —-0.000912*
(0.00718) (0.000530)
Observations 2,754,207 2,754,207 2,754,207 2,754,207
R-squared 0.014 0.014 0.001 0.001

Robust standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

Table 4. Stock-level regressions results, Chinese brokerage data.
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Appendix A. Bayesian Inference

In this section, we analyze how LSN investors form beliefs about 6; and @w; using Bayesian
inference. By equations (8) to (10) of the main text and Theorem 12.7 of Lipster and Shiryaev
(2001), we obtain

dmy 1 KO — kmy 1 0 opt
! = ! dt + + v P [dPt — (mm - Upamt’g)dt](f];l
dmy 2 —(a5 + 5)mt,2 1) -«
(A.1)
and
d K 0 K 0 ag 0
dt’Yt Ye =
0 (ad+9) 0 (ad—+9) 0 62
1 1 4
0 oph 0 oS
- | " sl B (A2)
) -« ) -«

To further simplify (A.1) and (A.2), we follow the literature on Kalman filtering and focus on the
stationary solution of «,, denoted by ~. In this case, LSN investors’ beliefs are fully specified by
equations (12), (13), and (14) in the main text. Equation (A.2) implies that parameters v11, 712,

and 99 are the solution of

2KY11 (k 4+ ad + 0)y12 B O'g 0
(k+ad+0)ye  2(ad + §)y2e o s (A3)
B (op 711 — 04’712)2 (051 — av12)(6 + opty12 — avya2)
(051 — am12)(6 + op' 112 — aye2) (6 +opry2 — 04’722)2 7
which is effectively three simultaneous equations. |
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Appendix B. Model Solution

In this section, we discuss the procedure that solves the model described in Section 3. Recall
from equations (5) and (6) of the main text that both LSN investors and rational arbitrageurs
have instantaneous mean-variance preferences subject to their budget constraints. Substituting (6)

into (5) gives ‘
E}[dP;)/dt + Dy — rP;

N; =
t ,YUIQD

,  ted{lr}. (B.1)

We now solve the model. We start by conjecturing that, as stated in equation (15) of the main

text, the equilibrium price of the risky asset is
Dy
Pt:A—|—B~mt,1+C-mt72+7. (B.2)

We solve for the three coefficients, A, B, and C, in three steps. The first step is to solve for LSN
investors’ share demand. Substituting (12) and (B.2) into (B.1), we obtain

Ni =+ nimey + nhma, (B.3)
where N . 5 .
1 r 1 —-r l opa—+r
M=—""=>» ™= 5 s M=—"""">5 - (B.4)
P 0P 0P

The next step is to solve for the rational arbitrageurs’ share demand. To do so, we take the
differential form of (B.2)

dD
dP, = B -dmyy + C - dmyz + Tt (B.5)
Substituting equations (12), (13) and (14) into (B.5) yields
my1 — opamys) — kB0 —m
i, = [ et T opamez) —RBO=me) r(0p — om1 B — omaC)da. (B.6)
+C(ad + 6)my 2
Comparing (B.6) with (1) leads to
dot = dwP + (Io + lymy1 + lamy 2)dt (B.7)
and
op = UTD + om1B + 0m2C, (B.8)
where [y = aBl(gD +reBO), I = —0517"(1+1<;B), I = chlr[apoz—C(a(5+5)], Oml = fyllo;l — Y120,

and o0 =0 + 712(7]31 — Yoo0x, as defined in Proposition 1.
Substituting (B.7) into (12) gives (16), which represents the rational arbitrageurs’ beliefs about
the price evolution. Moreover, substituting (B.7) into (13) and (14) gives (17) and (18), which

represents the rational arbitrageurs’ beliefs about m ; and m; . We combine (B.1), (16), and (B.2)
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for rational arbitrageurs and obtain
N{ =g+ nimea + namue, (B.9)

where

B optop(gp +rkBO) —rA - optop((opopt —r) — rkB] —rB
= 5 o T = 2 ’

1 1P, TP (B.10)
_opopllopop” —r)jopa+rC(ad +96)]+rC

2
70p

o3

Ul

N=

U

The final step is to substitute the share demands, (B.3) and (B.9), into the market clearing
condition in (7). We then obtain

oy + (1= g = Q,
py + (1= p)ni =0, (B.11)
pny + (1 = p)ny = 0.

Substituting (B.4), (B.8), and (B.10) into (B.11) gives three simultaneous equations for three
unknowns, A, B, and C. We solve these simultaneous equations using numerical methods. Once

coefficients A, B, and C' are solved, op is then given by (B.8). |
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Appendix C. Model Extension

In this section, we briefly describe and then solve a more generalized model, one that features
three types of investors: LSN investors with o > 0, LSN investors with o = 0, and rational
arbitrageurs. We refer to LSN investors with a = 0 as “extrapolators,” because their beliefs about
the future price change depend positively on past price changes. We then refer to LSN investors

with a > 0 simply as “LSN investors.”
C.1. Model setup

Asset space. As in the baseline model, we consider two assets: a riskless asset with a constant
interest rate r, and a risky asset. The risky asset has a fixed per-capita supply of @, and its
dividend payment evolves according to equation (1) in the main text. The price of the risky asset

P, is endogenously determined in equilibrium.

Investor beliefs. Rational arbitrageurs make up a fraction p, of the total population; extrap-
olators make up a fraction p. of the total popultion; and LSN investors make up the remaining
fraction of 1 — p, — fe.

LSN investors’ perceived price processes are specified by equations (2) to (4). Extrapolators

represent a special case of LSN investors. They believe

AP, = 0%dt + opda} €, (C.1)

where

do¢ = kE(0° — 65)dt + o§d’™, (C.2)

and both doﬁf © and dd)ta “ are perceived by extrapolators to be i.i.d. shocks that are independent of
each other. Rational arbitrageurs hold fully rational beliefs: they understand the dividend process
in equation (1); they observe parameters p, and p. and hence know the population fractions of
LSN investors and the extrapolators; and they are aware of the belief structure of LSN investors
and the belief structure of the extrapolators. Given this information set, rational arbitrageurs form

correct beliefs about the evolution of the risky asset price.

Investor preferences. We assume that all three types of investors have instantaneous mean-

variance preferences specified by

max <E1 [dW}] — lVari [de]) , (C.3)
N} 2

subject to the budget constraint on their wealth W}

AW} = rWjdt — N} Pdt + N}dP, + N; Dydt, (C4)
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where N} represents the per-capita share demand on the risky asset from investor i. Here, i €

ﬁtl 7w ”
9

{l,e,r}, where superscripts e,” and “r” represent LSN investors, extrapolators, and rational

arbitrageurs, respectively.

Market clearing. The share demands from LSN investors, extrapolators, and rational arbi-

trageurs satisfy the following market clearing condition
MTNtT + UeNte + (1 = Hr — ,Ue)Ntl =Q (05)
at each point in time t.

C.2. Model solution

As in the baseline model, applying Kalman filters to equations (2) to (4) yields equations (12)
to (14), which specifies the way in which LSN investors update their beliefs based on past prices.

For the extrapolators, denote the conditional mean and variance of 6f as
Se =EW5|1F], G =E°[(6F — S0 F . (C.6)

Then we apply Kalman filters (Theorem 12.7 from Lipster and Shiryaev, 2001) to (C.1) and (C.2)
and obtain
dPt == Stdt + O'Pdajf, (C?)

and
dSy = k°(0° — Sp)dt + (Copt)dit, (C.8)

where dwy is a Brownian shock perceived by extrapolators, and

¢ = —neal% + \/(HGU?D)Q + (05)20% (C.9)

is the stationary solution for ¢; in (C.8).
To solve the model, we first substitute (C.4) into (C.3) and obtain

E%[dpt]/dt + Dt - T'Pt
V0%

N} = . ie{ler}). (C.10)

We conjecture that the equilibrium price of the risky asset is
Dy
Pt:A+B1'mt71+Bg'mt’2+C-St+7. (Cll)

Substituting (12) and (C.11) into (C.10) for LSN investors, we obtain

N{ =16+ nimu + hmea + 04 S, (C.12)
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where

! rA ;. 1—rB ! opa+ 1By ! rC
m=-—5, M= , h=—————, M= ——5
Y0P o2 v, Y3

We then substitute (C.7) and (C.11) into (C.10) for extrapolators and obtain
N =g+ nyme + nymez + 1035k
where

rA rB

e TBQ
5 TR
Yop Yop

-,
YO0 p

e 1—-1C

e
N3 = :
v0p

2 =

77(6):— =

(C.13)

(C.14)

(C.15)

Finally, we examine the share demand of the rational arbitrageurs. We take the differential

form of (C.11)

dD
dPt:Bl'dmt,l+BQ'dmt,2+C'dSt—{—Tt,

(C.16)

Note that dS; = k(0" — Sy)dt + (Cop?)(dP, — Sidt). Substituting this equation and equations (12)

to (14) into (C.11), we get

[1 - C- (CUEQ)](mt,l — Upamtg) — Iﬁ:Bl(g — mm)
th = T e
+Bs(ad + 8)mya — Cr0 + Ck® + (Cop?)] St

+r ([1 -C- (CO’I_;.Q)]UP — Biog1 — BQO’mg) d(zji

Comparing (C.17) with (1) gives

r~lgp — 1-cC- ({U;2)](mt71 — opamy )
d(:)i = dth + 0'517“ +/{Bl(§ — mt,l) — BQ(Q6 + 5)mt72 dt
+Ck0° — C[K° + (Cop?)]S;

and

1

o
(TD + Biom1 + B20m2> :
Substituting (C.18) into (12), we have

r~lgp —[1 = C - ((op*)](mu1 — opamys)
+KB1(0 — my,1) — Ba(ad + d)my 2

dP; = apaf)lr .
+CKO° — C[K® + (Cop?)] S

—H“_lJDJI;l (my,1 — opamy )
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Then, further substituting (C.20) and (C.11) into (C.10) for the rational arbitrageurs, we get

where

N{ =g+ nimea + namu2 + n5St, (C.21)

O'PO'Bl (9p + rKB10 + rneC@e) —7rA
770 = 9

1 70-123 2
o= opop [UD0131 —r(1=C-(Cop”)) —rBi] —rB;
1= 2 ’
;) . 79p L (C.22)
. _OPOp ((cpop” —r(1=C - (Cop”)))opa+rBa(ad + 6)] +rBy
e = 70% ’
. opop'rClke + (Cop?)] +rC
3 = — 2 :
Yop

The final step is to substitute the share demands, (C.12), (C.14), and (C.21), into the market

clearing condition in (C.5). We obtain

el + pen§ + (1 — pr — pe)nh = Q,
' + e + 1 _ _ l — 07
peny + pent + (1 — pr — pe)my (C.23)
ey + pens + (1 — pr — pe)ny = 0,
ey + pen§ + (1 — g — pe)my = 0.

Substituting (C.13), (C.15), (C.19), and (C.22) into (C.23) gives four simultaneous equations
for four unknowns, A, By, B2, and C. We solve these simultaneous equations using numerical
methods. Once coefficients A, By, By, and C are solved, op is then given by (C.19). |
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Appendix D. Alternative Specification of LSN Beliefs

The baseline model described in Section 3.1 applies the LSN to the price process; beliefs of
LSN investors are specified by equations (2) to (4) in the main text. In this section, we consider
an alternative specification in which the LSN is applied to the dividend process. As before, this
modified model contains two assets: a risk-free asset and a risky asset. The risk-free asset pays a
constant interest rate of r. The stock market has a fixed per-capita supply of @), and its dividend

payment evolves according to
dD; = gpdt + opdwp . (D.1)

LSN investors are now assumed to perceive the following dividend process

dD; = 0ydt + opdo?P, d6; = k(0 — 0;)dt + opdd?,

t
doP = do — « (5 / e—5<t—8>d@£> dt. (D.2)

In words, LSN investors perceive future dividend changes as coming from two components: a
persistent yet time-varying quality component, and a transitory noise component that exhibits a
negative serial autocorrelation.

An equivalent specification of (D.2) is

dD; = <9t — O'DOéwt)dt + opdw, df; = /'i(g — Ht>dt + O'Qd(:}f,
dwo;y = —(06(5 + 5)wtdt + dddy, (D3)
t
where w; = 6e =) 4o and El[do, - dof] = 0.

LSN inves%gfrs do not observe 0; and w;; they use Bayesian inference to estimate both quantities
and then use these estimated quantities to guide trading decisions. Their information set at time ¢,
FP, is defined using past dividends {Ds, s < t}—that is, LSN investors update their beliefs about
0; and w; using past dividends as informative signals. The conditional means and variances of
0; = (04,w;) are defined by

my = (my1,My2) = El[(atawt)’ftD]a

Ye,11 0 V12
Vi = =E'[(6; — m)" (6 — mu)| F). (D.4)

V21 V22

We then apply Kalman filtering and obtain

dD; = (mhl — O'Dozmug)dt + O'Ddllelg (D.5)
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and

dmy1 = k(0 — me1)dt + (yi10p' — yi20) didk, (D.6)
Om1
dmyo = —(ad + 8)myadt + (5 + yi20p" — Y220) dit, (D.7)
Om?2

where d&)ﬁ is a Brownian shock perceived by LSN investors, and =11, 12, and 799 are the stationary
solutions for 711, v¢,12, and 722, respectively. In these equations, m; 1 and my o represent the

inferred quantities of 6; and w;. Moreover, y11, Y12, and 22 are the solution of

2KY11 (k+ ad + 0)y12 B o2 0
(k+ad+8)y2  2(ad + )y - 0 6 08
B (05 711 — 04%2)2 (op' 1 — av12)(6 + o5t yi2 — ava2)
(05 11 — av12) (8 + 05" 712 — ava2) (6 +0p 2 — avee)’

As in the baseline model, we assume there are two types of investors: LSN investors and rational
arbitrageurs. Rational arbitrageurs make up u fraction of the total population; LSN investors
make up the remaining 1 — p fraction. Both LSN investors and rational arbitrageurs maximize

instantaneous mean-variance preferences, specified by

max (E;’ W] — Ivart [dW;]) , (D.9)
N} 2

subject to the budget constraint on their wealth W}
dW} = rWidt — r N} Pydt + N}dP; + N{Dydt, (D.10)

where N/ represents the per-capita share demand on the risky asset from investor i and i € {l,r}.
Substituting (D.10) into (D.9) gives

E%[dpt]/dt‘f‘Dt —T‘Pt

N} = (D.11)
t o
The conjectured equilibrium price of the stock market is
Dy
Pt:Aﬁ—B-mt,l—l—C-mt’Q—l— . (D12)

o
As before, we solve for the three unknowns, A, B, and C, in three steps. The first step is to solve
for LSN investors’ share demand. LSN investors differentiate both sides of (D.12) and obtain

dD
dP, = B -dmyy + C - dmyo + Tt (D.13)
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They then substitute equations (D.5) and (D.6) to the right hand side of (D.12) and obtain

dP, = Br(0 —my1)dt + Bopidw! — C(ad + §)my adt + Copadul

+ ril(mt,l — opamy)dt + riladei. (D.14)
LSN investors’ expected price change is therefore
Ei[dPt]/dt = Br(0 —my1) — C(ad + §)mea + 'r_l(mt,l — opamy ). (D.15)

Substituting (D.15) and (D.12) into (D.11) gives

Br(0 — me1) — C(ad + d)my o + r_l(mt,l —opamya) —rA—rB-my; —rC-myo

N =
t VU?D
= b+ mmey + nyma g, (D.16)
where
Bk —rA r~'—kB—rB C(ad+6) +r~topa+rC
l l l D
Nn=—"—">5 > ™Th~= 2 y Ty = — 2 . (D-17)
Y0P 70p Yop

The next step is to solve for rational arbitrageurs’ share demand. We compare (D.5) with (D.1)

and obtain
dwt = dwP + o' (gp — mu1 + opamy 2)dt. (D.18)

Substituting (D.18) into (D.14) gives

Br(0 —my1) — C(ad + 8)my 2
ap, = +r~Y(me1 — opamys) dt + opdwp (D.19)

—i—al_)lap(gp — my1 + opamy )
and
ap
op = — + o1 B + omaC. (D.20)

Equations (D.19) and (D.20) represent rational arbitrageurs’ beliefs about price evolution. We then
combine (D.19), (D.11), and (D.12) to obtain

N{ = ng +nime1 + namy 2, (D.21)
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where

., Bk —rA + O'BlO'PgD , r~'—kB—rB— O'Bl(fp
Mo — 2 ) m= 2 ;
70p Y0p
C(aé+0)+rtopa+rC —opa

2
Y0P

m = (D.22)

The final step is to substitute the share demands (D.16) and (D.21) into the market clearing
condition uN7 + (1 — )N} = Q. We arrive at three equations

gy + (1= )b = Q,
pnt 4+ (1= p)nt =0, (D.23)
pnfy + (1= p)nh = 0.

Substituting (D.17), (D.20), and (D.22) into (D.23) gives three simultaneous equations for three

unknowns, A, B, and C. We solve these equations using numerical methods. |
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