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1 Introduction

The volatility derivatives market has experienced a rapid growth in the last two decades, allowing
more investors to hedge volatility risk and to speculate on future VolatilityE] A recent survey of
senior executives of trading firms (Acuiti (2023)) finds that 64% of survey respondents were trading
volatility products, and suggests that volatility derivatives have moved from being a niche hedging
instrument to a core asset class for many investors. The growth of the volatility derivatives market
has spurred a vast literature documenting various empirical regularities in this market that, when
taken together, are hard to reconcile within existing theoretical studies. In particular, two interesting
puzzles have emerged: the variance risk premium changes sign during market turmoil, and trading
volume in volatility derivatives dries up during periods of heightened volatility (e.g., (Cheng (2019,
2020))). These findings are surprising as they imply that during market turmoil insurance providers
against volatility risk are expected to lose money, and that investors rely less on volatility trading

precisely when there is arguably more volatility risk to be hedged.

In this paper, we develop a tractable dynamic asset pricing model that can explain this evidence
and delivers a rich set of novel predictions for the volatility derivatives market, as well as the stock
market. The key ingredient in our model is that investors disagree about future volatility. Despite
growing survey evidence documenting significant disagreement in investors’ volatility expectations
(e.g., Graham and Harvey| (2001), |Amromin and Sharpe (2014), [Kaplanski et al.| (2016)), this form
of disagreement and its implications for financial markets have been largely unexplored. To the best
of our knowledge, ours is the first theory work that incorporates volatility disagreement in a dynamic
equilibrium setting.

We consider an economy in which a stock, representing the aggregate stock market, is a claim to a
risky payoff determined by a fundamental process with a stochastic variance. To hedge the volatility
risk in their stock holdings and to speculate on their beliefs, investors can also trade variance swaps.
Investors disagree on volatility, as they have different expectations about the future variance of the
fundamental process. Specifically, we consider two risk-averse investor types: high-fear investors,
who overestimate the future variance, and low-fear investors, who underestimate itE] The valuation
of the stock market, the variance swap rate (i.e., the price that volatility buyers pay to volatility

sellers), and investors’ security holdings are determined in equilibrium.

!The primary financial instruments in the volatility derivatives market are variance swaps, VIX futures, and VIX
options. While the average daily volume of VIX futures was around 450 contracts in 2004 when first introduced, it
grew to around 215,000 in 2023. Similarly, Moran and Liu/ (2020) reports the total annual volume of VIX options to
be 127 million contracts in 2019. See |Carr and Lee (2009)) for a brief survey on the history and the workings of the
volatility derivatives market.

20ur terminology for investor types is motivated by the financial press and industry commonly referring to the
CBOE'’s volatility index, VIX, as the “fear index.”



We first characterize the equilibrium in this economy and show that in the presence of volatility
disagreement, the relative wealth distribution across investors arises as an additional endogenous
state variable. In accordance with their volatility expectations, investors take different positions in
the stock and volatility derivatives, leading to wealth transfers in our dynamic economy. Investors
whose beliefs align with realized shocks get relatively wealthier and have a stronger impact on asset
prices. In particular, high-fear investors become volatility buyers and low-fear investors volatility
sellers in the derivatives market. Thus, following positive (negative) variance shocks, high-fear (low-
fear) investors get wealthier and more dominant. Although wealth transfer effects are generally
present in heterogeneous-agents models, the novel feature of wealth transfers in our setting is that
they arise because of the volatility disagreement and are driven by shocks to the second moment of

asset returns.

Investigating the equilibrium behavior of the stock market, as novel predictions, we find that on
average higher volatility disagreement leads to lower stock market valuation but higher and more
volatile stock return variance. An increase in volatility disagreement makes high-fear investors to
discount future stock payoffs more and low-fear investors to discount them less. However, the higher
and more persistent variance expectations of high-fear investors make them more sensitive to risk
than low-fear investors. So, the impact of their discounting is stronger in equilibrium, inducing an
overall downward pressure on the valuation of the stock market. By making the stock more sensitive
to variance shocks and amplifying wealth transfers, higher volatility disagreement also increases the

stock return variance, and makes it more volatile.

Moving to the volatility derivatives market, we first demonstrate that the ability to trade volatility
derivatives induces a risk transfer from high-fear to low-fear investors in equilibrium. Such risk
transfer occurs because of the opposite positions they take in the variance swaps, making low-fear
investors more exposed to variance risk and high-fear investors less exposed to it. Moreover, the
risk transfer is exacerbated by the misvaluation of the volatility derivatives that each investor type
perceives as induced by the other type. Indeed, the overestimation of future volatility by high-fear
investors makes the variance swaps overvalued from the perspective of low-fear investors. Similarly,
the underestimation of future volatility by low-fear investors makes the variance swaps undervalued
from the perspective of high-fear investors. In equilibrium, these perceived misvaluations create
a positive wedge between the subjective variance risk premium of high-fear investors and that of

low-fear investors.

Characterizing the objective variance risk premium, i.e., the variance risk premium that an unbi-
ased econometrician would measure in this economy, we show that, while being negative on average,
it can actually turn positive when the economy tend to underestimate future volatility, which is

when a large fraction of wealth is held by low-fear investors. To fully appreciate this novel result, we



decompose the variance risk premium into two economically distinct components: a hedging com-
ponent and a speculative component. The hedging component reflects the investors’ desire to hedge
fluctuations in the stock price that are driven by variance shocks. The ensuing demand for variance
swaps, enabling the hedging, creates price pressure that leads to a negative variance risk premium on
average in equilibrium. The speculative component, which instead reflects the investors’ contrasting
beliefs and the opposite positions that they take in the variance swaps, can become positive or neg-
ative depending on which investor type has a stronger price impact. As low-fear investors become
more dominant in the economy, the supply of variance swaps increases while its demand decreases.
Hence, the expected return of providing volatility insurance must go down for the derivatives market

to clear, resulting in a positive variance risk premium.

We also find that higher volatility disagreement leads to a more negative variance risk premium
and a higher variance swap rate on average. These results arise in our model because as disagreement
increases, the stock price becomes more volatile, thus intensifying investors’ desire to hedge against
stock market fluctuations. For the derivatives market to clear, the variance swap increases and the
variance risk premium becomes more negative. Taken together, the economics around the variance
risk premium in our model significantly differ from those in the existing literature, which are pre-
dominantly based on representative agent settings and thus unable to generate our wealth and risk
transfer effects (e.g., Bollerslev, Tauchen, and Zhou (2009), |Drechsler and Yaron| (2011)), Eraker and
Wu, (2017)), Atmaz (2022), |Lochstoer and Muir| (2022)).

A key advantage of our setting is that it allows us to study the equilibrium holdings and trades
in volatility derivatives. We find a notable, and perhaps unexpected, hump-shaped relation between
volatility disagreement and the variance swap open interest (or trades). This non-monotonic relation
occurs because of two opposing effects of disagreement. A higher disagreement increases both high-
and low-fear investors’ expected profits from trading variance swap contracts. Everything else equal,
this effect leads to larger variance swap holdings in equilibrium. However, a higher disagreement also
increases the riskiness of these swap contracts, leading to smaller variance swap holdings. For low
levels of disagreement, the former effect dominates, inducing a positive relation between volatility
disagreement and the variance swap open interest. However, for high levels of disagreement, the
relation inverts because trading variance swaps becomes too risky for investors. The fact that trading
volatility can become excessively risky for investors is also the reason why in our model we find that
the variance swap open interest decreases with the fundamental variance. So, even when investors
should arguably be more willing to trade volatility derivatives to speculate (when disagreement
increases) or hedge their risky positions (when fundamental risk increases), they find it optimal to
reduce their volatility trading. It is the general equilibrium nature of asset prices, increasing the
riskiness of volatility derivatives, that is key to these results, which would otherwise not emerge in

partial equilibrium settings.



Our theory also provides novel predictions for the so-called “leverage effect,” which in our model
is characterized by the comovement between the stock and variance swap returns. We find that the
volatility disagreement is a key determinant and a source of time-variation in the leverage effect. In
our model, the leverage effect arises in equilibrium because positive variance shocks lead to lower
stock returns but higher stock return variance, translating to higher returns for the variance swaps.
Notably, the leverage effect gets stronger under more volatility disagreement and consistent with
its documented behavior in the data (e.g., Bandi and Reno| (2012), Andersen, Bondarenko, and
Gonzalez-Perez (2015)) its magnitude increases in more volatile periods. These results arise because
asset prices become more sensitive to variance shocks under higher disagreement and uncertainty

since in these cases there is more room for wealth transfers.

We conclude our analysis by considering an extension of our model that allows us to investigate
the implications of an aggregate volatility bias. In equilibrium, by distorting the investors’ subjec-
tive expectations in the same direction, a higher aggregate volatility bias lowers the stock market
valuation, the variance risk premium, while increasing the stock return variance, the magnitude of
the leverage effect, and the variance swap rate. Counter to our expectations, we find that a higher
aggregate volatility bias always reduces volatility trading in equilibrium. Differently from the effect of
volatility disagreement, a higher bias increases only the riskiness of variance swaps, without affecting

their expected returns.

Overall, our paper makes several contributions. First, to our best knowledge, ours is the first the-
ory work to study the implications of volatility disagreement for the stock and volatility derivatives
market in a dynamic equilibrium setting. Second, all our results for the effects of volatility disagree-
ment are new and are not obtained in the existing literature. Third, to the best of our knowledge, we
are the first to reconcile the puzzling empirical evidence that investors on average tend to hold and
trade fewer volatility derivatives in periods of high volatility (e.g., Cheng (2019)). Indeed, Cheng
finds that during market turmoils, the variance risk premium is largely positive, its magnitude rises in
volatility, and investors trade fewer volatility derivatives. Our model predicts that low-fear investors
must become sufficiently dominant for the variance risk premium to become positive, which means
that the economy must have experienced a sufficiently long period of low volatility. This additional
prediction is in line with prolonged “calm” periods that tend to precede market turmoil, such as the
2008 financial crises and the 2020 Covid-19 pandemic. The sudden surge in volatility associated with
the outset of these episodes has led the positive variance risk premium to spike (Cheng (2019, 2020))),

as our theory predicts.

Related Literature. This paper is related to several strands of literature. Our paper contributes to
the theoretical literature studying the effects of belief disagreement on asset prices. In this literature,

the vast majority of works focus on first-moment disagreement (e.g., Detemple and Murthy| (1994)),



Zapatero, (1998)), Basak| (2000, 2005), Gallmeyer and Hollifield, (2008), Yan| (2008), [Dumas, Kurshev,
and Uppal (2009)), Banerjee| (2011)), Bhamra and Uppal| (2014), Buraschi, Trojani, and Vedolin| (2014]),
'Atmaz and Basak (2018)), Ehling, Graniero, and Heyerdahl-Larsen! (2018), Andrei, Carlin, and Hasler|
(2019a)), Panageas) (2020), Heyerdahl-Larsen and Walden| (2021), [Xiouros and Zapatero| (2024))). In

these works, investors typically disagree on the expected growth rate of aggregate consumption

or dividend. Thus, wealth transfers in these models are driven by shocks to the first moment of
asset returns, resulting in asset price dynamics that are different than ours. Moreover, these works
typically study the effects of such disagreement only on the stock market and do not consider volatility

derivatives market as we do.

In contrast, there are only a few works studying the asset pricing effects of second-moment
disagreement (Detemple and Selden| (1991)), [Duchin and Levy| (2010), Bakshi, Madan, and Panayotov|

(2015)). Our methodology and modeling of volatility disagreement, and hence our results, differ

considerably from these works. For instance, all these works employ static mean-variance frameworks,

thus abstracting from the dynamic trading and wealth transfer mechanisms, which are key to our

main results. Particularly, [Detemple and Selden| (1991) and Duchin and Levy| (2010)) focus only on

the stock market and find that a higher volatility disagreement leads to a higher stock price and
lower risk premium, the opposite of what we find. This difference in results arises because in these
works, investors disagree on the current variance. Since the mean-variance security demand is convex
function of current variance, due to Jensen’s inequality, a cross-investor uncertainty about the current
variance (disagreement), increases the demand and hence the stock price. Whereas in our model,

investors disagree on the future variance while agreeing on the current variance; thus, there is no such

Jensen’s convexity effect. [Bakshi, Madan, and Panayotov| (2015), on the other hand, focuses on the

implied shape of the pricing kernel and does not have our implications for the volatility disagreement

and volatility derivatives market.

Our paper also relates to the recent theoretical literature studying the equilibrium effects of
investors’ volatility expectations. In this literature, (2022)) and [Lochstoer and Muir (2022)

consider representative agent dynamic extrapolative expectations frameworks to study the effects of

biased volatility expectations on asset prices. Whereas |Ghaderi, Kilic, and Seo| (2023)) considers an

incomplete information setting in which a representative agent rationally learns about a hidden state
of the economy. Due to incomplete information and learning, they find that variance risk premium can
become positive in some states, similar to ours. Since all these works employ single-agent economies,
they cannot provide our predictions about prices and quantities in the volatility derivatives market

or the effects of volatility disagreement.

Finally, we contribute to the literature studying the effects of trading in nonredundant derivatives
(e.g., Brennan and Caol (1996)), [Franke, Stapleton, and Subrahmanyam| (1998), (Cao and Ou-Yang




(2008)), (Garleanu, Pedersen, and Poteshman| (2008), Bhamra and Uppal (2009), |[Banerjee and Grav-
eline (2014), [Smith| (2019), Chabakauri, Yuan, and Zachariadis (2022))). The derivatives considered
in these works are typically equity options rather than volatility derivatives, with the exception of
Smith (2019) and |Chabakauri, Yuan, and Zachariadis (2022), who study the informational role of
volatility derivatives in static asymmetric information frameworks. Smith (2019) develops an incom-
plete market model in which investors receive private signals on both the mean and the variance of
the stock payoff and focuses on the variance risk premium in his analysis. However, differently from
our key finding, the variance risk premium does not switch sign in his static model. |Chabakauri,
Yuan, and Zachariadis (2022) finds that volatility derivatives make incomplete markets effectively
complete, and their prices reflect the shadow value of information. In our model, the presence of
volatility derivatives completes the markets too. However, differently from them, and all the other
works above, we consider a dynamic symmetric information framework focusing on the asset pricing

implications of volatility disagreement.

The remainder of the paper is organized as follows. Section [2]introduces our model with volatility
disagreement. Section (3| presents our results on the stock market, while Section |4| focuses on the
volatility derivatives market. In Section [5| we study the return comovement across markets. In
Section [0 we extend our baseline model to incorporate an aggregate volatility bias, before concluding
in Section [7] Appendix A contains all the proofs, Appendix B discusses the effects of pure variance

shocks, and Appendix C discusses the parameter values employed in our figures and tables.

2 Model

In this section, we present a simple and tractable pure-exchange economy in which two types of
investors disagree about future volatility. A salient feature of our model is the presence of volatility
derivatives market, which allows investors with different future volatility expectations to trade on

their beliefs and speculate against each other.

2.1 Securities Market

We consider a continuous-time economy with horizon 7'. In this economy, three securities are available
for trading: a riskless bond, a risky stock (representing the aggregate stock market), and a volatility
derivative. The riskless (zero-coupon) bond, with its time-¢ price denoted by Z;, is in zero net supply
with a constant rate of return r. The stock, with its time-t price denoted by S;, is in positive net

supply of one unit and is a claim to the risky payoff Dy at horizon T, so Sp = Dr. The stock payoft



is the time T realization of the fundamental (cashflow news) process D; with dynamics

D
D: = pdt + \/‘Zdwm (1)
Vi = 1 (V = V,) dt + 0/ Vidway, 2)

where p is the constant mean growth rate and V; is the stochastic variance of the fundamental process.
The positive constants &, V, o, control the mean reversion speed, long-run mean, and the volatility
of the fundamental variance process, respectively. Two sources of risk, represented by independent
Brownian motions wy; and wo; defined on the objective probability measure P, capture the cashflow
risk and variance risk, respectively. We assume Dy > 0 and V > 0, and the parameter restriction
26V > 02 so that the fundamental variance process V; is positive in finite time The stock price Sy

and the stock return variance v; = Var [dS;/S;] /dt are determined in equilibrium.

To complete the securities market, as a third security, we consider a series of zero net supply
volatility derivatives whose payoff depend on the risky stock’s future return variance. Toward that,
we introduce instantaneous variance swap contracts that are initiated at each time ¢ with maturity
over the next instant ¢ + dt. Like any swaps, these variance swaps require zero upfront payment at
their initiation time ¢. At their maturity date ¢ + dt, an investor who has a long position in this
contract receives v,dt + dv;, and in return, pays the variance swap rate y,dt[] The variance swap rate

y; is endogenously determined at the contract initiation time ¢.

Remark 1 (Further discussion on volatility derivatives). The most common financial instru-
ments for getting direct volatility exposure in real world are volatility derivatives such as variance
swaps and VIX options/futures. To achieve volatility exposures, investors can also form portfolio
of equity options, such as straddles. The exact choice of financial instrument may depend on sev-
eral factors, which include investors’ preferences toward the direct vs. indirect volatility exposure,
their complex portfolio management capabilities, and counterparty risk tolerance. In our model, we
consider variance swaps as they allow for direct volatility exposures and have simple linear payoffs,
which simplifies our analysis. That said, we highlight that the specific choice of volatility derivative
is irrelevant for asset prices in our model. Any volatility derivative is sufficient to complete the
securities market, leading to a unique state price density in equilibrium, which in turn can be used

to recover the prices of other derivative contracts, such as long maturity variance swaps.

30ur framework allows for a general correlation between the fundamental process D; and its variance V;. To keep
the model parsimonious we set such correlation to zero. A fundamental process with stochastic variance is consistent
with empirical findings in [Schorfheide, Song, and Yaron| (2018) and Pettenuzzo, Sabbatucci, and Timmermann| (2020)),
documenting heteroskedasticity in cashflow growth rates and is also commonly employed in asset pricing models,
particularly in the long-run risk models (e.g., Bansal and Yaron| (2004))).

4The variance swaps typically have notional amounts to scale the derivative payoffs. Since, in our model, the swap
notional amount of the swap does not play any role, we normalize it to 1.



2.2 Investors’ Beliefs

In this economy, we have two types of investors who agree on the fundamental D, and its fundamental
variance V; at each time ¢. Investors are assumed to know the fundamental mean growth rate p and the
volatility coefficient of the fundamental variance process o, but they have different beliefs about the
expected future variance. The h-type investors misperceive the expected change in the fundamental

variance as

E} [dV) = Eq [dVi] + 36Vidt,

whereas the /-type investors misperceive it as
E; [dVi] = E, [dV;] — 30Vidt.

The positive constant ¢ > 0 controls the wvolatility disagreement in our model since the difference in
investors’ subjective variance expectations is given by El [dV;] — Ef [dV] = 5‘/;dt. This specification

implies that each i-type investor, ¢ = h, £, perceives the fundamental variance as

where kj, = k—0/2, ky = k+0/2, and V; = Vk/k; are positive constants and w} is a standard Brownian
motion under the i-type investor’s subjective probability measure P!, with the relations dw!, = duws; —
(1/20)8+/Vidt, and dws, = dws; + (1/20)5y/Vidt. To ensure the equilibrium stock price admits a real
solution in our model, we impose the parameter restriction of x, > /20, which also guarantees the
fundamental variance being mean-reverting under investors’ subjective expectations. Given the above
beliefs, we interpret h-type investors as high-fear investors since they have higher and more persistent
variance expectations than (-type investors, who we refer to as low-fear investorsﬂ Moreover, we
interpret the objective expectation is coming from the estimation process of an econometrician in

this economym

® Analogously, the volatility disagreement § controls the equally-weighted standard deviation of variance expec-
tations, which is equal to (§/2)Vidt. Moreover, using our equilibrium quantities of Section [3] it is easy to show the
parameter ¢ also controls the wealth-share weighted disagreement in variance expectations, which is sometimes referred
to as the “market view” (Heyerdahl-Larsen and Illeditsch| (2021))). See |Andrei, Hasler, and Jeanneret| (2019b)) for a
recent work that models the forecast dispersion as a square root process.

6As highlighted in Introduction, our terminology for high- and low-fear is motivated by the CBOE’s volatility
index, VIX, being commonly referred to as “fear index” in financial press and industry. Our modeling of volatility
disagreement with high- and low-fear investors is also akin to the settings with persistently optimistic and pessimistic
investors that is commonly employed in growth rate disagreement models (e.g., Detemple and Murthy| (1994)), Basak
(2000), Buraschi and Jiltsov| (2006), |Garleanu, Panageas, and Zheng| (2023))). See, also |Andrei, Carlin, and Hasler
(2019al) for a model in which two investors disagree about a persistence parameter.

’Since the equally-weighted average of the subjective variance expectations coincides with the econometrician’s
expectation, there is no volatility bias at the aggregate level in our baseline specification. However, in Section [6] we
extend our model to allow for asymmetric beliefs around the objective one, generating an aggregate volatility bias.



2.2.1 Discussion on Modeling Volatility Expectations

It is important to note that our specification of investors’ beliefs about future volatility is consistent
with the classic argument of Merton, (1980). This argument claims that, when a given variable can be
observed with sufficiently high frequency, the second-moment of that variable can be estimated more
accurately than its first-moment. In line with this argument, investors in our model can perfectly
estimate, and hence do not disagree on, the current level of the fundamental variance V;. However,
they disagree on the expectation (i.e., the conditional first-moment) of future variance, since, as

claimed above, it is more difficult to precisely estimate such a quantity.

Our choice of modeling disagreement about future volatility is also consistent with survey evi-
dence. For instance, in a survey of chief financial officers (CFOs) in U.S. corporations, Graham and
Harvey (2001) document a cross-sectional average dispersion for the volatility expectations on the
next year S&P 500 returns to be 4.6%. Similar findings of volatility disagreement are also present in

Amromin and Sharpe (2014]) and Kaplanski et al.| (2016), who employ different survey data.

The disagreement in our model is proportional to the fundamental variance in order to capture
that more uncertainty amplifies disagreement. This is economically meaningful and also in line with
the findings in Ben-David, Graham, and Harvey| (2013), who document that investors’ expectations
widen in periods of increased contemporaneous volatility. One could plausibly entertain alternative
formulations of volatility expectations and still be in line with the evidence. For instance, a more
general non-symmetric beliefs could be modeled as E! [dV;] = E,[dVi] + (! 4 3V;)dt for i = h, !
such that o # of, or f" # B°. Alternatively, one could also consider extrapolative beliefs driven
by past variance shocks to introduce slow-moving average expectations as in |Lochstoer and Muir
(2022). These alternative considerations typically lead to additional state variables in equilibrium
and complicates the analysis. In this paper, we abstract away from these more complicated settings to

focus on the equilibrium implications of volatility disagreement and trading in a simpler framework.

Regarding the source of disagreement, one plausible economic channel is that investors employ
different models to estimate future volatility. Moreover, investors may utilize data from different
sample periods or at different frequencies. An alternative source of different volatility expectations
could be related to behavioral biases, such as overconfidence and miscalibration. For instance, Ben-
David, Graham, and Harvey| (2013) show that CFOs in their survey overestimate the precision of their
own forecasts and underestimate the variance of risky processes. In particular, they find the average
volatility expectation to be around 7%, a much lower value than the historical realized volatility,
which suggests a downward volatility bias on average, a finding also supported by Barrero (2022)
and [Boutros et al] (2024). To incorporate this behavior in our model, in Section [6| we generalize our

setting allowing for an aggregate volatility bias.



2.3 Investors’ Preferences and Optimization

Each investor is initially endowed with the same number of stock shares and no bonds, and no
variance swap contracts, so that their initial wealth is the same across types, Wyo = Wy = W.
At each point in time ¢, i-type investor, i = h, ¥, chooses an admissible dynamic portfolio strategy,
defined by the number of bonds «;;, the number of shares in the stock v;;, and the number of variance
swap contracts 0 to hold, so as to maximize her logarithmic preferences defined over the value of
her wealth at the horizon date T,

max  E'[In W],
{as i}

subject to her dynamic budget constraint
dWis = audZ; 4 Vyd Sy + 05 (vedt 4 dvy — ydt) (3)

where E’ denotes the expectation under the i-type investor’s subjective probability measure Pi.
According to (3]), an investor’s wealth evolves over time depending on the returns on her portfolio
holdings, including the variance swaps. In particular, a positive (negative) 6 indicates that the

investor is long (short) in the variance swap contract at time ¢, thus, she is a volatility buyer (seller).

3 Stock Market

In this section, we study the equilibrium properties of the stock market. As novel predictions, we
find that on average higher volatility disagreement leads to lower stock market valuation but higher

and more volatile stock return variance.

Equilibrium in our economy with volatility disagreement is defined in a standard way. The
economy is said to be in equilibrium if the stock price S;, the variance swap rate y;, and each i-
type investor’s, ¢ = h, ¢, consumption W;r and portfolio strategies (v, ¥y, 0;) are such that (i) all
investors choose their optimal consumption and portfolio strategies given prices and beliefs, (ii) the
goods market clear at time T', Wyr + Wy = Dy, (iii) the bond, the stock, and the variance swap

market clear at all times t € [0, 7], apt + g = 0, Yy + g = 1, and Oy + 04 = 0, respectively.

8In our setting, the fact that consumption occurs only at time T allows variance shocks to be priced even with
time-separable preferences. This is in contrast to settings with intertemporal consumption in which variance shocks are
not priced unless one considers more complex time-inseparable preferences (e.g., Bansal and Yaron|(2004)). Solving a
model with a stochastic volatility and volatility disagreement in a heterogeneous agent setting is a more challenging
task under time-inseparable preferences, and is beyond the scope of this paper. As we will show, our setting leads to
tractable closed-from solutions for all our economic quantities in equilibrium. Other dynamic asset pricing models with
no intertemporal consumption include [Kogan et al.| (2006), [Pastor and Veronesi| (2012)), Basak and Pavlova; (2013)),
and |Buffa and Hodor| (2023).
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The availability of a volatility derivative at each point in time makes financial markets dynamically
complete. This implies the existence of a unique state price density, which allows us to employ
standard martingale methods (Karatzas, Lehoczky, and Shreve (1987), Cox and Huang| (1989)) to
solve each investor’s optimization problem and apply market clearing conditions to obtain equilibrium
quantities. The equilibrium is characterized by two state variables: the exogenous fundamental
variance V;, and the endogenous wealth-share of the high-fear investors w, = Wy, /(Wp + Wy).
In our analysis, we are interested in how economic quantities behave on average so that they can
be more easily mapped into empirical predictions, and compared with existing evidence. To this
end, we primarily focus on the state in which these state variables are at their respective long-run
means, V; = V and w; = W, capturing the average state in our economy, and we refer to it as the
“steady state.” Moreover, to appreciate the equilibrium implications of volatility disagreement, we will
often make comparisons with the equilibrium in an otherwise identical economy where all investors
are either high-fear, low-fear, or have the same unbiased variance expectations. These benchmark

economies arise as special cases in our model by setting w; = 1, w, = 0, or § = 0, respectively.

3.1 Stock Price

Proposition 1 (Equilibrium stock price). The equilibrium stock price in the economy with volatil-

ity disagreement is given by

1 1

_ w(T'-1)
St = Dye e"(T—1) w,eAn(H)+Bu(t)Ve 4 (1 —wy) eAc(t)+Be(t)V2? (4)

where the wealth-share of high-fear investors w; follows
dw, = 62w, (1 — wy) (% — wi) = Vidt + 6w, (1 — wy) —/Viduon, (5)
o2 o ’

with w = 1/2 denoting its long-run mean, and the positive deterministic functions A; (t) and B; (t)
for 1 = h,t, are provided in Appendiz A. Consequently, a higher volatility disagreement ¢ leads to a

lower stock price S; at the steady state.

The equilibrium stock price in (@) can be described in three terms. The first term D,e#" = is the

r(T—t)

expected stock payoff. In the second term, e captures the stock payoft’s time discount, and the

last term captures its risk discount. The risk discount is determined by the (wealth-share) weighted

AiM)+B:(OV: - Since high-fear investors have

average of each investor’s subjective risk discount term e
higher and more persistent variance expectations than low-fear investors, they are more sensitive
to variance shocks. Thus, they have a higher subjective risk discount, i.e., Ay (t) > Ay (t) and

By (t) > By (1).

11



Stock price S;

100 90r 110

100

©

o
[oe]
o

©
o

Stock price S;
Stock price S;

e ]
o
T
@
o

80

70 1

0 0.1 0.2 0.3 0.4 0.5 0 0.005 0.01 0.015 0.02 0.025 0 0.25 0.5 0.75 1

Volatility disagreement & Fundamental variance V; ‘Wealth-share w;

Panel A. Effect of 6 Panel B. Effect of V; Panel C. Effect of w;

70

Figure 1. Stock price. These panels plot the equilibrium stock price S; against the volatility disagreement
§ when V; = V and w; = w (Panel A), against the fundamental variance V; when w; = w (Panel B), and

against the high-fear investors’ wealth-share w; when V; = V' (Panel C). The parameter values follow from
Table of Appendix C.

The wealth distribution affects the risk discount, and thus the stock price, because the differ-
ences in investors’ perceptions about future uncertainty leads to different investments in the stock
and volatility derivatives. This portfolio heterogeneity creates a room for wealth transfers such that
investors whose beliefs are more in line with realized shocks get relatively wealthier in equilibrium.
Since investors’ stock demands are functions of their wealth, as they get relatively wealthier, their
variance expectations and resulting subjective risk discounts affect the stock price more. The dy-
namics of the wealth-share in reveals that, in equilibrium, the wealth-share distribution follows a
mean-reverting process. Due to the beliefs being symmetric around the objective variance expecta-
tion, the wealth-share fluctuates around its long-run mean w = 1/2. Changes in w, crucially depend
on the volatility disagreement parameter 9, as this is the source of heterogeneity that leads investors
to hold different positions in securities. Since investors agree on cashflow shocks, the equilibrium
wealth-share distribution is only driven by the variance shocks wo; that investors disagree on, so that

following positive (negative) variance shocks, high-fear (low-fear) investors get relatively wealthier.

Proposition [I] also shows that, on average, the equilibrium stock price decreases in volatility
disagreement, as also illustrated in Figure [I A higher volatility disagreement increases the mean-
preserving spread about future volatility expectations, thus leading to high-fear (low-fear) investors
to have higher (lower) subjective risk discount. Since high-fear investors are more sensitive to risk, the
increase in their subjective risk discount is greater than the decrease in that of the low-fear investors,

leading to a reduction in the overall stock demand, and through market clearing, of its equilibrium
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price. Figure (1] illustrates that the stock price decreases also in the fundamental variance and the
wealth-share of high-fear investors/’] A higher V; leads to a more uncertain stock payoff, and thus
to greater subjective risk discount terms for both types of investors, who are now willing to hold the
stock only if its price is lower. Moreover, as w; increases, high-fear investors become more dominant

in the economy, and their relatively higher risk discount is reflected more in the stock price.

3.2 Stock Return Variance

Proposition 2 (Equilibrium stock return variance). The equilibrium stock return variance in

the economy with volatility disagreement is given by

1 2

v =Vi+ |oB; + dwy (1 — wy) (Aht_AZt)g Vi, (6)

where the wealth-share of high-fear investors w; is as in Proposition 1| and the positive processes Ay

fori=h,t, and B, are given by

eAi(D)+Bi(t)Vi

Ay = WieAnOFBLOVE 4 (1 — w,) eAe+Be(OVi?

Bt = WtAhtBh (t) + (1 - WtAht) Bg (t) . (7)

Consequently, a higher volatility disagreement § leads to a higher stock return variance vy at the

steady state.

The equilibrium stock return variance in @ consists of two terms. The first term captures the
uncertainty in stock returns due to fluctuations in the cashflow news D;. Since investors agree on
cashflow shocks, this term is simply equal to the variance of the cashflow news. The second term is
due to fluctuations in the risk discount and takes a much richer form since the overall risk discount
is driven by both the fundamental variance V; and the relative wealth distribution w; (Proposition
1). The extent to which state variables V; and w, induce fluctuations in the risk discount and make
stock returns more volatile depends on the quantities B; and Ay; — Ay, respectively. We refer to B; as
variance elasticity, since it captures the rate of decrease in the stock price following a unit increase in
Vi, ie., By = —0InS;/0V;. As shows, B, fluctuates between the (deterministic) investor-specific
variance elasticities By (t) and By(t), driving their subjective risk discounts. Whether B; is closer
to Bp(t) or to By(t) depends on the (stochastic) weight w;A;; where the function A; tells us how

much i-type investors discount future cashflow more than the average in the economy. Henceforth,

9The effects of V; and w, on the stock price can also be obtained analytically in a straightforward way using the
stock price expression . Even though Figure (1] illustrates these effects at the steady state, they are actually more
general and hold for any state. Moreover, when we plot the effects of V;, we keep the other state variable w; fixed,
and vice versa. However, as their dynamics show, these state variables are positively correlated: a positive variance
shock (dws¢ > 0) increases both V; and wy. In Appendix B, we study the effects of such “pure variance shocks.”
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Figure 2. Stock return variance. These panels plot the equilibrium stock return variance vy against
the volatility disagreement § when V; = V and w; = w (Panel A), against the fundamental variance V;

when w; = w (Panel B), and against the high-fear investors’ wealth-share w; when V; = V' (Panel C). The
parameter values follow from Table [CI|of Appendix C.

we refer to Ay as the relative risk discount of i-type investors. Since high-fear investors discount
future cashflows more heavily, it follows that A, > Ayp. Since the difference in the relative risk
discounts An; — Ay captures the rate of decrease in the stock price following a unit increase in wy,

ie, Ay — Ay = —01n S, /0wy, we refer to it as wealth-share elasticity.

Looking at the effects of volatility disagreement 9, we find that it tends to increase the equilibrium
stock return variance as highlighted in Proposition [2| and illustrated in Figure [2l This result is due
to a direct and an indirect effect reinforcing each other in equilibrium. The direct effect refers to
the fact that a higher volatility disagreement amplifies wealth transfers following variance shocks.
Thus, it increases the uncertainty about which investor type will be more dominant and have greater
impact on the stock price next period, leading to higher return volatility. The indirect effect, instead,
works through the elasticities B, and Ay, — Ag. A higher volatility disagreement means that high-fear
investors have higher and more persistent variance expectations, whereas low-fear investor have lower
and less persistent variance expectations. This implies that Ay, (t) and By, (t) increase, while Ay (t)
and By (t) decrease, leading to a higher variance and wealth-share elasticities. Therefore, by making
the stock price more sensitive to fundamental variance and wealth-share fluctuations, the indirect

effect goes in the same direction as the direct effect, overall leading to more volatile stock returns.

Figure [2] also illustrates that the stock return variance increases in the fundamental variance
V; (Panel B) and is non-monotonically related to the wealth-share of high-fear investors w; (Panel

C). The former result might seem unsurprising as it also arises in a benchmark economy without
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disagreement since more volatile cashflow news translates into a more volatile stock returns. However,
under volatility disagreement, there is a new channel through which V; amplifies the return variance
ve. A higher V; also increases the variance and wealth-share elasticities B; and Ay — Ay since, as
discussed above, high-fear investors are more sensitive to risk. Panel C, instead, shows that the
stock return variance is hump-shaped in the investors’ wealth-shares. The left (right) end-point of
the curve represents the equilibrium return variance in a benchmark economy with only low-fear
(high-fear) investors. Thus, we see that under volatility disagreement, return volatility can be much
higher than its benchmark counterparts. In particular, it reaches its highest values close to the long-
run mean of the wealth-share distribution w = 1/2, since that is when variance shocks lead to most
wealth transfers. Indeed, when the wealth distribution is extremely skewed towards one investor type,
there is less room for wealth transfers and hence less uncertainty about whose subjective variance

expectations will matter more for asset prices going forward.

3.3 Volatility of Variance

In addition to its level, the volatility of the stock return variance also plays a major role in the
volatility derivatives market. The following Proposition presents the equilibrium volatility of stock

return variance, which corresponds to the diffusion term of the process dv; = ., dt + o dwoy H

Proposition 3 (Equilibrium volatility of stock return variance). The equilibrium volatility of

stock return variance in the economy with volatility disagreement is given by

112 1
Oyt = O ‘/;/—i— |:O'Bt—|—5Wt (1 —Wt) (Aht —Agt) 0':| g W+2|:UBt+(5Wt (1 _Wt) (Aht_Aét)g
1 1
X |oopi+ow, (1 —wy) (UAht —opne +0 (1 —2wy) (Ape — Aw) ;\/ Vt) U}Vt’ (8)

where the wealth-share of high-fear investors w, is as in Proposition[l], the elasticities B, and Ap— Ay
are as in Proposition |3, and opy and opg, denoting the diffusion coefficients of the processes Ny and

By, respectively, are provided in Appendiz A.

Since the underlying “asset” of a variance swap is the stock return variance, its volatility o,
which for brevity we refer to as volatility of variance, captures the “risk” in investing in a volatility
derivative. Proposition [3|shows that the equilibrium volatility of variance takes a complex formulation

under volatility disagreement. To better understand its behavior, Figure |3| plots it against volatility

10Since the cashflow news process D; and its variance V; are uncorrelated in our model, the stock return variance
dynamics is driven only by the variance shocks ws;. Our analysis shows that our main results hold in a more general
setting when the fundamental process and its variance are negatively correlated and hold when these processes are
positively correlated, provided that such correlation is not excessively large.
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Figure 3. Volatility of stock return variance. These panels plot the equilibrium volatility of variance
oyt against the volatility disagreement 6 when V; = V and w; = W (Panel A), against the fundamental
variance V; when w; = w (Panel B), and against the high-fear investors’ wealth-share w; when V; = 1%
(Panel C). The parameter values follow from Table [C1| of Appendix C.

disagreement and the two state variables in our economy. At the steady state, the volatility of
variance is increasing in the disagreement § (Panel A) and in the fundamental variance V; (Panel
B). These effects arise due to the same economic channels affecting the equilibrium return variance
vy, and suggest that investing in volatility derivatives can become particularly risky during periods
of high disagreement and high volatility. Panel C, instead, shows that the volatility of variance is
hump-shaped in the investors’ wealth-shares. Although this is in line with the corresponding effect on
the return variance, the volatility of variance reaches its highest value when the wealth distribution

is more skewed towards the low-fear investors.

Our analysis in this section not only lays the foundation for studying the volatility derivatives
market in Section [ but it also provides significant contributions to the literature. For instance,
wealth transfers in our model arise due to volatility disagreement, and are thus driven by shocks
to the second-moment of asset returns. Therefore, the effect of wealth transfers on asset prices in
our model are new and different than those in the existing literature. Moreover, theoretical works
studying second-moment disagreement employ static settings, which limits their ability to analyze
economic quantities that are intrinsically dynamic, such as the stock return variance and volatility
of variance. Furthermore, they focus on disagreement about current realized volatility, as opposed to
future expected volatility, and find that higher disagreement leads to higher stock price, the opposite
of what we find. So, to the best of our knowledge, our findings on the effects of the volatility

disagreement on the stock price, stock return variance, and the volatility of variance are all novel.
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4 Volatility Derivatives Market

In this section, we study the equilibrium implications of our model for the volatility derivatives
market. We first demonstrate that the variance risk premium is negative on average, but it turns
positive when low-fear investors are more dominant in the economy. We show that, on average,
higher volatility disagreement increases the magnitude of the variance risk premium and the variance
swap rate. We uncover a hump-shape relation between the trading activity in the variance swaps and
volatility disagreement. Equally surprising, but consistent with empirical evidence, we also find that
investors on average trade fewer volatility derivatives in more volatile periods. Our theory is able
to reconcile the empirical finding that during market turmoils, while investors trade fewer volatility

derivatives, the variance risk premium is positive with its magnitude rising in volatility.

4.1 Variance Risk Premium

We begin our analysis of the volatility derivatives market by studying the variance risk premium
(VRP), i.e., how much investors expect to be compensated (if VRP > 0) or to give up (if VRP < 0)
to hold an asset whose payoff is positively exposed to variance shocks. Because of their different
expectations on V;, high-fear and low-fear investors have different views about future stock return
variance, and thus perceive the VRP differently. Since the VRP is not a quantity that is directly
observed in the market, it is instructive to distinguish between the objective VRP that an econo-
metrician in this economy would estimate, 7,; = E;[dv] /dt — E} [dvy] /dt, where E; denotes the
conditional expectation under the risk-neutral measure, and the subjective VRPs perceived by the
two investor types, 7, = E [dv,] /dt — E} [dv,] /dt, for i = h,{.
Proposition 4 (Equilibrium variance risk premium). The equilibrium objective variance risk
premium estimated by an econometrician in the economy with volatility disagreement is given by
1 _ 1
ot = — {O’Bt + 0wy (1 — wy) (Ape — Agp) U} \/‘7150'1,15 + (W —wy) o Viout, (9)

whereas the subjective variance risk premia perceived by high-fear and low-fear investors are given by

17 /= 1

ﬂ-lljt = — |:0'Bt + 5Wt (1 — Wt) (Aht — AKt) 0_:| ngt + 0 (1 — Wt) g %th7 (10)
1 1

'ﬂ'ﬁt = — |:UBt + 5Wt (1 — Wt) (Aht — Aft) 0_:| ngt — 5th ‘/;O”Ut) (1]_)

respectively, where the wealth-share of high-fear investors w; is as in Proposition (1], the elasticities

By and Ay — Ay are as in Proposition[d, and the volatility of variance o, is as in Proposition [3.
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To highlight the distinct behavior of the VRP under volatility disagreement, we first discuss its
behavior in a benchmark economy with only high-fear or low-fear investors. In such an economy,
homogeneous investors bear all the market risk because in equilibrium they must hold the stock
(since it is in positive net supply), but do not trade any volatility derivatives (since they are in zero
net supply). Therefore, positive variance shocks represent “bad times” as they decrease the investors’
marginal utility by reducing their wealth through stock investments. Since investors are risk-averse,
they are willing to pay a premium to hold assets that are positively exposed to variance shocks,
leading to a negative subjective VRP in equilibrium. Moreover, given that high-fear investors have
higher and more persistent variance expectations, they would be willing to pay a higher premium
to insure against variance shocks. Thus, the subjective variance risk premium would be lower in an

economy with only high-fear investors than in one with only low-fear investors, i.e., 7, < 7%, < ().

Under volatility disagreement, the equilibrium subjective variance risk premia differ from their
benchmark economy counterparts in significant ways. Heterogeneous expectations lead to trading
in volatility derivatives, where high-fear investors become volatility buyers and low-fear investors
volatility sellers. This implies that low-fear investors face variance risk not only through their long
stock positions but also through their short variance swap positions, making them require a higher
expected compensation to provide insurance against variance risk. Thus, in equilibrium their sub-
jective VRP become more negative than that in a benchmark economy, 7¢, < 7¢, < O.H In contrast,
the variance risk high-fear investors face through their long stock positions is now partially offset
by their long positions in the volatility derivative. Since they receive an insurance against variance

risk, their subjective VRP becomes less negative than that in a benchmark economy, and possibly

h

».. Therefore, the ability to trade volatility derivatives induces a “risk transfer”

positive, T < 7
from high-fear to low-fear investors, which causes the subjective VRP of low-fear investors to become

lower than that of high-fear investors, 7, < 7",

More formally, the subjective VRP expressions in and exhibit the standard “price of
risk times quantity of risk” form that comes from the covariance between the equilibrium subjective
state price densities and the variance swap payoff. The quantity of variance risk is captured by
the volatility of variance o,, discussed in Section [3] whereas terms that multiply it constitute the

subjective market prices of variance risk.

The subjective market price of variance risk, and hence the associated VRP, are driven by two

economically distinct components: a hedging component and a speculative component. The hedging

UTn the benchmark economy with only i-type investors, the subjective VRP is given by 7!, =
—0?B; (t) [1 + 02B? ()| Vi.

12We note that due to their short volatility positions, low-fear investors’ subjective VRP (with opposite sign)
corresponds to their “expected profit” from selling an additional volatility derivative rather than the premium they
would be willing to pay to insure against variance shocks.

18



component of the VRP, corresponding to the common first term in and , reflects the investors’
desire to hedge stock price fluctuations that are driven by variance shocks. The ensuing demand for
variance swaps, enabling the hedging, creates price pressure that, in equilibrium, leads to a negative
hedging component. In particular, the square bracket in and shows more explicitly that
there are two hedging motives: one is related to fluctuations in the fundamental variance V;, the
other to fluctuations in the wealth-share w;, both of which contribute to the uncertainty in the stock

price (Proposition [I).

In contrast, the speculative component of the VRP, corresponding to the second term in and
, differs across high-fear and low-fear investors, as it reflects the opposite positions that they take
in the variance swaps. In particular, the desire of the investors to speculate on their beliefs—that
is, for high-fear investors to hold long positions in the variance swaps, and for low-fear investors to
hold short positions—makes the volatility derivative “over-valued” from the perspective of low-fear
investors and “under-valued” from the perspective of high-fear investors. So the positive speculative
component in captures the perceived undervaluation induced by low-fear investors, whereas the
negative speculative component in captures the perceived overvaluation induced by high-fear
investors. Proposition [4] also reveals that the sizes of the perceived misvaluations are proportional
to the wealth-share of the investors causing them, i.e., (1 — w;) for the perceived undervaluation in
and w; for the perceived overvaluation in ((11)).

The objective VRP in @ is the variance risk premium measured by an econometrician in this
economy and turns out to be the simple average of the two subjective onesE Therefore, while the
hedging component remains the same, the speculative component can become positive or negative
depending on which investor type has a stronger price impact. Indeed, the second term in @ shows
that when the wealth-share of high-fear investors is higher than that of low-fear investors, w; > w,
the VRP becomes more negative; when, instead, w; < w, it becomes less negative, and possibly

positive. The following corollary formalizes this key finding.

Corollary 1 (Positive variance risk premium). If volatility disagreement is sufficiently high,
0 > 0%, the objective variance risk premium becomes positive, m,; > 0, when the wealth-share of

high-fear investors is sufficiently low, w, < w; < w, where

eAe(t)+Bz(t)‘/t ((5W _ Ung (t))
eAn+Ba(Ve (5 (1 — W) + 02B), (1)) + eAO+BOV: (6w — 02 B, ()’

(12)

* __
W, =

and 0* is provided in Appendiz A.

13To be more precise, the objective VRP is the weighted average of the subjective VRP of high- and low-fear
investors, where the weights are given by w and 1 —w, respectively. Since in our baseline setting w = 1/2, the weighted
average becomes a simple average.
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Figure 4. Variance risk premium. These panels plot the equilibrium variance risk premium against
the volatility disagreement § when V; = V and w; = w (Panel A), against the fundamental variance V;

when w; = w (Panel B), and against the high-fear investors’ wealth-share w; when V; = V' (Panel C). The
solid blue lines represent the variance risk premium m,; estimated by an econometrician, the dashed green
(dash-dotted red) lines represent the variance risk premium perceived by the high-fear (low-fear) investor.
The parameter values follow from Table of Appendix C.

The fact that the objective VRP can become positive, which is consistent with the empirical
evidence, is intriguing and somewhat puzzling as it tell us that in some states an econometrician
may estimate a positive expected compensation for holding an asset that is positively exposed to
variance risk. The intuition for this counter-intuitive result is as follows. Since low-fear investors
underestimate future fundamental variance, it means that they overestimate the expected returns
that they would make by selling variance swaps. As they become more dominant in the economy,
the supply of variance swaps increases while its demand decreases, hence the expected return of
providing volatility insurance must go down for the derivatives market to clear. Therefore, when w;
is sufficiently low, the underestimation of future risk by low-fear investors can make their expected
returns negative from the perspective of an econometrician. So, although low-fear investors always
expect to “make money” from their derivative positions, when they hold most of the wealth in the
economy, the variance swap rate they agree to receive becomes lower than the objective expected

future variance, resulting in a positive VRP.

Figure [4] shows that, at the steady state, the objective VRP is negative, and its magnitude
increases with the volatility disagreement ¢ (Panel A) and the fundamental variance V; (Panel B).
These effects come from the hedging component of the VRP since at the steady state (w; = w) the

perceived misvaluations of the two investor types fully offset each other. As § or V; increases, the stock
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price becomes more volatile, thus intensifying the investors’ desire to hedge against stock market
fluctuations. In order for the derivatives market to clear the VRP must become more negative.
Notably, with sufficient disagreement 0, both investor types expect to profit from their volatility
trading, as illustrated by the subjective VRP of high-fear investors (green dashed line) being positive
and the subjective VRP of low-fear investors (red dot-dashed line) being negative. Finally, Panel
C graphically shows that the objective VRP, despite being negative at the steady state, becomes

positive when low-fear investors become sufficiently wealthy, as discussed earlier.

4.2 Variance Swap Rate

We next investigate the price that volatility buyers agree to pay to volatility sellers for swap contracts.

Proposition 5 (Equilibrium variance swap rate). The equilibrium variance swap rate in the

economy with volatility disagreement is given by

Y = Uy + Hot — Tot, (13)

where the stock return variance vy is as in Proposition [3, the variance risk premium m, is as in

Proposition[f], and the mean change of the stock return variance . is provided in Appendiz A.

In our model, the equilibrium variance swap rate is determined by market clearing, i.e., it is the
rate that makes volatility buyers’ demand coincides with volatility sellers’ supply in the volatility
derivatives market. Naturally, it also satisfies a standard no-arbitrage condition, which makes it
equal to the risk-neutral expectation of the future stock return VarianceE To better understand
the equilibrium behavior of the variance swap rate, we plot it along with the future return variance
expectations vy + E! [dv,] /dt in Figure |5l At the steady state, the variance swap rate is positively
related to the volatility disagreement § (Panel A) and the fundamental variance V; (Panel B). These
effects arise because a higher 9 or V; leads to an increase not only in the current stock return variance
(Figure[2)) but also in the expected future variance. Therefore, for the derivatives market to clear, and
for the trading in the variance swap contract to occur, the variance swap rate must go up. In addition,
as discussed above, an increase in either quantity also leads to a more negative VRP, causing the
variance swap rate (blue solid line) to further increase above the objective expected future variance
v + pur (black dotted line).

Figure [5] also shows that the variance swap rate is hump-shaped in the investors’ wealth shares

(Panel C). This non-monotonicity comes from the corresponding hump-shaped behavior of the ex-

14To see this, note that the sum of first two terms in is the (objective) expectation of the future return variance
vt + B¢ [dvy] /dt. Subtracting the variance risk premium yields the risk-neutral expectation y; = vy + Ef [dvy] /dt. We
note that since volatility is not a traded asset .+ — 7, does not need to coincide with rv;.
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Figure 5. Variance swap rate. These panels plot the equilibrium variance swap rate y, and the expected
future variance vy + E! [dv] /dt against the volatility disagreement § when V; = V and w; = w (Panel A),
against the fundamental variance V; when w, = w (Panel B), and against the high-fear investors’ wealth-
share w; when V; = V (Panel C). The dotted black lines represent the future variance estimated by an
econometrician, the dashed green (dash-dotted red) lines represent the future variance perceived by the
high-fear (low-fear) investor. The parameter values follow from Table of Appendix C.

pected future variance. Moreover, Panel C also reveals that as high-fear, or low-fear, investors become
more dominant in the economy, the variance swap rate converges to their subjective future variance
expectations. In particular, when most of the wealth is held by the group of investors that who
underestimate the future variance (i.e., low-fear investors), they trade at a swap rate which is lower

than the objective expected future variance (leading to a positive VRP, as discussed above).

4.3 Variance Swap Holdings

Having established the key properties of the “price” that facilitate investors’ trading in variance

swaps, we next study their equilibrium holdings in these derivatives contracts.

Proposition 6 (Equilibrium variance swap holdings). The equilibrium variance swap holdings

in the economy with volatility disagreement are given by

11
Oy = 3wy (1 — W) =—S/Vi, O = —One, (14)

O Oyt

where the stock price S; and the wealth-share of high-fear investors w; are as in Proposition |1 and

the volatility of variance o, is as in Proposition [3

22



In a benchmark economy with homogeneous investors, despite their desire to hedge against vari-
ance risk, variance swaps are not traded in equilibrium. This is not the case with volatility dis-
agreement. As Proposition [6] demonstrates, investors trade volatility by holding opposite positions
in variance swap contracts, with high-fear investors become volatility buyers, 8;; > 0, and low-fear
investors becoming volatility sellers, 6, < OE High-fear investors’ holdings 6y, also coincide with
the total number of long positions in the variance swap contract (i.e., the open interest) at time ¢,

and since these derivatives are renewed at each time ¢, it also captures the volatility trading activity.

In our model, due to the investors’ logarithmic preferences, the equilibrium portfolio holdings ad-
mit the standard (multivariate) mean-variance efficient portfolio representation, 6;,/W; = 3, 17rf;
Therefore, the variance swap holdings are pinned down not only by the risk and return attributes of

i

v, but also

the variance swap contracts, i.e., the volatility of variance o,; and the subjective VRP 7
by their covariance with the stock returns. As discussed above, volatility derivatives have a dual role,
since they allow investors to hedge their stock positions, and to speculate on their different volatility
expectations. So, to shed light on these two roles, we decompose the investors’ variance swap holdings

(14)) into a hedging component 6% and a speculative component 6%, such that 0;; = 0 + 03

To identify the speculative component, we consider a fictitious (measure-zero) investor who has
the same beliefs and preferences as the i-type investors but can only invest in the riskless bond and the
volatility derivatives. Since such an investor does not hold any stock positions, by construction, her
volatility derivative holdings do not have a hedging component and thus reflect only the speculative
one. It is easy to show that the variance swap holdings of this investor are given by the (univariate)

7

mean-variance efficient portfolio 05 /Wy, = o2,

thus driven solely by the volatility derivative’s
subjective risk premium and variance. Subtracting the speculative components of high- and low-fear

investors from their respective variance swap holdings in yields the hedging components

By + 6wy (1 — Ap — Ay &
9}1;:0 y + 0wy ( UWt)( ht o) S Vow,S,.
vt
By + dwy (1 — Ap — Ay L
o — 7 L+ ow ( UWt)( n—Nat) Vil —wi) S
vt

15Tn our model, investors are either volatility buyers or sellers at all times, which is consistent with the evidence in
Cheng| (2019)), who finds systematic patterns for what type of investors are long or short in the volatility derivative
(VIX futures) market. In particular, |Cheng (2019) documents that in recent times, systematically, dealers and asset
managers have long positions, while hedge funds have short positions in the volatility derivative market. Thus, given
this evidence, one could interpret high-fear investors in our model as mutual fund managers who are worried about the
volatility risk inherent in their long stock positions and low-fear investors as hedge fund managers, who short volatility
derivatives to profit from variance risk premium being negative on average.

16Tn this representation, ;; is the i-type investors’ portfolio vector (in terms of dollars invested in the stock and
numbers of volatility derivative contracts), 7! is the vector of subjective risk premia on the stock and the variance
swap, and X; is the variance covariance matrix of all security returns.
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Figure 6. Variance swap holdings. The top panels plot the equilibrium variance swap holdings of
high-fear investor against the volatility disagreement § when V; = V and w; = w (Panel A), against the
fundamental variance V; when w, = w (Panel B), and against the high-fear investors’ wealth-share w; when
V; = V (Panel C). The bottom panels plot the equilibrium variance swap holdings of low-fear investor against
the same quantities. The solid blue lines represent the total holdings, the dashed (dash-dotted) black lines
represent the hedging (speculative) part of the total holdings. The parameter values follow from Table

of Appendix C.

Figure [0] illustrates the equilibrium behavior of investors’ total variance swap holdings, including
their hedging and speculative components. Panel A reveals a notable, and perhaps unexpected,
hump-shaped relation between the volatility disagreement and the variance swap open interest, which

seem to be driven mostly by the speculative component. This non-monotonic relation occurs because
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of two opposing effects that disagreement induces, and can be described in terms of the mean-
variance portfolio structure. First, a higher disagreement increases investors’ expected profits from
trading variance swap contracts by increasing the magnitude of their subjective VRP (see Figure {4]).
Therefore, everything else equal, this effect leads to larger variance swap holdings in equilibrium.
Second, a higher disagreement increases the riskiness of the variance swap contracts (o,; goes up),
and it does so in a convex way (see Figure , leading to smaller variance swap holdings. For low
levels of disagreement, the former effect dominates, inducing a positive relation between volatility
disagreement and the variance swap open interest. However, for high levels of disagreement, the
relation inverts because the variance swap becomes too risky (the effect of volatility of variance
dominates)["]

Figure [0 Panel B, depicts another notable result: at the steady state, the variance swap open
interest decreases with the fundamental variance V;. This negative relation might seem puzzling at
first as it implies that, on average, investors hold and trade less volatility derivatives in high volatility
periods, during which arguably there is more volatility risk to be hedged. This effect can be explained
by the sharp increase in the riskiness of variance swaps that happens during these periods, inducing
the investors to trade less derivatives. Figure [3|indeed shows that the volatility of the swap contract
o heightens in volatile times. In line with this intuition, our analysis confirms that if we were to
shut down the volatility of variance channel, we would obtain a positive relation between 65, and
Vi, suggesting that investors would trade more volatility derivatives in more volatile times if their

riskiness were to remain the same.

All panels in Figure [6] show that the hedging components of the variance swap holdings are
positive for both investor types. This is not surprising since both high- and low-fear investors have
long stock positions, which are negatively impacted by variance shocks. Panel C and F show the
hedging component tend to increase with the investor’s wealth-shares, to then decreases when they
hold almost all the wealth in the economy. Intuitively, as investors get wealthier, they increase their
stock positions, and consequently their hedging demand. However, once they hold most of the wealth,
the effective heterogeneity and the resulting wealth transfers diminish, reducing the hedging needs.
Moreover, since both high- and low-fear investors have positive hedging demands, the magnitude of

the speculative component of high-fear investors is lower than that of low-fear investors.

1"We note that the hump-shape relation is not due to the investors wealth levels W;;. As investors get wealthier,
they invest more in the stock, which increases their exposure to variance risk. Therefore, they increase their variance
swap holdings without affecting the hump-shaped relation. Indeed, we obtain a similar hump-shaped relation when
considering the fraction of wealth invested in the variance swap contracts, 6;1/Wi;.
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4.4 Discussion of Key Predictions

It is worth at this point to highlight several noteworthy contributions of our analysis in this section.
To the best of our knowledge, our implications for the effects of volatility disagreement on the variance
risk premium, variance swap rate, and volatility derivative holdings are all novel. Importantly, the
economics around the variance risk premium in our model significantly differs from those in the
existing literature, which are predominantly based on representative agent settings, and thus unable
to generate our “risk transfer” and “expected profit” effects (e.g., Bollerslev, Tauchen, and Zhou
(2009), Drechsler and Yaron| (2011), Eraker and Wu (2017), |Atmaz (2022)), Lochstoer and Muir
(2022)). Furthermore, several key implications of our model are supported by existing empirical
evidence. For example, the variance risk premium being negative on average is well-documented
(e.g., Bakshi and Kapadia) (2003), [Bollerslev, Tauchen, and Zhou (2009)), [Carr and Wul (2009))[®] Our
finding that variance risk premium becomes more negative with higher uncertainty is also consistent
with observed patterns (e.g., Barras and Malkhozov]| (2016))).

Our model also reconciles an otherwise puzzling empirical evidence in |Cheng] (2019), which finds
that spikes in market volatility is accompanied with reductions in volatility derivative holdings.
Moreover, (Cheng (2019, 2020)) find that during periods of heightened volatility and market turmoils,
the variance risk premium is largely positive, its magnitude rises in volatility, and investors trade fewer
volatility derivatives. Our model is able to reconcile these patterns jointly by demonstrating that these
are likely to occur when the market is dominated by investors who underestimate future volatility.
To further zoom in on this phenomena, Table[I| reports key economic quantities, focusing on the case
in which low-fear investors are more dominant in the economy (w; = 0.25). It shows that when the
uncertainty increases, the stock price goes down, and stock return volatility increases, as typically
occurs during market turmoils. Since the market is dominated by investors who underestimate future
volatility, the variance swap rate (VSR) becomes much lower than the expected future variance (EV),
generating a larger positive VRP. Notably, the last column shows that periods with larger positive

VRP also coincide with periods of low volatility trading, consistent with the documented behavior.

According to our model prediction, for the VRP to turn positive, low-fear investors must become
sufficiently dominant in the economy. This means that before observing the VRP turning sign, the
economy must have experienced a sequence of negative variance shocks, giving rise to a sufficiently
long period of low volatility in the market. This additional prediction of our theory is in line with
extended “calm” periods preceding two of the most notable times in which the VRP has turned
positive, the 2008 financial crises and the 2020 Covid-19 pandemic. The rapid surge in volatility
associated with the outset of these events has led the positive VRP to spike (Cheng (2019, 2020)),

as our theory predicts.

18Choi, Mueller, and Vedolin| (2017) reports a similar negative VRP for the bond market.
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Table 1. Effects of heightened volatility when low-fear investors are dominant. This table reports
the equilibrium quantities when the economy is dominated by low-fear investors, w; = 0.25, by varying the
fundamental variance V; from its long-run mean V to its value that is 6 standard deviation (st.d.) higher
than its mean. The stock return volatility /v;, the expected variance (EV) vg + juy¢, and the variance swap
rate (VSR) y; are in annualized percentage points; the variance risk premium (VRP) 7, is in annualized
percentage squared (basis) points. All other parameter values are as in Table

Variance Stock Price Volatility EV VSR VRP Ol
Vi S} NGH Ut + ot Yt Tt One

1% 92.82 14.03 2.25 2.10 15 786

V +1 x st.d. 90.23 18.63 3.49 3.17 31 571
V +2 x st.d. 87.68 22.72 4.82 4.29 53 425
V +4 x st.d. 82.70 30.38 7.58 6.50 108 251
V +6 x st.d. 77.88 37.89 9.91 8.20 170 159

5 Cross-Market Comovement

In our model, investors’ portfolios consist of two risky securities: the stock and the variance swap. It
is interesting to see how the returns of these securities comove. To this end, we study the equilibrium
correlation between stock and variance swap returns, which we denote by p;. Since variance swap
returns are given by vdt + dvy — y,dt, this correlation coincides with Corry [dS;/ Sy, dvy] /dt, i.e., the
correlation between stock returns and changes in the stock return variance. Following an established
empirical literature, when this correlation is negative—a robust feature of the data—we refer to it as

the “leverage effect.’m Proposition (7| presents the equilibrium leverage effect in our economy.

Proposition 7 (Equilibrium leverage effect). The equilibrium leverage effect in the economy with
volatility disagreement is given by
= O'QBt + (SWt (1 - Wt) (Aht - Agt)
t — T ’
\/0'2 + [O'QBt + 5Wt (1 — Wt) (Aht — Aft)]2

(15)

where the wealth-share of high-fear investors w, is as in Proposz'tion the elasticities By and Aps— Ay
are as in Proposition[3. Consequently, a higher volatility disagreement § leads to a stronger leverage

effect p; at the steady state.

9This terminology stems from the fact that due to financial leverage, a decline in the stock price leads to a
higher debt-to-equity ratio and consequently to an increase in the stock volatility (e.g., Black| (1976)), (Christie| (1982)).
More recent works on the leverage effect include [Bandi and Reno) (2012)), |Alt-Sahalia, Fan, and Li| (2013)), |Andersen,
Bondarenko, and Gonzalez-Perez (2015)), [Hu, Jacobs, and Seo| (2022). The negative correlation between the stock
returns and changes in stock return variance is sometimes also referred to as the “volatility feedback effect” (e.g.,
French, Schwert, and Stambaugh! (1987)), (Campbell and Hentschel| (1992)).
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Figure 7. Leverage effect. These panels plot the equilibrium leverage effect p; against the volatility

disagreement § when V; = V and w; = w (Panel A), against the fundamental variance V; when w; = w
(Panel B), and against the high-fear investors’ wealth-share w; when V; = V (Panel C). The parameter
values follow from Table [CT] of Appendix C.

In our model, the leverage effect arises in equilibrium because a positive variance shock decreases
the stock price, while increasing the stock return variance. Therefore, such shock leads to a negative
stock return and a positive variance swap return. The magnitude of the leverage effect is determined
by the sensitivity of stock returns to variance shocks, which is driven by V; and w; along with their
elasticities B; and Ay, — Ay. Due to the stochastic nature of these quantities, the leverage effect
becomes time-varying under volatility disagreement. Therefore, one of our key contributions here is
to complement the existing vast literature on the leverage effect by identifying investors’ volatility

disagreement as one of its economic determinant and a source of time-variation.

As highlighted in Proposition[7]and illustrated in Figure[7], Panel A, we find that a higher volatility
disagreement § is associated with a stronger leverage effect. This result is due to amplified wealth
transfers and elasticities, as discussed in detail in the context of Proposition [2| Figure [7] Panel B,
shows that the leverage effect becomes stronger during high volatility periods, consistent with the
empirical evidence in Bandi and Reno (2012) and |Andersen, Bondarenko, and Gonzalez-Perez (2015)).
In contrast, in a benchmark economy with only i-type investors, the leverage effect is deterministic
and does not vary with the fundamental variance V,;.@ This difference arises because, under volatility
disagreement, V; amplifies the return variance v; by increasing the elasticities B; and Ap; — Ay, since

high-fear investors are more risk-sensitive than low-fear investors.

20When only i-type investors are present in the economy, the leverage effect is given by p; =

—02B; (t) /\/0? + [02B; (t)]°, which is obtained from by setting wy to 1 or 0.
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Figure [7| also illustrates that the leverage effect is non-monotonically related to the wealth share
of high-fear investors w;. The left (right) end-point of the curve in Panel C is the leverage effect in the
benchmark economy with only low-fear (high-fear) investors. Therefore, the leverage effect becomes
stronger under volatility disagreement when there is a large dispersion in investors’ wealth. Indeed,
when w; is around w = 0.5, positive variance shocks lead to larger wealth transfers to high-fear
investors, and hence larger decline in the stock price and larger increase in the stock return variance.
We also note that the magnitude of the leverage effect for our baseline calibration is consistent with
its empirical estimates, which are typically found to be within the range of —0.50 to —0.90 (e.g.,
Broadie, Chernov, and Johannes (2009), |Ait-Sahalia, Fan, and Li (2013), |Andersen, Bondarenko,
and Gonzalez-Perez| (2015)).

6 Aggregate Volatility Bias

Thus far we have studied an economy in which investors’ subjective variance expectations were
symmetric around the objective one. This setting was sufficient to demonstrate our key insights on
the effects of volatility disagreement. In this section, we extend our model by considering asymmetric

subjective variance expectations to study the implications of an aggregate volatility bias.

We introduce the aggregate volatility bias into our framework in a straightforward manner. Specif-
ically, we modify investors’ subjective variance expectations in Section by adding a common

component to both investor types:
E} [dVi] = B, [dVi] + (8 + 30) Vidt, Ef [dVi] = B, [dVi] + (8 — 30) Vid.

Under this more general specification, the constant  controls the aggregate volatility bias in the
economy. When the bias is absent (8 = 0) we revert to our baseline economy characterized by
only volatility disagreement. To ensure that, as in our main economy, high-fear (low-fear) investors’
volatility expectations are higher (lower) than the objective one, we impose the parameter restriction
of =6/2 < p < 4§/ QE-] With this generalization, in addition to the volatility disagreement, our model
can also address the documented average bias in variance expectations in surveys (e.g., Graham
and Harvey| (2001), |Ben-David, Graham, and Harvey| (2013), |Amromin and Sharpe| (2014]), Barrero
(2022)), Boutros et al| (2024)), as also discussed in Section [2.2.1] The next proposition characterizes

the equilibrium in our extended economy.

21The parameter restriction ensuring that the equilibrium stock price admits a real solution now becomes x —

(B+68/2) > V20.
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Proposition 8 (Equilibrium with aggregate volatility bias). The equilibrium in the economy
with volatility disagreement and aggregate volatility bias is characterized as in our baseline economy
where the perceived persistencies of variance shocks k; are reduced by (3, and the wealth-share’s long-

run mean W is reduced by [3/0.

Proposition |8 confirms that in the economy with volatility disagreement and bias, the equilibrium
quantities have similar structures to those in our baseline economy with only disagreement. The key
difference between the two settings is captured by the equilibrium long-run mean of the high-fear
investors’ wealth share, which becomes lower with a positive aggregate bias, and higher with a
negative bias. For instance, when 5 < 0, high-fear investors’ wealth is on average higher than that
of low-fear investors’ This finding is intuitive since high-fear investors’ beliefs are relatively more
accurate under a downward bias, as a consequence, they accumulate more wealth on average.@ We

next investigate how the aggregate volatility bias affects the stock market.

Proposition 9 (Aggregate volatility bias and the stock market). A larger aggregate volatility
bias B leads to: (i) a lower stock price Sy, (ii) a higher stock return variance vy, and (iii) a stronger

leverage effect p;.

Proposition [J] reveals that similar to the effects of volatility disagreement, a larger aggregate
volatility bias leads to a lower stock price, a higher stock return variance, and a stronger leverage
effect. However, the underlying mechanisms of volatility disagreement and volatility bias are notably
different. As volatility disagreement increases, implying a higher mean-preserving spread between
the investors’ subjective expectations, high-fear investors’ risk discount gets larger, whereas that
of low-fear investors gets smaller (Section . However, as the aggregate volatility bias grows, all
investors perceive the future variance to be higher and more persistent, increasing the risk discounts
of both investor typesﬁ Perceiving the future cashflow as riskier, both investor types are less willing
to hold the stock, thus driving its equilibrium price down. Higher volatility expectations also make
the stock price more sensitive to variance shocks, thus causing stock returns to become more volatile

and the leverage effect stronger.

We conclude this section by discussing the effects of the aggregate volatility bias on the volatility
derivatives market. Our findings are illustrated in Figure[8] As the aggregate volatility bias increases,

the objective VRP decreases, the subjective VRP perceived by high-fear (low-fear) investors increases

22This behavior is consistent with the survival effects demonstrated in the literature (e.g., Kogan et al.| (2006)), Yan
(2008)). For instance, in the polar case of 8 = §/2 (8 = —0/2), low-fear (high-fear) investors have correct beliefs and
thus would dominate the economy eventually for a sufficiently large horizon T' (i.e., their wealth-shares converges to
unity in the long run). In all other relevant cases of our model, —§/2 < 8 < §/2, both types of investors have incorrect
volatility expectations, so neither of them dominates the economy in the long run.

23Gince the effect of bias 3 goes in the same direction for both investor types, the results in Proposition |§| hold for
all states, and not just the steady state.
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Figure 8. Effects of aggregate volatility bias in the volatility derivatives market. These panels
plot the effects of aggregate volatility bias 5 on the equilibrium variance risk premium m,; (Panel A), variance
swap rate y; (Panel B), and variance swap long holdings 6j; (Panel C) when V; = V and w; = 0.5. In Panel
A, the solid blue line represents the objective risk premium m,; observed by an econometrician, the dashed
green (dash-dotted red) lines represent the subjective risk premium perceived by the high-fear (low-fear)
investor. The parameter values follow from Table of Appendix C.

(decreases), and the variance swap rate increases. The (objective) expected compensation for provid-
ing insurance against variance risk increases because all investors perceive future volatility as higher.
A higher expectation of future volatility also causes the “price” of the variance swap contracts to go
up. The divergence of the subjective VRP, instead, is due to a more volatile stock return variance,

which amplifies the differences in the speculative components of these premia.

Figure |8, Panel C, shows a novel and somewhat surprising result: a higher aggregate volatility
bias leads to lower volatility derivative holdings and trade in equilibrium. This monotonic behavior
arises because the stock price becomes more sensitive to variance shocks under a larger volatility bias,
leading to a more volatile return variance o,;. Because of this increased riskiness of the swap contracts,
risk-averse investors find it optimal to hold fewer volatility derivatives in equilibrium. While, as
discussed in Section 4] a higher disagreement increases both the expected return and riskiness of the
volatility derivatives—resulting in a hump-shaped relation with their holdings—a larger volatility
bias only affects the riskiness. This finding further highlights how volatility disagreement and bias

have economically different effects on equilibrium outcomes.
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7 Conclusion

In this paper, we study the equilibrium properties of a tractable dynamic asset pricing model in
which investors with different future volatility expectations trade a riskless asset, a risky stock, and
a volatility derivative. The presence of volatility derivatives allows investors to hedge their volatility
exposures and speculate on their differing beliefs. The model delivers closed-from expressions and

generates numerous predictions for the volatility derivatives market, as well as the stock market.

We uncover that higher volatility disagreement leads, on average, to a lower stock market valu-
ation, a higher and more volatile market volatility, and a stronger leverage effect. It also leads to a
more negative variance risk premium and a higher variance swap rate. Moreover, trading activity in
volatility derivatives increases at first and then decreases with the level of disagreement. Importantly,
our model proposes a possible mechanism why the variance risk premium changes sign, highlight-
ing that this is more likely to happen when the market underestimates future volatility. Consistent
with empirical evidence, we also find that investors hold and trade fewer volatility derivatives, and
the leverage effect becomes stronger during more volatile periods. Exploring the implications of an
aggregate volatility bias in an extension of our model, we show that a larger bias tends to amplify
variance shocks, and reduces the equilibrium trading activity in volatility derivatives. To the best
of our knowledge, we are the first to incorporate volatility disagreement in a dynamic equilibrium
setting, allowing us to simultaneously reconcile the puzzling empirical evidence that during market
turmoils, the variance risk premium is positive, its magnitude rises in volatility, and investors trade

fewer volatility derivatives.
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Appendix A: Proofs

This appendix provides the proofs of all Propositions [IH9, Corollary [I, and Lemma [AT] introduced
in this Appendix. To prevent repetition, we solve the more general version of our model presented
in Section [0, which additionally features the aggregate volatility bias §. The relevant economic

quantities in our baseline economy arise as the special case when § = 0 in the following proofs.

Proof of Proposition [1I We first solve investors’ optimization problem using standard martingale
methods to determine the equilibrium in our complete market economy. Each i-type investor’s static

optimization problem, i = h, ¢, becomes

max EZ [ln WzT] s subject to EZ [ngVVzT] S gz'OWi()a (Al)
T
where &;; is the i-type investor’s subjective state price density. The consistency relation across

investors’ subjective beliefs implies &,; = L&y, where L; is the likelihood ratio process given by

dP*

o1
L= S| = o lioavuded,—} [ (53 V7a) du
P e, €

Y

with dynamics

dL
J S \/?tdw% (A.2)

The first order conditions of the static optimization problem (A.1)) gives the optimal terminal wealth
of each i-type as Wiz = \; '&;;', where the Lagrange multiplier ); solves the static budget constraint
with equality and is given by A\; ' = &oWio.

Imposing the goods market clear condition Wy + Wyr = Dr along with the consistency relation

Enr = Lp&er, leads to the h-type investor’s subjective state price density at time-T" as
&r = Dr' (A + M 'Lr). (A.3)

The subjective state price density at an earlier time ¢ < 7T is determined through the relation
Ene = " TOEM [¢,7], which yields

& =T (\EY D7 + AT'EL D7 Lr))

We use Lemma [AT]at the end of this Appendix to compute the above expectations. By taking a = —1
and b = 0 in Lemma [AT] we obtain the first expectation as

My, = Bl [D7t] = Dy e #T0e A0+ B0V
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along with its dynamics
dM
= —/Vidwr, + 0By (1) \/Videh, (A.4)
ht

and by taking a = —1 and b = 1 in Lemma [AT] we obtain the second expectation as

Mgt = E |:D 1LT:| = D;lLteilu‘(Tft)eAZ(t)+BZ(t)Vt’

along with its dynamics

d]%it = —\WViduwn, + (0*By (¢ ) \/?tdwzt, (A.5)

where the positive deterministic functions A; (¢) and B; (t) for i = h, ¢ are given by

Q/QV 27’]1;6%("31'4’7]1)(,1—'7#/) eni(T_t) —1

Ai t) = 1 5 Bz t) =2 s
) = 0 e S e — 1) 5an, 0 = 2 S e — )2,

with the positive constants x, = k — (6 + %5) ,Mh = \/K? — 202, Ky = K — (ﬁ — %6), and 7, =

\/ K2 — 202

Next, we apply Itd’s Lemma to &, = e"(T?) (/\,leht + A[lMﬁ) using (A.4)) and (A.5)), and obtain

dép oA, "My By, () + My My By (t) S\ My,
20— pdt — /Vidwy+ «/Vd A6
Ent " vt [a )\ﬁtht—F)\ZlMet Athht‘i‘)\g My | o 1 (8.6)

To express the above dynamics in terms of investors’ wealth share, we determine their wealth as

1 1
Wi = 7E? [ShTWhT] 7)\ ! Wy = 7Ef [gﬁTWZT] =

1
, YA
Ent St " &t ¢

éu

which along with the consistency relation &,; = L&y, give the wealth share of the h-type investor as

Whe PV
Wy = = , A7
T W+ Wa AT+ N (A7)
and
A LMy, A, LeArFTBatVe

M WMy + MMy A teAnO+BROVe o \TLL e Ad)+Be()Ve = Welnt,

where investors’ relative risk discount term A;; is as in @ Therefore, by also using the representation

of the stochastic variance elasticity B; in @, we simply rewrite the dynamics in (A.6) as

d 1
é’” = —rdt = \Videns + [0 B = 8 (1= w,) (1= wi (A = Aa))] Vil
t
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Matching the above dynamics to the h-type investor’s subjective dynamics d& /& = —rdt —

h h h . . . .
mY,dwiy — mg,dws,, gives her perceived market prices of risks as

1
mh, =V, mh, = — |oB, + 6wi (1 — we) (Ap — Agr) (J JVito—w)= \/?t (A.8)

Using the consistency relations between the objective measure and the h-type investor’s subjective
measure, which imply my; = m?, and mq; = mb, — (8 + §/2) v/V:/o, we obtain the market prices of

risks for the objective shocks w; and w, as

1
—— mae = — |0 By + 5w (1 — w) (Ape — ) 0} Vit 0 (5 —w) = \/E (A.9)

Moreover, applying It6’s Lemma to the wealth share (A.7) using the dynamics of L; in (A.2) gives

the subjective dynamics
th = (52Wt (]. — Wt) 7‘/tdt + 5Wt 1-— Wt \/;tdw%,

which after dwl, = dwq; — (5 + %5) 1/V,dt substituted in becomes the objective dynamics as in

with the constant long-run mean w = 1/2 — /4.

By no arbitrage, the stock price satisfies &,,S; = EJ [¢y7Dr]. Using (A3) and the martingale
property of L, under P" gives the expectation as E? (€ Dr] = Ayt + ALy Substituting the h-type
investor’s subjective state price density in terms of the wealth share

ght D @*(u r)(T—t) ()\ + )\e Lt) [ Ap(t)+Br(t)V; + (1 _Wt) eA[(t)+Bg(t)Vti|

Y

immediately gives . We also note that applying It6’s Lemma to the stock price yields the
dynamics dS;/S; = psidt + os1,dwyy + og91dwsy, where the diffusion coefficients are given by

1
o=V, S [aBt +owi (1= wy) (Ane — Ag) U] Ve (A.10)

Property that a higher volatility disagreement ¢ leads to a lower stock price at the steady state,
follows from the partial derivative of with respect to 6. This property holds if and only if
2 [eAh(t)+BfL(t)V + eA@(tHBf(t)V} > 0. Differentiating yields

0

2 [eAh(t)+Bh(t)V+eAz(t)-&-Bz(t)V} A n(t)+Bn(t) 8 [Ah( )+Bh( )V}_'_GAZ( )+Bg(t)V85

% 85 {Ae (t)+ By (t) V} :

To show this is always positive, we use the fact that the deterministic functions A; (t) and B; ()

convexly decrease in k. Since k;, < k¢, we immediately obtain e BV~ cAd®+B(OV - Moreover,
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due to convexity, we obtain % [Ah (t) + By (1) V} > |% {Ag (t) + By (t)V} | since an increase in §
means a mean-preserving spread around x — 8 for k;, and k,. That is, a higher disagreement leads

to more increases in Ay (t) and By, (t) than the decreases in Ay (t) and By (t), respectively. O

Proof of Proposition Using the diffusion coefficients in (A.10|), we immediately obtain the
equilibrium stock return variance using v, = Var; [dS;/S;] /dt = 0%, + 0%, as in (6).
Property that a higher volatility disagreement 0 leads to a higher stock return variance at the

steady state, follows from the partial derivative of @ with respect to 6. This property holds if and
only if % [UBt +0 (Ape — Ag) 5 } > 0. Differentiating yields

aa(s [aBt + 6 (A — M) 410} _ aé%Bt + (Ap = Ag) 410 +6 ((%Aht _ (%Agt> 410 (A11)
where
D eMOBOT B MR BT B oA BT
a5 " (A BAOT 4 et 307 ’
o eAh(t)+Bh(t)V% Ay(O)+B,(t)V _ eAg(t)+Bg(t)V%eAh(t)+Bh(t)V
a5 =2 [eAO+BUOT 4 a8t >V}2

As we show in the proof of Proposition , 2 {Ah (t) + By (t) V} > 2 [Ag (t) + Be (1) V}, which implies
%Aht > 0, 85Agt < 0, and thus 5Aht — %Agt > 0 in (A.11)). Next, we show the term %Bt in
(A.11)) is also positive. To see this, note that B, = w;Ap By, (t) + (1 — wiApy) Be (t) = wiAp By (t) +
(1 —wy) ApBy (t) . Thus, at the steady state

I
a5

8 0 0 0
55 Pn (1) + Mg s By () + By (t) g \ne + Be (t) 55

s ]
Since, Ay > Ay and 2 55 Bn (t) > ‘3532 )‘, we have (Aht%Bh (t) + Agt%Bg (t)) > 0. Since By, (t) >
By (t) and Aht > ’ Agt we also have (Bh (1) %Aht + By (t) %AH) > 0, proving %Bt > 0, which

along with the earlier relation %Aht — %Agt > () proves the right hand side of (A.11)) is positive. [J

Proof of Proposition [3] To determine the dynamics of the equilibrium stock return variance, we
first apply It6’s Lemma to A;; and B; using their representations in . After straightforward but
lengthy algebra, we obtain the dynamics for A;; as dA;; = pa,dt + op1dws, with the diffusion term

oan = Ai [aBi (t) — <aBt + 6w (1= wy) (Ane — M) i)] v
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and the drift term

1 2
pae = Nig |:O'Bt + 0wy (1 — wy) (Ap — Aur) U] Vi
_ 1 1
— Alt(S (W — Wt) ; [O’Bt + 5Wt (1 — Wt) (Aht — Agt) 0':| V;/
1

+ Ait (F(/i — /ﬂl) BZ (t) ‘/t — AltO'B@ (t) |:O'Bt + (SWt (1 — Wt) (Aht — A€t> 0_:| ‘/t

Similarly, we obtain the dynamics dB; = pup;dt + opg;dws;, with the diffusion term

o — (Bu (t) — By (1) (wtaAht +ow, (1— w,) A,ﬁfﬁ) ,

and the drift term

1 1
UBt = Wy (Bh (t) — Bg (t)) |:/,LAht + 60Aht (]_ — Wt) g\/?t + 52Aht (1 — Wt) (W — Wt> ;W

‘I— WtAhtBh (t) + (1 — WtAht) Bg (t) s

where B; (t) = dB; () /dt = —1 + k,B; (t) — 0B (t).
Finally, we apply [t6’s Lemma to stock return variance @ to obtain dv; = i, dt + 0,;dwsy, Where
the diffusion term as in (§8)) and the drift term

2

_ 1 —
/Lvt:/ﬁ)(v—%)“‘ |:O'Bt+5wt(1—wt) (Aht_Aft)g K(V—‘/t)
1
+ 2/.LQt |:O-Bt + 5Wt (1 — Wt) (Aht — Aft) 0':| ‘/;
1 2
+ 2000, [O'Bt + 0wy (1 — wy) (Ape — Aw) a] \/Vt + 05V (A.12)

where pg; and og; are defined as

1
0_7

1

0t = 00p + 0W; (1 — W) (UAht —onp+ 0 (1 —2w) (Ape — Age) U\/E:)
1 1

por = opipr + 0wy (1 — we) (pa,e — fagt) p + 6% w; (1 —wy) (1 — 2wy) (op,e — Oae) gw/vt

1 1
+ 83w (1 —wy) (1 —2wy) (W — wy) (Ape — Ag) ;Vt — 8w (1 - Wt)2 (Ape — Aw) gvt-
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Proof of Proposition [d} The equilibrium variance risk premium is given by the conditional covari-
ance of the state price density growth with the variance swap payoft

d. d.
thdt = —é_gt ('Utdt + dUt - ytdt) = —é_gtht = mgtamdt,

t t
which becomes (9) after substituting mo; in (A.9). Similarly, the subjective variance risk premium
of i-type investors, i = h, {, is given by 7! dt = mb,0,:dt, which becomes for high-fear investors
after substituting m? in (A.8). Moreover, using the consistency relation m5, = mb, — (6/0)\/ Vi, we
obtain for low-fear investors. O

Proof of Corollary |1, The objective variance risk premium @D becomes positive if and only if

_ 1 1
(5 (W - Wt> g > l:O'Bt + (SWt (1 — Wt) (Aht — Aét) O_:| y
under the positivity of o,;. Note that when § = 0, the above inequality never holds, implying that
VRP never becomes positive in the benchmark economy. For § > 0, after substituting investors’
relative risk discount terms A;; and the stochastic variance elasticity B; in , we see that the above

inequality holds if and only if
0> [0*By (t) + 0 (1 — )| wye OBV 152 By (1) — 5] (1 — w;) e OBV

or w; < w;, where w} is as in (12)). Note that it is also easy to show that w; < w. To ensure w; > 0,
we also need to have 0w — 0?By (t) > 0. Given that dw increases while 02 By (t) decreases in 4, there
exist a disagreement level 0* such that for § > ¢*, the last inequality holds. Moreover, 0* solves
§*W = 02By (t;0%), and a sufficient condition for this to hold for all ¢ is 6* = 2 {ﬁ — K+ \/m}

since the maximum value of 2By (t) is £ — (ﬂ — %5) — \/[/1 — (6 — %5)}2 — 2072. O

Proof of Proposition [5} By no-arbitrage, the equilibrium variance swap rate is given by equating
the risk-neutral expectation of the variance swap payoff to zero, Ef [v;dt + dvy — y,dt] = 0, which
yields after substituting Ey [dv;] = E; [dvi] — mpedt = (ppr — mor) dt, where p, is as in (A.12). O

Proof of Proposition [6} To determine the equilibrium holdings in variance swaps, we begin
with the observation that for ¢ = h, /¢, i-type investor’s discounted wealth process satisfies &;W;; =
E; [EirWir] = A ! which implies the dynamics d (§;W;;) = 0 under their subjective measure Pi.

Matching this dynamics to their discounted budget constraint

d (&Wir) = & [witStUSIt — Witmilt} dwyy + &t {wz’tStUS% + 05100 — Witmét} dw;tu
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yields the system of two equations in two unknowns, ¥;; and 6,

[witstasu - Witmit}

— O’
{witStO—S% + 010 — Witmét} =0,

where m;'-t is i-type investor’s perceived market price of risk for the Brownian motion wé, which satisfy

d&i /s = —rdt —mi,dwy; — mb,dwi,. Solving the above system of equations yields the variance swap
contract holdings 0, = Wy, [agltmgt - USthH /0s1:0u¢- Substituting (A.8]), (A.10), and W, = w5,
yields 6;; as in ([14]). ]

Proof of Proposition [7] The equilibrium leverage effect is given by

_ COVt [dSt/St, dvt] _ 052t0 vt
\/Vart [dS;/S;] \/Vart [dvy] \/oglt + 02\ /02

which immediately yields after substituting .

Property that a higher volatility disagreement ¢ leads to a stronger leverage effect at the steady
state, follows from the partial derivative of with respect to d. This property holds if and only if
% [aBt + 0 (Ape — Aw) ﬁ} > 0, which is shown to hold in the proof of Proposition . O

ptdt dt,

Proof of Proposition [8l The quantities in the economy with aggregate bias are already obtained
in the proofs of Propositions [TH7] O

Proof of Proposition @ Property (i), which states that the stock price is decreasing in aggregate
volatility bias, follows from the partial derivative of with respect to 5. This property holds
if and only if g5 [wteAh@HBh(tWt + (1 — wy) eM(tHBeWt] > 0. Since g5 [Ay, (t) + By, (t) Vi] > 0 and
% [Ay () + By (t) V] > 0, the above inequality holds.

Property (ii), which states that the stock return variance is increasing in aggregate volatility
volatility bias, follows from the partial derivative of @ with respect to 5. This property holds if and
only if Usu%O’su + O'Sgt%O'SQt > 0. Knowing that og1; = v/V; implies the first term is zero. Knowing

that %05% < 0 and og9; < 0 implies the positivity of the second term.

Property (iii), which states that the leverage effect gets stronger in volatility bias, follows from
the partial derivative of with respect to . This property holds if and only if %[OZBt +
dwy (1 —wy) (Ape — Age)] > 0. This inequality holds, since similar to the case of §, one can show
that £ B; >0 and % (Ap — Ag) > 0. O
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Lemma A1l. Let the processes D, and L; be as in and (A.2). Then, for numbers a and b, the

conditional joint moment generating function of In Dy and In Ly under P", denoted by M; (a,b), is

given by

M, (a,b) = EJ [DSL}] = Dy LyerT=0 Atad) +Bah)Ve (A.13)
with its dynamics by

dM; (a,b)

m = a\/;td(,dlt + (U B (t a, b — b(S) \/;tdwmt) (A14)

where the deterministic functions are

2T 2,76%(%+n)(T—t)
o _ 1 Al
(t;a,b) g2 ! (R +n) (en™0 — 1) + 2n’ (A.15)
(en(T—t) — 1)
e (a1 L Al
(t;a,b) ( (a—=1)+b(b—1)0 2) (R +n) (enT=t) — 1) +2n’ (4.16)

with the constantskzﬁ—l—(b—%)é—ﬂ andn:\//%Q—a(a—l)ﬁ—b(b—l)é?

Proof of Lemma We use the standard transform analysis to compute the conditional joint
moment generating function (A.13])). We first apply 1t6’s Lemma using and (A.2)) to obtain
dD¢LE

1 1 1
DgL?t _ {au +35 (a (a—1)+b(b—1) 5202) V;S:| dt + ay/Viduwy, — bég\/‘Zdet,

for numbers a and b. Next, we rewrite the process Dy L? in terms of the martingale G and the finite

variation process N by defining D¢L = G, N, with

dG
Gy

N 1 1
L ay/Vidwn — b6~ ﬁdw%, A {a# s (a (a—1)+b(b—1) 5202> Vt] dt,

Ny
which implies Ef' | D$.L}| = Ef [GrNy]. Next, we define dw$ = dwy;, — av/Vidt and dw§ = duwf, +
bd1+/Vidt with the likelihood ratio process

dP¢

— G, = oJo 0V Vadwry— [g bbo =1/ Vudwl, —3 [5 (a®+6°8%0 2 ) Vadu
dPh
t

?

and by changing the measure to P®, we obtain the required expectation as E {D%LH — D¢LYES [%} ,
where {Z = el (an+eVi)du with the constant ¢ = sla(a—1)+b(b—1)6%2. Since the dynamics
of V under measure P“ becomes a standard square-root process dV; = (/{V — F;Vt) dt + o/ Vidw§:,

where £ = Kk + (b — %) 0 — 3, using the standard moment generating function of the square-root
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process, we obtain ((A.13) where the deterministic functions solve the ODEs

d —

%A (t;a,b) = —kVB(t;a,b),

d 1

%B (t;a,b) = —c+ kB (t;a,b) — 50232 (t;a,b),

with A(T;a,b) = B(T;a,b) = 0, whose solutions are as in (A.15) and (A.16) under #* > 2co?.

The subjective dynamics of the M, (a, b) in (A.14) is obtained by applying It6’s Lemma to ((A.13])
while employing the dynamics in (1)), (), (A.2), and the ODEs above. O

Appendix B: Effects of Pure Variance Shocks

In our main analysis, when we plot the effects of fundamental variance or the wealth-share, we kept
the other state variable fixed. However, as the dynamics and show, these state variables are
positively correlated, dVidw, > 0. Thus, following a positive shock, dws;, not only the fundamental
variance increases but also the high-fear investors’ wealth-share. To better understand the effects of
such pure variance shocks, in Figure BI]we plot the equilibrium quantities by varying the wealth-share

along with the fundamental Variance.@

Figure [BI] Panel A, illustrates that the stock price is more sensitive to the pure variance shocks
than to the changes in the fundamental variance. By increasing the wealth share of the high-fear
investors w; and the fundamental variance V; simultaneously, a positive pure variance shock leads to
an economy in which high-fear investors are relatively more dominant in more volatile times. Since
these investors are more sensitive to risk, they are willing to hold stock only if its price is lower,
leading to these amplified effects. Panel B also shows that pure variance shocks lead to mostly
similar behavior for the stock return variance. However, as Panel C illustrates, a sufficiently large
pure variance shocks can lead to lower volatility of variance. This behavior arises because now a
positive shock is associated with an increase in the relative dominance of the high-fear investors,
resulting in a reduction in the “effective disagreement,” since there is less room for wealth transfers

in the future. This reduced wealth transfer risk leads to less volatile stock return variance.

We also see that, pure variance shocks lead to non-linear but mostly similar economic behaviors

for the variance risk premium and variance swap rate as depicted in our earlier Figures. That said, as

24We measure the effects of pure variance shocks as follows. Starting from steady state, V; = V and w; = 1/2,
and using the dynamics and , we obtain the changes in the state variables as dV; = V'V dwoy and dwy =
(1/4)6 (1/0) VVdwsy,. This implies a relation between these two quantities as w, = (1/2) + (1/4) 6 (1/0%) (Vi = V),
after integrating and lagging by dt. By substituting this relation into the economic quantities, and plotting them by
varying V;, we obtain the effects of pure variance shocks that we illustrate in Figure
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Figure B1. Effects of pure variance shocks. These panels plot the effects of pure variance shocks dwot
on the equilibrium stock price S; (Panel A), stock return variance v; (Panel B), volatility of variance o
(Panel C), variance risk premium m,; (Panel D), variance swap rate y; (Panel E), and variance swap long
holdings 6p; (Panel F) with dotted yellow lines. The solid blue lines represent the effects of fundamental
variance when w; = 0.5. The vertical lines represents the long-run mean of the fundamental variance V.
The parameter values follow from Table @ of Appendix C.

Panel F shows, positive pure variance shocks can lead to an increase in the variance swap holdings.
This result occurs because such a positive shock is associated with an increase in the wealth share of
the high-fear investors and decrease in the riskiness of the swap contract, o,;, as depicted in Panel

C, leading to more swap holdings for risk-averse investors in equilibrium.
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Table C1. Parameter values. This table reports the parameter values used in our numerical illustrations.

Parameter Symbol Value
Interest rate r 0.01
Fundamental mean growth rate ! 0.02
Fundamental variance long-run mean 1% 0.012
Fundamental variance mean reversion speed K 0.35
Fundamental variance volatility o 0.06
Volatility disagreement o 0.40
Payoff time T 50
Current time t 25

Appendix C: Parameter Values

In this Appendix, we discuss the parameter values employed in our Figures. The interest rate and
the fundamental mean growth rate do not affect any of our key quantities, apart from the stock price
level, so we simply them to r = 1% and to u = 2%, consistently with data and other works in the
literature. We set the long-run mean of the fundamental variance to V = 1.2%, implying the average
volatility of VV = 11%, which is consistent with the time-series average of the aggregate dividend
volatility as reported in Beeler and Campbell (2012). We set the fundamental variance mean reversion
speed, which is also the mean reversion speed of the realized variance of our benchmark model in the
limit, " — o0, to Kk = 0.35, since it roughly corresponds to the reported first-order auto-correlation of
0.70 for realized variance in [Bollerslev, Tauchen, and Zhou (2009). We set the fundamental variance
volatility parameter to the corresponding volatility value in the stochastic volatility model estimation
of |[Chernov and Ghysels| (2000, Table 2), 0 = 6%. We set the disagreement parameter 6 = 0.40 so
that the stock return volatility at the steady state of our main model is comparable to the average
volatility of the S&P 500, 15.5%. Finally, we set the time to maturity 7' — ¢ to 25 years so that model
horizon is comparable to the duration of the aggregate stock market.ﬁ To that end, we set T' = 50
years and take the model evaluation time to be t = 25 years. This procedure yields the parameter

values in Table [CTl

25Most researchers find the stock market duration to be around 20-30 years using the classic dividend growth
model, which implies the stock duration as the average price-dividend ratio. See, for example, the recent work of
Van Binsbergen| (2020)) who finds that the aggregate stock market duration to lie somewhere between 20 and 50 years.
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